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Abstract: The main focus of this paper is to introduce the definition of double Ramadan Group integral(RGT)2transform as an
extension to RG introduced recently by the authors. The convergence theorem of the transform is stated and proved and some basic
properties of the double RG transform are discussed. The relationship of this double transform to the double Laplace andSumudu
transforms is obtained. The applicability of this relatively new double transform is demonstrated to solve initial andboundary value
problems in applied mathematics, and mathematical physics.
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1 Introduction

Partial differential equations have paramount importance
in mathematics as well as in other branches of science.
Therefore, it is very important to know of the methods to
solve such partial differential equations. One of the most
known methods to solve partial differential equations is
the integral transform method presented by Duff [1], and
by Estrin and Higgins [2]. Eltayeb and Kilicman, (see
[3]), Kilicman and Eltayeb [4] have established and
studied the relationship between the double Sumudu
transform and the double Laplace transform, as well as
their applications to differential equations. Singh and
Mandia [5] have established the relation between the
double Laplace transform and the double Mellin
transform and discussed their applications. Quite recently,
Eltayeb and Kilicman [6] have applied the double Laplace
transform to solve the general linear telegraph and partial
integro-differential equations.

This paper is organized as follows: in section 2, we
first introduce the definition of the double Ramadan group
integral(RGT)2transform as an extension to RG which is
introduced recently by Raslan et al. [7] and is applied for
solving Nonlinear Partial Differential Equations, (see
Ramadan and Hadhoud [8]) The convolution theorem is
investigated for RG integral transform, see Ramadan [9].

In section 3, the convergence of the proposed definition,
or double RG transform, is investigated, and some of its
basic properties are discussed. The relationship of this
double transform to the double Laplace and Sumudu
transforms is obtained and presented in section 4. In
section 5, (RGT)2 for integral of functions of two
variables are investigated and developed. The kernel of
this study centers on how to implement(RGT)2 for
double integrals. In section 6, the applicability of this
relatively new double transform is demonstrated to solve
initial and boundary value problems in applied
mathematics, and mathematical physics.

2 Definition of double RG integral transform

A new integral RG transform defined for functions of
exponential order, is proclaimed [8]. We consider
functions in the setA, defined by:

A=

{

f (x, t)suchthat∃M ,τ1,τ2 > 0, | f (x, t)| ≤ Me
x+t
τ2
i ,

i = 1,2i f (x, t) ∈ R2
+

}

Definition 1.The double Ramadan group integral
transform of the function f(x, t) which is defined in the
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set A in the positive quadrant of the xt- plane is denoted
by(RGT)2 and defined by:

K (s, p,u,v) = RG2 [ f (x, t) ;(s, p,u,v)]

=
1
uv

∫ ∞

0

∫ ∞

0
e−(

sx
u + pt

v ) f (x, t)dxdt,
(1)

where s, p,uand vare complex variables with sand pare
the transform variables for xandt, respectively and
u,v∈ (−τ1,τ2)whereτ1,τ2 > 0and Re(s) ,Re(p)> 0.

The above definition can be written in detail as:

K (s, p,u,v) = RG2 [ f (x, t) ;(s, p,u,v)]

= RG[RG[ f (x, t) ;(s, p,u,v)] ;(p,v)]

= RG

[

1
u

∫ ∞

0
e−(

sx
u ) f (x, t)dx;(p,v)

]

=
1
v

∫ ∞

0
e−(

pt
v )

[

1
u

∫ ∞

0
e−(

sx
u ) f (x, t)dxdt

]

=
1
uv

∫ ∞

0

∫ ∞

0
e−(

sx
u + pt

v ) f (x, t)dxdt,

whenever the integer exists.
Considering the definition of double Laplace(L2)

introduced by Dhunde and Waghmare [10] and double
Sumudu (S2) presented by Tchunche and Mbare [11]
given respectively as:

L2[ f (x, t);(s, p)] = F(s, p) =
∫ ∞

0

∫ ∞

0
e−(sx+pt) f (x, t)dxdt

and

S2[ f (x, t);(s, p)] =G(s, p)=
1
sp

∫ ∞

0

∫ ∞

0
e−( x

s+
t
p ) f (x, t)dxdt

and(RGT)2 of the function f (x, t) the following duality
relations can be proved easily.

