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Abstract: In the present work we introduce the class of (s,m)-convex functions on the coordinates and some new Ostrowski-type
inequalities are deduced for this kind of generalized convex functions. The results obtained have the absolute value of the second
partial derivative with respect to the coordinates (92f/drdt) in the aforementioned class and bounded, as a necessary condition. This

generalizes the results for convex functions of [10]. Also, some corollary is presented.
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1 Introduction

Let f: 1 C [0,4o) — R be a mapping differentiable in
I°, the interior of the interval /, such that ' € Z[a,b],
where a,b € I anda < b.If | f'(x)| < M, then the following
inequality holds

’f(x)—bia/abf(u)du Sbl‘:[a[(x—a)z_;(b_x)z |

This result is known in the literature as the Ostrowski
inequality. Recently, many generalizations of the
Ostrowski inequality for functions of bounded variation,
Lipschitzian, monotone, absolutely continuous, convex
functions, s-convex, h-convex and (m,hy,h;)-convex
among others [1,3,5,4,8] has appeared. In this work we
give new Ostrowski-type inequalities for functions
coordinated (s,m)-convex.

2 Preliminaries

Let us consider now a bi-dimensional interval A := [a,b] x
[c,d] in R? with @ < b and ¢ < d, a mapping f : A — R is

said to be convex on A if the inequality
FAx+(1=2)z,Ay+ (1= )w) <Af(xy)+(1=2)f(zw),

holds for all (x,y), (z,w) € A and A € [0,1]. The
mapping f is said to be concave on the co-ordinates on A
if the above inequality holds in reversed direction, for all
(x,y), (z,w) € Aand A € [0,1].

A modification for convex (concave) functions on A\,

which is also known as coordinated convex (concave)
functions, was introduced by S. S. Dragomir [6,7] as
follows:
A function f : /A — R is said to be convex (concave) on
the co-ordinates on A if the partial mappings
Iy la,b] — R, fy(“) = f(u,y) and fi : [c.d] = R,
fx(v) = f(x,v) are convex (concave) where defined for all
X € la,bl,y € [c,d].

A formal definition for coordinates convex (concave)
functions may be stated in:

Definition 1. [9] A mapping f: A — R is said to be
convex on the coordinates on A\ if the inequality

flex+ (1 =t)y,ru+ (1 —r)w)
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<trf(x,u) +t(1—r)f(x,w)
+r(l=0)fu)+ (1 =6)(L=r)fly,w), (1)

holds for all t,r € [0,1] and (x,u), (y,w) € A. The
mapping of f is concave on the coordinates on /\ if the
inequality (1.1) holds in reversed direction.

Clearly, every convex (concave) mapping f : A — R is
convex (concave) on the coordinates. Furthermore, there
exists coordinated convex (concave) function not convex
(concave), (see for instance [6,7]).

The concept of s-convex functions on the coordinates
in the second sense was introduced by Alomari and Darus
in [2] as a generalization of the coordinates convexity.

Definition 2([2]).  The mapping f : A — R is s-convex
in the second sense on /\ if

FAx+ (1 =)z, Ay+(1=2)w)
SAf(y)+(1=24)f(z,w),

holds for all (x,y), (z,w) € A, A € [0, 1] with some fixed
s € (0,1].

A function f : A — R is called s-convex in the second
sense on the coordinates on A if the partial mappings
f;’ : [aab] - R’ f}(l/t) = f(uvy) and fX : [Cad] — R’
fx(v) = f(x,v), are s-convex in the second sense for all
y € [e,d], x € [a,b] and s € (0,1], i.e., the partial
mappings f, and f; are s-convex in the second sense with
some fixed s € (0,1].

A formal definition of co-ordinated s-convex function in
second sense may be stated as follows:

Definition 3. A function f : A — R is called s-convex in
the second sense on the co-ordinates on A\ if

Flx+(1=t)y,ru+ (1 —r)w)
<ErfOou)+0(1—r) f(x,w)
+r(1 =) fu) + (=1 (1=r)'fw) ()

holds for all t,r € [0,1] and (x,u), (y,w) € A, for some
fixed s € (0,1]. The mapping f is s-concave on the
co-ordinates on A\ if the inequality (1.2) holds in reversed
direction for all t,r € [0,1] and (x,y), (u,w) € A\ with

following identity holds:

b rd
f(X7y)+m./t1 /C f(u,v)dvdu—A

_ (x—a)’(y—c)?
T h—ad—c) "

11 92
/0/0rtﬁf(tx+(lft)a,ry+(lfr)c)drdt

(- a(d—y)?
(b—a)(d—c)

Ll 92
/0/0rtmf(tx+(lft)a,ry+(lfr)d)drdt

(b—x)*(y—c)?
b-a)d—c)

1,1 92
/0 /0 i e+ (1 =0, ry+ (1= r)e)drdr

(b—xP(d=y)?
(b a)d—o)

L1 92
/0/0rtwf(tx+(lft)b,ry+(lfr)d)drdt

+

forall (x,y) € A, where

1
d—c

a= [t [ pan

3 Main Results

In this section we present new Ostrowski types for
functions co-ordinates (s,m)-convex.

