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Abstract: The main focus of this paper is to introduce the definition ofille Ramadan Group integfRIGT),transform as an
extension to RG introduced recently by the authors. The ergance theorem of the transform is stated and proved and basic
properties of the double RG transform are discussed. Tlaiagrthip of this double transform to the double Laplace Snchudu
transforms is obtained. The applicability of this relalyvaew double transform is demonstrated to solve initial Bodndary value
problems in applied mathematics, and mathematical physics
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1 Introduction In section 3, the convergence of the proposed definition,
or double RG transform, is investigated, and some of its

Partial differential equations have paramount importancé*)aSiC properties are discussed. The relationship of this
double transform to the double Laplace and Sumudu

in mathematics as well as in other branches of science: . . : .
Therefore, it is very important to know of the methods to transforms is obtained 'and presented In_section 4. In
solve such partial differential equations. One of the mostSection 5, (RGT), for integral of functions of two
known methods to solve partial differential equations is Variables are investigated and developed. The kemel of
the integral transform method presented by Dajf pnd ~ tiS study centers on how to impleme(RGT), for
by Estrin and Higgins 4. Eltayeb and Kilicman, (see dout_)le integrals. In section 6, _the applicability of this
[3]), Kilicman and Eltayeb 4] have established and .rellauvely new double transform is demonstrated to splve
studied the relationship between the double Sumudynitial and boundary value problems in applied
transform and the double Laplace transform, as well agn@thematics, and mathematical physics.

their applications to differential equations. Singh and

Mandia [B] have established the relation between the N .
double Laplace transform and the double Mellin 2 Definition of double RG integral transform

transform and discussed their applications. Quite regentl o ey integral RG transform defined for functions of
Eltayeb and Kilicman] have applled the double Laplace_ exponential order, is proclaimeds][ We consider
transform to solve the general linear telegraph and partia},nctions in the set. defined by:

integro-differential equations. "
This paper is organized as follows: in section 2, we , _ 2
first introguge the de?‘inition of the double Ramadan group ~ {f(x,t)suchthaEM T, T2 > 0,[Tc )] < Me ™,
integral(RGT),transform as an extension to RG which is
introduced recently by Raslan et &f] ind is applied for i=12if(xt) e Ri}
solving Nonlinear Partial Differential Equations, (see
Ramadan and Hadhou@]] The convolution theorem is Definition 1.The double Ramadan group integral
investigated for RG integral transform, see Ramadn [ transform of the function @x,t) which is defined in the
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set A in the positive quadrant of the xt- plane is denoted  Proof.

by(RGT), and defined by:
K (s,p,u,V) = / | e Bty axdy
K(s p,u,v) = RGz xt); (S p,u V)]
1 tti =p=1 t
/ / f (x.t) dxdt 1) Settings= p , We ge

K(1,1,u,v) = / / (540 1 f (x,y)dxdy
where sp,uand vare complex variables with sand pare
the transform variables for xandt, respectively and LetX =r;¥ —t, We get
u,v € (—T11, T2)wherety, 1, > 0and R€s),Re(p) > 0. v
X = ur,dx=udr,y = vt,dy = udt
The above definition can be written in detail as:

Then
K(s,p,u,v) = RG[f (x,1); (s, p,u,V)] 1)

=RG[RG[f (x,t); (s, p,u,V)]; (p,V)] K(1,1,u,v) / / f (ur,vt) uvdrdt
:RGH/OOOe—(SuX)f(x,t)dx;(p,v)} —/ / —(MHU £ (ur,vt) drdt.
I G- S Ry A ) ThusK (1,1,u,v) = G(u,v).
- / e [u/o e f(x,t)dxdt]

/ / e (591 (xt)dxdt 3 The Convergence Theorem ofRGT),

Transform

whenever the integer exists. .
Considering the definition of double Laplagé,) In this theorem we prove the convergence of doRkie
introduced by Dhunde and Waghmark0] and double  integral transform defined iri).
Sumudu ($) presented by Tchunche and Mbarel]l  theorem 1Convergence of Double Ramadan Group
given respectively as: Integral (RGT), Transform.
Let g(x,t) be a function of two variables continuous in

Lo[f(x,t);(s,p)] =F(s,p) = / / ~(SPUf(x t)dxdt  the first quadrant of the xt- plane. If the integral, defined
for(RGT),, of the form

and / / g(x,t) dxdt @)

(x4t
S[f(x1); (s p)] =G(s.p) = sp/ / ' F(x thdxdt converges at s S, U= Ug, p= po,V = Vp,then the integral

converges for s> sp,u > Ug, p > poand v> vg,where we
and (RGT), of the functionf (x.t) the following duality ~ assume; — 32 > Oand} — i > 0.

relations can be proved easily.
ProofWe rewrite the integrald) as

/ / g(x,t) dxdt

1K (s,p,u,v) = F (5,8).