1.K (s, p,u,v) = 1
uvF

(

s
u,

p
v

)

.

Proof.We have

F (s, p) = L2 [ f (x, t) ;(s, p)]

=

∫ ∞

0

∫ ∞

0
e−(sx+pt) f (x, t)dxdt,

then,

F
( s

u
,

p
v

)

=

∫ ∞

0

∫ ∞

0
e−(

sx
u + pt

v ) f (x, t)dxdt

= uv
1
uv

∫ ∞

0

∫ ∞

0
e−(

sx
u + pt

v ) f (x, t)dxdt

= uvRG2 [ f (x, t) ;(s, p,u,v)] = uvK(s, p,u,v) .

2.K (1,1,u,v) = G(u,v) .

Proof.

K (s, p,u,v) =
1
uv

∫ ∞

0

∫ ∞

0
e−(

sx
u + py

v ) f (x,y)dxdy

Settings= p= 1 , we get

K (1,1,u,v) =
1
uv

∫ ∞

0

∫ ∞

0
e−(

x
u+

y
v) f (x,y)dxdy,

Let x
u = r; y

v = t, We get

x= ur,dx= udr,y= vt,dy= udt

Then

K (1,1,u,v) =
1
uv

∫ ∞

0

∫ ∞

0
e−(r+t) f (ur,vt)uvdrdt

=
∫ ∞

0

∫ ∞

0
e−(r+t) f (ur,vt)drdt.

ThusK (1,1,u,v) = G(u,v) .

3 The Convergence Theorem of(RGT)2
Transform

In this theorem we prove the convergence of doubleRG
integral transform defined in (1).

Theorem 1.Convergence of Double Ramadan Group
Integral(RGT)2 Transform.

Let g(x, t) be a function of two variables continuous in
the first quadrant of the xt- plane. If the integral, defined
for(RGT)2, of the form

1
uv

∫ ∞

0

∫ ∞

0
e−(

sx
u + pt

v )g(x, t)dxdt, (2)

converges at s= s0,u= u0, p= p0,v= v0,then the integral
converges for s> s0,u > u0, p > p0and v> v0,where we
assumes

u −
s0
u0

> 0and p
p0
− v

v0
> 0.

Proof.We rewrite the integral (2) as

1
uv

∫ ∞

0

∫ ∞

0
e−(

sx
u + pt

v )g(x, t)dxdt

=
1
u

∫ ∞

0
e−(

sx
u )

[

1
v

∫ ∞

0
e−(

pt
v )g(x, t)dt

]

dx

=
1
u

∫ ∞

0
e−(

sx
u )h(x,s)dx

(3)

where

h(x,s) =
1
v

∫ ∞

0
e−(

pt
v )g(x, t)dt (4)

First, we need to prove that the integral (4) converges
forp > p0,v > v0, where p

p0
− v

v0
> 0. Assume that

integral (3) converges atp= p0 andv= v0. Now, set

ϕ (x, t) =
1
v0

∫ ∞

0
e
−
(

p0r
v0

)

g(x, r)dr,0< t < ∞.
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It is clear thatϕ (x,0) = 0 and lim
t→∞

ϕ (x, t) exists.