Definition4. A function f : A — R is called
(s,m)-convex in the second sense on the co-ordinates on
A if the inequality

flex+ (1 =t)y,ru+ (1 —r)w)
<rfou)+me’(1—r)’ fx,w)

+mr* (=1 f(y,ue) +m* (1= 1) (1= r)* £ (3, w)

holds for all t,r € [0,1] and (x,u), (y,w) € A, for some
fixed s,m € (0,1]. The mapping of f is (s,m)-concave on
the co-ordinates on /\ if the inequality holds in reversed
direction for all t,r € [0,1] and (x,u), (y,w) € A.

some fixed s € (0, 1]. Theorem 1. Ler f : A — R be aaztwice partial
differentiable mapping on /A\° such that ﬁ e L(N). If
The following lemma can be found in [11]. 52 ¥ rot

‘ 3or is (s,m)-convex in the second sense on the
’

Lemma 1. [11] Let f: /A — R be a twice partial co-ordinates on /A with s;m € (0,1] and
22 d

differentiable mapping on A\°. Ifm € .Z(N), then the ’a—zt(x,y)‘ < M, (x,y) € A, then the following
r r
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inequality holds

b rd
’f(x’y)+Wl(d—c),/,l /L f(u,v)dudv—A’
M(s+1+m)?
AT RSyl

[ [

Sforall (x,y) € I\, where A is defined in Lemma 1.

Proof. By an application of Lemma 1, we have

‘f(an) d—c // (u,v)dudv — A‘
x—a2 2
S((bi)gzc)) g

drdt

3r—§t(tx+ (I—t)a,ry+(1L—r)c)

1192
/ / rt
0 JO

(=0 —d)
b=

bl

(x=b)*(y—c)?
T —a)d—c)
2% f

1 1
/O/Ort (b (1= )b,y (1= 1))

(x— m%ydvx

drdt

(tx+ (1 —=t)a,ry+ (1—r)d)

8r8t

X

drdt

(b—a)(d C)
/ / 8r8 (tx+ (1 —1)b,ry+ (1 —r)d)|drdt
(x—a)?(y—
T ad- >X
/ / ’ tx+m(1—t)— ry+m(1—r)m) drdt
( a)*(y—d)*
SR
/ / 8—f tx+m(1 —t)— ry+m(l —r)d) drdt
(x b)*(y—c)?
’ xz >x
/ / tx+m(1—t)£ ry+m(1—r)m) drdt

(x—b)*(y—d)?
a0
(d )
b d
// term(lft)— ry+m(l—r)— )drdt
m
for all (x,y) € A.
Now, using the coordinates (s,m)-convex 8 5 } we
r
have
1l 2
/ / rt|=—= tx+m(1— )— ry+m(l—r)— )drdt
0 m

S y‘/ / o drds

an C s+l s
+ 8r3t S / / mt drdt
aZf a v+1
+ 8}’81‘ m’ ‘/ / " ydras
2
+§r;t Z;‘//mrtl—t (1= rYdrdt. (3)
Since

1ol 1
P drdr =
/0 /o (s+2)?

/‘] / (1= 1) drdi = / / # (1 = ) drdr
JO .

(s+ 1)(s+2)

//rt (I1=1)*(1 = r)’drdt = (+1) (s+2)

d
and we have that ‘%(x,y)’ < M for (x,y) € A, hence
r

from (3), we obtain

//rt 3707 tx+m(1—t)— ry+m(l—r)— )drdt
- 2Mm n Mm?
_(S+2) TEANG 22 G D 2P
_ M(s+1+m)?
" o2 2r @
Analogously, we also have
ST an d
./0 /0 rt 8r8t(tx+m(l ) ,ry—i—m(]—r) )drdt
M(s+1+4m)?
= oG+ )
L9 b
/O/Ort arat(tx+m(1— )— rerm(lfr)m) drdt
M(s+1+m)?
= (s+1)2(s+2)? ©
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Lt 9% f b d (x—b)*(y—c)?
/0 /0 rt’—arat (term(l — t)%,rqum(l - r)%) drdt —ad—0) X
2 11, 92 1
Mls+1+m) %) (/0 /0 Of (et (1=1)b,ry+ (1 —r)e)|ardr )"

GSIEEE

Now using of inequalities (4),(5),(6) and (7) and the fact
that

(x—a)’(y—c)’+x—a)’(y—d)
+Ha=b)(y— )+ (x—b)(y—d)?
==+ (=0 - )+ (y—d)7,
it follows that

‘f(x,y)—i—m/{lb/;df(u,v)dudv—A‘
s m)?
[(xfa)2+(xfb)2} {(yfc)2+(yfd)2}
b—a d—c ’

The proof is complete.