u’v

ProofWe have

S 1/ pt
“Ie® L Mo Bgit dt} a3
F(s.p) = La[f (x1); (s.P)] U/o [VO 90x) 3
/m/we (SXP1) £ (x 1) dxdlt :1/ e (Phxs)dx
0o JO uJo
then, where
1 /° pt
h(x,s :—/ e (%) x,t)dt 4
// f (x t) dxdt xs)=7 | g(xt) 4)
First, we need to prove that the integrd) (converges
/ / (x,t) dxdt forp > po,v > Vo, Where % — % > 0. Assume that

_ uvRGZ[ (1) (S, P, U, V)] = UVK(S, p,u,v). integral @) converges ap = pg andv = vp. Now, set

2K (1,1,u,v) =G(u,v). ¢ (xt) = V_10/0°°e (por)g(x r)dr,0 <t < oo.
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Itis clear thatp (x,0) =0 andtﬂmd) (%,t) exists. Hence, the integral4] converges fop > po,V > Vo,

_ . Lo o (B) Wlth——%>0.
Since the integralj [o'e™\ v/g(x t)dt converges at Similarly, we can prove that the integral
p = po andv = v.

Using the fundamental theorem of calculus, we have 1fO (>Z) (x,t)dx converges far > Uo,s > So, with
Thus the integral on the right hand side &) (

converges fos > sp,u > Up, p > po andv > vp, with the

assumptiong — u% >0andy — ¢ > 0.

ChoosesandA so that O< € < A, then from @), we get Therefore, the(RGT), transform defined by 1

converges and the proof of the theorem is then complete.

pxt) = 2 (B)gpr). (5)

Vo

Pgt

1/ (p 1 A (m <V0>
\_//o e )g(x,t)dt_v/S e (Ve ¢ (x,t)dt o
1 A _(p_p 4 The application of the double Ramadan
= (V Vo)t t)dt . .
=3 /S e ¢t (x,1) group integral (RGT), transform of partial

. . . _ differential derivatives
Applying the integration by parts, we obtain

First let f (x,t) be a function defined in the positive

}/A ef(%‘)g(x t)dt quadrant of thext- plane. The doubl¢RGT), transform
V/e ’ of the first and second partial derivatives bfxt) are
[ B e
v T
) A N . RG, [%:(& p,u,V)] =§K(S, p,u,V)—éK(O,p,O,V)-
_/ (5 €0> e (v Vo) ¢ (X’t)dt:| (8)
_ Sp 0 o wheres, p,u andv are complex variables withand p are
_1 ef(%’fv—g)A(I,(X’A)_ef(%w—g)e(p(ng) the transform variables fok andt, respectively and
vy u,v e (—T11,72) wherety, T2 > 0 andRe(s),Re(p) > 0,
P andK (0, p,0,v)is defined as
A(CB) [ Brenal o
0

K (0, p,0,V) = 1/ e (F)f(0,t)dt,
Now, ag — 0, the second term on the right hand side v.Jo

vanishes and we get To prove B), we use the definition qiRG;) transform

defined in () from which we have

1 A (ot 1 _(P_Po A
_/ e (v)g(x,t)dtz—[e (+-%) ¢ (xA) 9 (x,1) ot (x)
v Jo v 6) RGZ{ ’ ;(s,p,u,v)}:RG[RG[ : ;(s,u)];(p,v)]
; _(E_&>t dx_ ox
_,_(5_5_2)/0 e \V Vo ¢(x,t)dt] :RGE/O e*(%x)f(;)’(t)dx(p,V)]
_ral () TS e
As A — oo, it is clear that the first term on the right 7RGL He o t)]xzo+“/° B t)dx] (pV)]
hand side of equatior6] approaches the zero since from _rel Y tot Re| S [T (®ixtd
assumptiorﬁ—% ~0. {u[w ( p‘) (PV)]+ Lz/i em p‘(x ) x(pv)H
Finally, we have :*é\‘l//o dv)f(o’t)d”%/o / 7<v>ef(%x)f( )t

1./Ome(’\)/t)g(x,t)dt:<£)_@) /Ome_(g_%>t¢(x,t)dt. = li K(0,POv) + u{vu/ / T xtdxdt]

v vV Vg

Using the limit test for converges; see WiddetJ],

. . . Then,
pages 370-371], the integral on the right converges, since en

from this test one has TOf (x.t 1 1—

RGZ w;(sa anaV) :§K(Sa p,U,V)——K(O,p,O,V)-
2 ( pO)t . 2 1 L X ] u u
Ilmt Voo ¢ (x,t)=limt TR lim ¢ (x,t)
e e(vp 0 )t toveo Similarly, we can show that
=0xlim ¢ (xt) - .

too N of (x.t). p 1-

— 0 = finite. RGZ i ot .(S, pauav)- - VK(Sv P, U,V)_VK(S,O, U,O)-

(@© 2018 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

392 N SS

Mohamed A. Ramadan, Adel R. Hadhoud: Double ramadan grdagral transform: -

. . . 2
Now for the second partial derivativ ;)((;"” one can
prove easily that

92f (x,1)
T’ (Sa p, U,V):|

& s
= ?K(Sa anaV) - @K(()? p,O,V) -

RG |

§0K (0,p,0,v)
u ax '