Since the integral1v
∫ ∞

0 e−(
pt
v )g(x, t)dt converges at

p= p0 andv= v0.
Using the fundamental theorem of calculus, we have

ϕt (x, t) =
1
v0

e
−
(

p0t
v0

)

g(x, r) . (5)

Chooseεandλ so that 0< ε < λ , then from (4), we get

1
v

∫ ∞

0
e−(

pt
v )g(x, t)dt =

1
v

∫ λ

ε
e−(

pt
v )e

( p0t
v0

)

ϕt (x, t)dt

=
1
v

∫ λ

ε
e
−
(

p
v−

p0
v0

)

tϕt (x, t)dt

Applying the integration by parts, we obtain

1
v

∫ λ

ε
e−(

pt
v )g(x, t)dt

=
1
v

[

[

e
−
(

p
v−

p0
v0

)

tϕ (x, t)

]λ

t=ε

−
∫ λ

ε
−

(

p
v
−

p0

v0

)

e
−
(

p
v−

p0
v0

)

tϕ (x, t)dt

]

=
1
v

[

e
−
(

p
v−

p0
v0

)

λ ϕ (x,λ )−e
−
(

p
v−

p0
v0

)

ε ϕ (x,ε)

+

(

p
v
−

p0

v0

)

∫ λ

ε
e
−
(

p
v−

p0
v0

)

tϕ (x, t)dt

]

.

Now, asε → 0, the second term on the right hand side
vanishes and we get

1
v

∫ λ

0
e−(

pt
v )g(x, t)dt =

1
v

[

e
−
(

p
v−

p0
v0

)

λ ϕ (x,λ )

+

(

p
v
−

p0

v0

)

∫ λ

0
e
−
(

p
v−

p0
v0

)

tϕ (x, t)dt

]

.

(6)

As λ → ∞, it is clear that the first term on the right
hand side of equation (6) approaches the zero since from
assumptionp

v −
p0
v0

> 0.
Finally, we have

1
v

∫ ∞

0
e−(

pt
v )g(x, t)dt=

(

p
v
−

p0

v0

)

∫ ∞

0
e
−
(

p
v−

p0
v0

)

tϕ (x, t)dt.

(7)
Using the limit test for converges; see Widder [[12],

pages 370-371], the integral on the right converges, since
from this test one has

lim
t→∞

t2e
−
(

p
v−

p0
v0

)

tϕ (x, t) = lim
t→∞

t2 1

e

(

p
v−

p0
v0

)

t
lim
t→∞

ϕ (x, t)

= 0∗ lim
t→∞

ϕ (x, t)

= 0= finite.

Hence, the integral (4) converges forp > p0,v > v0,
with p

p0
− v

v0
> 0.

Similarly, we can prove that the integral
1
u

∫ ∞
0 e−(

sx
u )h(x, t)dx converges foru > u0,s > s0, with

s
s0
− u

u0
> 0.

Thus, the integral on the right hand side of (3)
converges fors> s0,u > u0, p > p0 andv > v0, with the
assumptionssu −

s0
u0

> 0 and p
p0
− v

v0
> 0.

Therefore, the(RGT)2 transform defined by (1)
converges and the proof of the theorem is then complete.

4 The application of the double Ramadan
group integral (RGT)2 transform of partial
differential derivatives

First let f (x, t) be a function defined in the positive
quadrant of thext- plane. The double(RGT)2 transform
of the first and second partial derivatives off (x, t) are
given by

RG2

[

∂ f (x, t)
∂x

;(s, p,u,v)

]

=
s
u

K (s, p,u,v)−
1
u

K (0, p,0,v) .

(8)
wheres, p,u andv are complex variables withs andp are
the transform variables forx and t, respectively and
u,v ∈ (−τ1,τ2) whereτ1,τ2 > 0 andRe(s) ,Re(p) > 0,
andK (0, p,0,v)is defined as

K (0, p,0,v) =
1
v

∫ ∞

0
e−(

pt
v ) f (0, t)dt,

To prove (8), we use the definition of(RG2) transform
defined in (1) from which we have

RG2

[

∂ f (x, t)
∂x

;(s, p,u,v)

]

= RG

[

RG

[

∂ f (x, t)
∂x

;(s,u)

]

;(p,v)

]

= RG

[

1
u

∫ ∞

0
e−(

sx
u ) f (x, t)

∂x
dx;(p,v)

]

= RG

[

1
u

[[

e
−( sx

u )
f (x, t)