Theorem 2. Let f : A — R be a twice partial
82

differentiable mapping on /\° such that 5 gt EL(N). If
r

d°f 14

m‘ is (s,m)-convex in the second sense on the
’
co-ordinates on /\ with s,m € (0,1], p,q > 1, % +% =1

and 8a§ (ry )’ <M, (x,y) € A, then the following

inequality holds

‘f(x,y) + m/{lb/;df(u,v)dudv—A‘

M m+1\3
(57)"

: (14p)7 s+1
(eoeteotr) (o troay)

for all (x,y) € I\, where A is defined as in Lemma 1.

Proof. Using Lemma 1 and the Holder inequality for
double integrals, we have

‘f(x,y)+%/ab/cdf(u,v)dudvf
/ / r”tpdrdt)' X
2
Vw ifﬁ % )
/ / 6‘r8t (x( t)“’r”(l’r)c)’qd’dt);

(x—aP(y—d)’
o= ~

Y
/ / ’8r8t e+ (1-1)a, ry+(17r)d)’ drdt)

drot

(b —d?
T b-a)d—c)

Uk
([ [ rana)?

[=a2o=of
(b axd )

(b A3

(x—aP(y—d)’
T o—a)d—c)

drot

o (tx+ (1—1)b,ry+ (1 fr)d)’qdrdty’]

8r8t (tx+m lft)— ry+m(17r)m)’ drdt)

d e, N
/ / ’8r8t tx+m lft)— ry+m(17r)m)’ drdt)

(x—b)2(y—c)?
b—a)d—c)

1 aZf
/ / Jrgr Xt ml
(x b)z(y d)?

a)d—c)
//

9? f
for all (x,y) € A.

+

tx+m

orot

2
Since ’% !

ordinates on 2\, we have

//b

tx+m

b d . |4 3
—t)%,ry-i—m(]—r)%)’ drdt) }

_ )3 ry+(1—r)m)’ aszz)é

®)

is (s,m)-convex in the second sense on the co-

—1)— ry+m(lfr)m)’ drdt

88t o // ritdrd

82 f
8r5‘t

Since

2
gr({t ’ //mt (1—r)’drdt

2
grgt —,y ’ / / mr*(1—1t) drdt

‘//m (1= (1= r)drdt (9)

1 1 1
r*drdt =
./0 /0 (s+1)2

/01/(;]#(1

S
r)sdrdtz/ / (1 —1)*drdt
0 JO
1

T (s+1)2
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and
1 rl s s B 1
A‘A(l—ﬂ(l—ﬂdML—GiT?A

’<M (x,y) € A, we obtain

Hence from (8) and since

88

/ / ’52;; tx+m lft)— ry+m(17r)m>’ drdt

< 4 mM4 n m2Ma
(+1V (s+1)2 " (s+1)2
M4(m+1)?

T (1P

Similarly, we also have the following inequalities

d\ |4
/ / ’8r8t tx+m lft)— ry+m(17r)m>’ drdt
M9 (m+1)2

- (s+1)2

a%
/(/’aar”+m

M9 (m+1)?
— (s+1)2

f 5 G

- M9 (m+1)?
= (s+1)2

-1 1 1
/ / rPiPdrdt =
0 Jo (1+p)

and the above inequalities (9), we obtain

1 b rd

f(xvy)+m/L1 /C f(u,v)dudv—A‘

I ire—a—c)? (MIm+1)%\;
S(U+mﬂ'[@fﬂwfd( @+U2>
@—HVU—dV(M%m+ly>g
(b—a)d—c) \ (s+1)?