]∞

x=0
+

s
u

∫ ∞

0
e−(

sx
u ) f (x, t)dx

]

;(p,v)

]

= RG

[

1
u
[− f (0, t) ;(p,v)]+RG

[

s
u2

∫ ∞

0
e−(

sx
u ) f (x, t)dx;(p,v)

]]

=−
1
u

1
v

∫ ∞

0
e
−
(

pt
v

)

f (0, t)dt+
s

vu2

∫ ∞

0

∫ ∞

0
e
−
(

pt
v

)

e−(
sx
u ) f (x, t)dxdt

=−
1
u

K̄ (0,P,0,v)+
s
u

[

1
vu

∫ ∞

0

∫ ∞

0
e
−
(

sx
u +

pt
v

)

f (x, t)dxdt

]

=−
1
u

K̄ (0,P,0,v)+
s
u

K (s, p,u,v) .

Then ,

RG2

[

∂ f (x, t)
∂x

;(s, p,u,v)

]

=
s
u

K (s, p,u,v)−
1
u

K̄ (0, p,0,v) .

Similarly, we can show that

RG2

[

∂ f (x, t)
∂ t

;(s, p,u,v)

]

=
p
v

K (s, p,u,v)−
1
v

K̄ (s,0,u,0) .
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Now for the second partial derivatives∂ 2 f (x,t)
∂x2 one can

prove easily that

RG2

[

∂ 2 f (x, t)
∂x2 ;(s, p,u,v)

]

=
s2

u2K (s, p,u,v)−
s
u2 K (0, p,0,v)−

s
u

∂K (0, p,0,v)
∂x

.

In general, we can conclude for thenth partial
derivatives∂ n f (x,t)

∂xn , its double RG transform is as:

RG2[
∂ n f (x, t)

∂xn ;(s, p,u,v)] =
sn

un K(s, p,u,v)

−
sn−1

un K(0, p,0,v)−
sn−2

un−1

∂
∂x

K(0, p,0,v)

− ·· · · · · · · · · · ·−
1
u

∂ n

∂xn K(0, p,o,v).

5 Double Ramadan group integral transform
of double integral

In this section, we investigate and develop(RGT)2 for the
integral of functions of two variables. Mainly, we study
how to implement this integral transform for double
integrals. We state and prove the following theorem
which will be useful for applying(RGT)2 to solve
integro-partial differential equations.

Theorem 2.Suppose that the double integral

∫ x

0

∫ t

0
f (β ,w)dwdβ

is well defined, then the double Ramadan group integral
(RGT)2 transform of this double integral is given by

(RGT)2

[

∫ x

0

∫ t

0
f (x, t)dxdt;(p,s,u,v)

]

=

(

uv
ps

)

K(s, p,u,v),

where

K(s, p,u,v) = (RGT)2 [ f (x, t);(s, p,u,v)] .

Proof.Denote to the integral

∫ x

0

∫ t

0
f (β ,w)dwdβ ,

by the function

ϕ(x, t) =
∫ x

0

∫ t

0
f (β ,w)dwdβ . (9)

Also, denote to this integral

∫ t

0
f (x,w)dw,

by the function

ψ(x, t) =
∫ t

0
f (x,w)dw. (10)

Take the derivative of both sides of Eq. (10) with
respect to the variablet, we get

∂ψ(x, t)
∂ t

= f (x, t), (11)

where it is clear that

ψ(x,0) = 0. (12)

( p
v

)

ψ(s, p,u,v)−

(

1
v

)

ψ(s,0,u,0) = K(s, p,u,v).

(13)
Take also the singleRGTof Eq. (12), and then we have

ψ(s,0,u,0) = 0. (14)

Hence, from (13) and (14), we get

ψ(s, p,u,v) =

(

v
p

)

K(s, p,u,v). (15)

Also, from (10), one care further writes Eq. (9) as:

ϕ(x, t) =
∫ x

0
ψ(β , t)dβ ,

and from which, we have

∂ϕ(x, t)
∂x

= ψ(x, t), (16)

with
ϕ(0, t) = 0. (17)

Similarly, take(RGT)2 of Eq. (16) and singleRGT of
Eq. (17), we get respectively

( s
u

)

ϕ(p,s,u,v)−
(

1
u

)

ϕ(0, p,0,v) =ψ(s, p,u,v), (18)

and
ϕ(0, p,0,v) = 0. (19)

Substituting from Eq. (19) in Eq. (18), we obtain

ϕ(s, p,u,v) =
(u

v

)

ψ(s, p,u,v). (20)

Finally, from Eq. (15) and (20), we get

ϕ̄(s, p,u,v) = (
uv
sp

)K(s, p,u,v)

That is,

(RGT)2

[

∫ x

0

∫ t

0
f (β ,w)dwdβ ;(s, p,u,v)

]

=

(

uv
ps

)

K(s, p,u,v),

and the theorem is thus proved.
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6 Application of Double Ramadan group
integral (RGT)2 Transform

As stated in the introduction of this paper, the double
Ramadan Group transform can be used as an effective
tool for solving partial differential and integro-partial
differential equations. Hence it will be illustrated by some
numerical examples. It is well known that in order to
obtain the solution of partial differential equations by
integral transform methods we need the following two
steps:

Firstly, we transform the partial differential equations
to algebraic equations by using double Ramadan Group
transform method.

Secondly, on using inverse double Ramadan Group
transform we get the solution of PDEs.

Example 1.Consider the linear homogenous telegraph
equation in the form:

Uxx−Utt −Ut −U = 0 (21)

with initial conditions

U(x,0) = ex
,Ut(x,0) =−ex (22)

and boundary conditions:

U(0, t) = e−t
,Ut(0, t) =−ex (23)

Solution
Take the double Ramadan group integral transform

(RGT)2 of Eq.(21) and single RGT of the conditions (22)
, (23), then we have:

s2

u2K(s, p,u,v) −
s
u2K(0, p,0,v)−

1
u

∂
∂x

K(0, p,0,v)

−
p2

v2 K(s, p,u,v) +
p
v2 K(s,0,u,0)+

1
v

∂
∂ t

K(s,0,u,0)

−
p
v

K(s, p,u,v) +
1
v

K(s,0,u,0)−K(s, p,u,v) = 0

(24)

where, from initial and boundary condition

K (0, p,0,v) = (RG) [U (0, t) ;(0, p,0,v)]

=
1
v

∫ ∞

0
e−

p
v tU (0, t)dt

=
1
v

∫ ∞

0
e−

p
v te−tdt =

1
v( p

v +1)

(25)

and

K(s,0,u,0) = (RG) [U(x,0);(s,0,u,0) ]

=
1
u

∫ ∞

0
e−

s
uxU(x,0)dx

=
1
u

∫ ∞

0
e−

s
uxexdx

=
1
u

∫ ∞

0
e−( s

u−1)xdx=
1

u( s
u −1)

(26)

while,

∂
∂x

K (0, p,0,v) =
1
v

∫ ∞

0
e−

p
v t ∂

∂x
U(0, t)dt

=
1
v

∫ ∞

0
e−

p
v te−tdt

=
1
v

∫ ∞

0
e−( p

v+1)tdt =
1

v( p
v +1)

(27)

and

∂
∂ t

K(s,0,u,0) =
1
u

∫ ∞

0
e−

s
uxUt(x,0)dx

=−
1
u

∫ ∞

0
e−

s
uxexdx

=−
1
u

∫ ∞

0
e−( s

u−1)xdx=−
1

u( s
u −1)

(28)

Now, substituting Eqns. (25)-(28) in Eq. (24) we get

(
s2

u2 −
p2

v2 −
p
v
−1)K(s, p,u,v)

=
s
u2K(0, p,0,v)+

1
u

∂
∂x

K(0, p,0,v)

−
p
v2 K(s,0,u,0)−

1
v

∂
∂ t

K(s,0,u,0)−
1
v

K(s,0,u,0)

=
s

u2v( p
v +1)

+
1

uv( p
v +1)

−
p

uv2( s
u −1)

+
1

uv( s
u −1)

−
1

uv( s
u −1)

=
s2

u2 −
p2

v2 −
p
v −1

uv( p
v +1)( s

u −1)

Hence,

K(s, p,u,v) =
1

uv( p
v +1)( s

u −1)
=

1
v( p

v +1)
.