(x=bP(y—c)? M%m+1y>5
(b—a)(d—rc) (s+1)2

(x=b?2(y—d)* (MI(m+1)*\1
+omai—a CorE )]

M m+12[@—®2+@—w1[@—@2
(l+p) s+1 b—a

The proof is complete.

b
— )— ry—i—m(]—r)m)’ drdt

and

—t)ﬁ,ry—i—m(] —r)£>’qdrdt
m m

Since

J’_

+

+U—®1
d—c

Theorem 3. Let f: A — R be a twice partial

92
differentiable mapping on /\° such that ) g eL(N). If
5l

’ (s,m)-convex in the second sense on the
drot

co-ordinates on A with s,;m € (0,1, ¢ > 1 and
d

Tgt(x,y) < M, (x,y) € A\, then the following

inequality holds

’f(x,y)—i—ﬁ/ab/df(u,v)dudv—A’

.M ; (2(s+1 +m)))§

(s+1)(s+2
Y—a)+ (x—b)? — )2 o2
{( )b——i—i - }[(y )dt(cy g }’

Sorall (x,y) € I\, where A is defined in Lemma 1.

Proof.  Suppose g > 1. From Lemma 1 and using the
power mean inequality for double integrals, we have

m/ab/cdf(u,v)dudvf

wa+

< </0]/Olrtdrdt)lig><

(x—a)’(—c?
[( ad—o)

(£l

tx+m(1 1)— ry+m(l—r)m)‘ drdt)‘l’

(c-a-d?
Th—ad—c

/ / a—f term(lft)%,ry+m(lfr)%)‘qdrdt)é

(tx+m(1 —t) b ,ry+m(1 —r)m)‘ drdt)‘l’

(bR d?
T o—ad—c) (10

/ / a—f tx+m(1ft)%,ry+m(lfr)%)‘qdrdt)é]

for all (x,y) € A.

°f 14
Similarly, as in Theorem 2 that ‘a—gt’ is (s,m)-convex
r

in the second sense on the co-ordinates on A and

© 2019 NSP
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ﬁ(x )‘<Mforall (x,y) € A, we have

Orot V)| > Y >
1,

// r (1—t¢ )— ry+m(1—r)m)’ drdt
82f

aror ”‘ / / s

aZf v+1

8r8t ‘ //
\ [

32]‘
’//mtlft (1= r)drdt

8}’81‘
82f
+ 3r8t
oM
~ (s+2)? (s+1)(s+2)
mM4
HTETCES)E
~ Mi(s+1+m)?
s+ 1D2(s+2)%

Vdrdt

)'r*drdt

m2Ma
T T2 127

In a similar way, we have the following inequalities

Lol 1 92f a AL
/0/0rtﬁ(tx—i—m(]—t)a,ry—i—m(l—r)a)‘ drdt
MI(s+1+m)?

T (s 1)s+2)%

I°f

I

b
(tx+m(1 —t)— ry+m(l —r)m)‘ drdt

M(s+1+m)?
Sy

and

1ol
bl
0 Jo
M(s+1+m)?

~ (s+1)3(s+2)%

b d\ |4
1-n2, 1— —)‘ddt
(=02 ryem(t D[ ar

Now using the above inequalities and

in (10), we obtain

‘f(”) (dfc// (u,v)dudv — A’
it (et
e ()
A ()

+

(x—b)*(y—d)? (M"(s+1+m)2
(b—a)(d—c) \(s+1)3(s+2)2
M( 2(s+14m) )%

)]

T4 \(s+1)(s+2)
(x—a)+(x=b)*1[y—c)+(—d)?
[ b—a H d—c }

The proof is complete.

4 Some applications obtained.

The Theorem 2.2 in [10] is obtained from Theorem 1 as a
corollary.

Corollary 1. Let f: A — R be a twice partial

P f
Frar S UA)-IF

the second sense on the

differentiable mapping on A\° such that
k-

drot
co-ordinates on /\ with s € (0,1] and ‘%(x,y)’ <M,
(x,y) € A, then the following inequality holds

is s-convex in

(x—b)
b—a

‘f(x,y)—i—m/ab/c‘df(u,v)dudv—A‘
M {(xfa)sz

- H(yfc)zﬂyfd)z}
~(s+1)2 d—c
forall (x,y) € I\, where A is defined in Lemma 1.

Proof. Letting m = 1 in Theorem 1 we get the desired
result.

From Theorem 2 we get the Theorem 2.3 in [10].
Corollary 2.Let f : A — R be a twice partial

2% f
Frar S UB)-IF

is s-convex in the second sense on the

differentiable mapping on A\° such that
°f 4
drdt
co-ordinates on /\ with s € (0,1], p,qg > 1,
af

arar )

1 1 _

< M, (x,y) € A, then the following

1 1
//rtdrdt:—
0 JO
© 2019 NSP
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inequality holds

‘f(x,y)—i—m/{;b/cdf(u,v)dudv—A‘
<L(L)% y
n (1+p)§ s+1

{(x—a)2+(x—b)2} [(y—c)“r(y—d)Q}
b—a d—c ’
for all (x,y) € I\, where A is defined as in Lemma 1.