1
u( s

u −1)
(29)

By taking inverse of the double Ramadan group
integral transform for (29), we get the solution of (21) in
the following formU(x, t) = ex−t .

Example 2.Consider the wave equation in the form:

Utt −Uxx = 3
(

ex+2t −e2x+t) (x, t) ∈ R2
+ (30)

With initial conditions

U(x,0) = e2x+ex
,Ut(x,0) = e2x+2ex (31)

and boundary conditions

U(0, t) = et +e2t
,Ux(0, t) = 2et +e2t (32)

Solution
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Take the double Ramadan group integral transform
(RGT)2 of Eq.(31) and single RGT of the conditions (32),
(33), then we have

p2

v2 K(s, p,u,v)−
p
v2 K(s,0,u,0)−

1
v

∂
∂ t

K(s,0,u,0)

−
s2

u2K(s, p,u,v)+
s
u2K(0, p,0,v)+

1
u

∂
∂x

K(0, p,0,v)

= (RGT)23
[

ex+2t −e2x+t]

(33)

where, from initial and boundary conditions we have

K(s,0,u,0) = (RG) [U(x,0);(s,0,u,0)]

=
1
u

∫ ∞

0
e−

s
uxU(x,0)dx

=
1
u

∫ ∞

0
e−

s
uxe2x+xdx

=
1
u
[

∫ ∞

0
e−( s

u−2)xdx+
∫ ∞

0
e−( s

u−1)xdx]

=
1

u( s
u −2)

+
1

u( s
u −1)

(34)

Also, we have

K(0, p,0,v) = (RG) [U(0, t);(0, p,0,v)]

=
1
v

∫ ∞

0
e−

p
v tU(0, t)dt

=
1
v

∫ ∞

0
e−

p
v t [et +e2t ]dt

=
1
v

[

∫ ∞

0
e−( p

v−1)tdt−
∫ ∞

0
e−( p

v−2)tdt

]

=
1

v( p
v −1)

+
1

v( p
v −2)

(35)

Moreover, we have

∂
∂ t

K(s,0,u,0) =
1
u

∫ ∞

0
e−

s
uxUt(x,0)dx

=−
1
u

∫ ∞

0
e−

s
ux[e2x+2ex]dx

=
1
u

∫ ∞

0
e−( s

u−2)xdx+
2
u

∫ ∞

0
e−( s

u−1)xdx

=
1

u( s
u −2)

+
2

u( s
u −1)

(36)

and

∂
∂x

K(0, p,0,v) =
1
v

∫ ∞

0
e−

p
v tUx(0, t)dt

=
1
v

∫ ∞

0
e−

p
v t [2et +e2t ]dt

=
2
v

∫ ∞

0
e−( p

v−1)tdt+
1
v

∫ ∞

0
e−( p

v−2)tdt

=
2

v( p
v −1)

+
1

v( p
v −2)

(37)

where

(RGT)23[ex+2t −e2x+t ] = 3(RGT)2[e
x+2t ]−3(RGT)2 [e

2x+t ]

3(RGT)2[e
x+2t ] =

3
uv

∫ ∞

0
e−( s

u x+ p
v t)[ex+2t ]dxdt

=
3
uv

[

−
1

( s
u −1)

[e−( s
u−1)x]∞0

−
1

( p
v −2)

[e−( p
v −2)t ]∞0

]

=
3

uv( s
u −1)( p

v −2)
−3(RGT)2[e

2x+t ]

=
3
uv

∫ ∞

0
e−( s

u x+ p
v t)[e2x+t ]dxdt

=
−3
uv

[

−
1

( s
u −2)

[e−( s
u−2)x]∞0

−
1

( p
v −1)

[e−( p
v −1)t ]∞0

]

=
−3

uv( s
u −2)( p

v −1)

Then,

(RGT)23[ex+2t −e2x+t ] = 3
uv( s

u−1)( p
v−2)

+ −3
uv( s

u−2)( p
v−1)
(38)

Substituting Eqns. (34)-(38) and (38) we get

(
p2

v2 −
s2

u2 )K(s, p,u,v) =
p

uv2( s
u −2)

+
p

uv2( s
u −1)

+
1

uv( s
u −2)

+
2

uv( s
u −1)

−
s

u2v( p
v −1)

−
s

u2v( p
v −2)

−
2

uv( p
v −1)

−
1

uv( p
v −2)

+
3

uv( s
u −1)( p

v −2)
−

3
uv( s

u −2)( p
v −1)

=
( p2

v2 − s2

u2 )

uv( s
u −2)( p

v −1)
+

( p2

v2 − s2

u2 )

uv( s
u −1)( p

v −2)
.

Hence,

K(s, p,u,v) =
1

uv( s
u −2)( p

v −1)
+

1
uv( s

u −1)( p
v −2)

(39)
By taking inverse of double Ramadan group integral

transform for Eq. (39), you get the solution of (30) in the
following form

U(x, t) = e2x+t +ex+2t
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Example 3.Consider the following Volterra integro- partial
differential equation

Ux+Ut = −1+ex+et +ex+t +

∫ x

0

∫ t

0
U(r,y)drdy(x, t)∈R2

+

(40)
Subject to the initial conditions

U (x,0) = ex
, U (0, t) = et (41)

Solution
Take the double Ramadan group integral transform of

Eq. (40) and apply Theorem 5 for the integral part of the
equation you get

s
u

K(s, p,u,v)−
1
u

K(o, p,o,v)+
p
v

K(s, p,u,v)

−
1
v

K(s,0,u,0) =−
1
sp

+
1

p(s−u)
+

1
s(p− v)

+
1

(s−u)(p− v)
+

uv
sp

K(s, p,u,v)

Rearrange the above equation to get

(
s
u
+

p
v
−

uv
sp

)K(s, p,u,v) =−
1
sp

+
1

p(s−u)

+
1

s(p− v)
+

1
(s−u)(p− v)

1
u

K(o, p,o,v)+−
1
v

K(s,0,u,0)

(42)

Now, take single Ramadan group transform to the
initial conditions we have

K(s,o,u,o) = RG[U(x,0);(s,0,u,0)

= RG[ex;(s,0,u,0)

=
1
u

∫ ∞

0
e−

s
uxU(x,0)dx

=
1
u

∫ ∞

0
e−

s
uxexdx

=
1

u( s
u −1)

=
1

s−u

Similarly, for the second part of the initial condition
we obtain

K(0, p,0,v) =RG[U(0, t);(0, p,0,v)

= RG[et ;(0, p,0,v)]

=
1
v

∫ ∞

0
e−

p
v tU(0, t)dt

=
1
v

∫ ∞

0
e−

p
v tetdt

=
1

v( p
v −1)

=
1

p− v

Now, substituting to eq. (42) we get

(
s
u
+

p
v
−

uv
sp

)K(s, p,u,v) =−
1
sp

+
1

p(s−u)
+

1
s(p− v)

+
1

(s−u)(p− v)
−

1
u

1
(p− v)

+−
1
v

1
(s−u)

After simplifying, we obtain

K(s, p,u,v) =
1

(s−u)(p− v)
.

By using double inverse Ramadan group transform we
obtain the solution of (40) as follows:

U (x, t) = ex+t
.

Competing interests

The authors confirm that there is no conflict of interest in
this paper.

Authors’ contributions

All authors have contributed equally in this paper; they
read and approved the final manuscript.