Proof.  Letting m =1 in Theorem 2 we get the desired
result.

From Theorem 3 we obtain the Theorem 2.4 in [10].

Corollary 3. Ler f: A — R be a twice partial
differentiable mapping on A\° such that % eL(N). If
P fe . :

8r8t’ is s-convex in the second sense on the
co-ordinates on /A with s,;m € (0,1, ¢ > 1 and
%(x,y) < M, (x,y) € A, then the following

inequality holds

‘f(x,y)er/j/cdf(u,v)dudvA‘

M2
4 \s+1
e !

Sorall (x,y) € I\, where A is defined in Lemma 1.

Proof. Letting m = 1 in Theorem 3 we get the desired
result.

2

For the m—convexity of a—;t we have the following
r

inequalities.

Corollary4. Let f: AN — R be a twice partial

> f
arar S UL

is m-convex on the co-ordinates on /\ with

drot 5
m € (0,1] and ’8—]8:()6’)})‘ <M, (x,y) € A, then the
r
following inequality holds

’f(x,y) + m /ab /Cdf(u,v)dudv—A’

differentiable mapping on A\° such that
J’f

- M(2+m)?
- 36
a2+ (x—b)? AV 2
ettty

Sorall (x,y) € A\, where A is defined in Lemma 1.

Corollary5. Let f: A — R be a twice partial

92 f
Frar S HA)IF

is m-convex on the co-ordinates on /\ with

differentiable mapping on /\° such that
‘ ’f ’q
drot
me (0,1, pg>1, 1 +1 =1 and ‘a—f(xy)‘ <M
) i ,q > p q arat ) [— b
(x,y) € A, then the following inequality holds

’f(x,y)—i—m./{;b/cdf(u,v)dudv—A‘

M rm+1\;
()"~

§(1+p)5 2
a4 (x—b)> AV N2
(=t o=

Sforall (x,y) € I\, where A is defined as in Lemma 1.

Corollary 6. Let f : A — R be a twice partial

°f
Frar LAY

is m-convex on the co-ordinates on /\ with

differentiable mapping on A\° such that
d%f |4

‘ drot ’

s,me (0,1], g > 1 and ‘%(x,y)’ <M, (x,y) € A, then

the following inequality holds

‘f(x,y)—i—m/j/cdf(u,v)dudv—A‘
<M mizy,
A\ 73

el (P 7).

Sorall (x,y) € A\, where A is defined in Lemma 1.

2

Wh
N Sror

inequalities whose proofs follows the same method of the
above results.

is convex we have the following

Corollary7. Let f: AN — R be a twice partial

°f
grar LAY

is convex on the co-ordinates on /\ and

differentiable mapping on A\° such that
o
drot

2f
‘ﬁ(x,y) <M, then

inequality holds

(x,y) € A, the following

‘f(x,y)Jr m/ab/cdf(u,v)dudvA‘

%[(xfa)%(x*b)z} [(y76)2+(y*d)2}

<
- b—a d—c

Sorall (x,y) € A\, where A is defined in Lemma 1.
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Corollary8. Let f: A — R be a twice partial The authors are grateful to the anonymous referee for a

2% f
orot

d°f 14
’8 ;t_ is convex on the co-ordinates on A\, p,q > 1,
-

differentiable mapping on /\° such that eL(N). If

af
1 1 _
S +5=1and ‘arat(x,y)‘ <M, (x,y) € A, then the
following inequality holds
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—_— dud fA’
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(1+p)§ b—a d—c
for all (x,y) € I\, where A is defined as in Lemma 1.

Corollary9. Let f : A — R be a twice partial
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differentiable mapping on /\° such that 5 gt eEL(N). If
r
9%f |4 | .
‘ is convex on the co-ordinates on /\ , g > 1 and
8arc9t
’a—gt(x,y)‘ < M, (x,y) € A, then the following
r
inequality holds

‘f(x,y)Jr m/ab/cdf(u,v)dudvA‘

Y —a) 4 (x—b)2 — o2 N2
L i |

forall (x,y) € A\, where A is defined in Lemma 1.

5 Conclusions

In this work the class of (s,m)—convex functions in the
second sense on the coordinates has been introduced, and
some Ostrowski-type inequalities for this kind of
functions has been established. From Theorems 1, 2 and 3
some corollary, as applications to s—convexity in the
second sense, m—convexity and the classical convexity on
the coordinates, has been found,also, a generalization of
the results presented by M. A. Latif and S.S. Dragomir
[10].
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