Acknowledgments

The authors wish to express their sincere thanks to
Abdel-Shakoor M. Sarhan, Professor of Pure
Mathematics, Faculty of Science, Menoufia University,
Shebin El-Kom, Egypt who provided the necessary
advice. The authors also extend their gratitude to
Abdel-Moneim Habib, Professor Emeritus of English at
Menoufia University for reading the English manuscript
and adding his corrections.

References

[1] Duff, D. G.Transform methods for solving partial differential
equations, Chapman and Hall/CRC, Boca Raton, F. L.( 2004).

[2] Estrin, A. , Higgins, T. J. The solution of boundary value
problems by multiple Laplace transformation, Journal of the
Franklin Institute 252(2)153–167 (1951).

[3] Eltayeb, H., Kilicman, A. On double sumudu transform
and double Laplace transform, Malaysian Journal of
Mathematical Sciences 4(1) 17–30 ( 2010).

[4] Kilicman, A., Eltayeb, K. Some remarks on the sumudu and
Laplace transforms and applications to differential equations,
ISRN Applied Mathematics, doi:10.5402/2012/5915
17(2012).

c© 2018 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


396 Mohamed A. Ramadan, Adel R. Hadhoud: Double ramadan group integral transform:· · ·

[5] Singh,Y., Mandia, H. K. Relationship between double
Laplace transform and double Mellin transform in
terms of generalized hypergeometric function with
applications, International Journal of Scientific and
Engineering Research 3(5),1- 5(2012).

[6] Eltayeb, H., Kilicman,A. A note on double Laplace
transform and telegraphic equations, Abstract and
Applied Analysis (2013) Article ID 932578, 6 pages
http://dx.doi.org/10.1155/2013/932578.

[7] Raslan, K., Ramadan, M. A., EL-Danaf,T. S., Hadhoud, A.
R. On a New General Integral Transform: Some Properties
and Remarks, Journal of Mathematical and Computational
Science 6 (1), 103-109(2016).

[8] Ramadan, M. A., Hadhoud, A. R. Ramadan group(RG)
transform coupled with Projected Differential Transform for
Solving Nonlinear Partial Differential Equations, American
Journal of Mathematical and Computer Modelling, 6 (1),
103-109 (2016).

[9] Ramadan M. A., The Convolution for Ramadan Group
Integral Transform: Theory and Applications ,Journal of
Advanced Trends in Basic and Applied Science,Vol.1,
No.2:191- 197, (2017).

[10] Dhunde, R. R., Waghmare, G. L. Double Laplace and its
Applications, International Journal of Engineering Research
and Technology 2(12) 1455-1462(2013).

[11] Tchunche, J. M., Mbare, N. S. An Application of the double
sumudu Transform, Applied Mathematical Sciences 1(1) 31-
39 (2007).

[12] Widder, D. V. Advances Calculus, 2nd edition, Prentice Hall
of India Private Limited, New Delhi (2005).

Mohamed Abdel-Latif
Ramadan Work
in Egypt: Professor
of Pure Mathematics
(Numerical Analysis) Chair
of Mathematics Department,
Faculty of Science, Menoufia
University Shebin El-Kom,
Egypt I served as the
Chairman of the Mathematics

Department from 2008 to 2014. I was a member of
the Permanent Scientific Promotion Committee for
Professors and Associate Professors in Mathematics
2013- 2015. Now, I serve as Secretary of the Permanent
Scientific Promotion Committee for Professors and
Associate Professors in Mathematics 2016-2019.

Adel R. Hadhoud
Work in Egypt: Assistance
Professor of Pure
Mathematics (Numerical
Analysis) Mathematics
Department, Faculty of
Science, Menoufia University
Shebin El-Kom, Egypt

c© 2018 NSP
Natural Sciences Publishing Cor.


	Introduction
	Definition of double RG integral transform
	The Convergence Theorem of (RGT)2  Transform
	The application of the double Ramadan group integral (RGT)2  transform of partial differential derivatives
	Double Ramadan group integral transform of double integral
	Application of Double Ramadan group integral (RGT)2 Transform