In general, we can conclude for the" partial

derivative anaff(’n"t) , its double RG transform is as:

anf(x,t) -k
axn ) (57 p, U,V)] - m K(Sﬂ P, U,V)
g1 2 9
Un K(07 pvovv)_ W&K(()’ p,O,V)

RG]

5 Double Ramadan group integral transform
of double integral

In this section, we investigate and deve(&3GT), for the

by the function

Y(xt) = /Ot f(x,w)dw

Take the derivative of both sides of EdLOj with
respect to the variable we get

(10)

IP(xt)
T - f(X,t), (11)
where it is clear that
Y(x,0)=0. (12)
() wspuy - (§) Pls0u0 —K(s puy.
13)
Take also the singlBGT of Eq. (12), and then we have
P(s,0,u,0) =0. (14)
Hence, from {3) and (14), we get
wspuy = (3 )Kepuy.  45)

integral of functions of two variables. Mainly, we study
how to implement this integral transform for double
integrals. We state and prove the following theorem

Also, from (10), one care further writes EqQ) as:

which will be useful for applying(RGT), to solve
integro-partial differential equations.

Theorem 2Suppose that the double integral

/OX/Ot £(8,w)dwda

is well defined, then the double Ramadan group integral

(RGT), transform of this double integral is given by

(RGT), {/OX/; f(x7t)dxdt(p7s7u7v)} - <%> K(s, p,u,V),
where
K(s p,u,v) = (RGT)2 [f(x1); (s p,u,V)].

ProofDenote to the integral

/Ox/ot £(B,w)dwdg,

by the function

ox0)= [ [ 1(8.wawap. ©)

Also, denote to this integral

t
/ f(x,w)dw,
0

s(x0)= [ wiB.0p.

and from which, we have

aP(x,t)
= pix), (16)
with
#(0,t) =0. a7

Similarly, take(RGT), of Eq. (16) and singleRGT of
Eqg. (17), we get respectively

(5)otpsuv-(5)o0p.00 =T puv). (2)

and
¢(07 p7 07 V) = 0
Substituting from Eq.X9) in Eq. (18), we obtain

(19)

(s p,uv) = (\—Lj) @(s,p,u,v).
Finally, from Eq. (L5 and QO0), we get

(20)

_ uv
¢(Sv pv U,V) = (S_p) K(Sv pv U,V)
That is,
RaT | [ [ 1(6.wpawei (s pu| = (5] Kispuv),

and the theorem is thus proved.
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6 Application of Double Ramadan group
integral (RGT);, Transform

As stated in the introduction of this paper, the double

Ramadan Group transform can be used as an effective

tool for solving partial differential and integro-partial
differential equations. Hence it will be illustrated by sem
numerical examples. It is well known that in order to
obtain the solution of partial differential equations by
integral transform methods we need the following two
steps:

Firstly, we transform the partial differential equations

while,
0 1 p 0
&K(O,p,o,v)_;/o e MUt
_1- ® Pt -t
- V/O e e tdt 27)
1 o 1
_ = —(5+1)t
= e \vrHidt
v/o (P+1)
and

0

1 r* s
to algebraic equations by using double Ramadan Group EK(S’ 0,u,0) = G/ e WU (x,0)dx

transform method.

0

1 /™ s
Secondly, on using inverse double Ramadan Group = ——/ e u'e'dx (28)
transform we get the solution of PDEs. T ooo 1
_(S_
Example I1Consider the linear homogenous telegraph :_G/o e (s 1)dez—m
u

equation in the form:

Ug— Uy —U—U =0 (21) Now, substituting Eqns2§)-(28) in Eq. (24) we get
with initial conditions 5
U(%,0) = &, Us(x,0) = —€ 2 (-5 -Poikspuy
and boundary conditions: S 10
Y :?K(Oa paoav)_'—aE(K(oa paoav)
U(Ot) =€, U (0,t) = —€ (23) 0 14 L
Solution - ?K(Sa Oa u, O) - \_/ EK(Sa Oa u, O) - VK(Sv 07 u, 0)
Take the double Ramadan group integral transform S 1
(RGT), of Eq.1) and single RGT of the condition22) = =7 +—
, (23), then we have: utv(y +1) UV(\:/L+ 1) .
p
+ —
iK(S,p,u,V)—%K(O,p,O,V)—}iK(O,p,O,V) WA(E-1) uw(G-1) uw(G-1
u u uadx e 2 _p_4

P

—p—ZK(s u,v) + -K(s,0,u 0)+}£K(so u,0)
V2 7p7 ) V2 ) ) ) Vat ) ) )

- F_\jK(Sa p, U,V) + \_];K(Sa Oa U,O) - K(57 p, U,V) =0
(24)
where, from initial and boundary condition

K (07 P, 0, V) = (RG) [U (Ovt) ; (07 P, 0, V)]

- 1/ e VU (0,t)dt
VvV .Jo

(25)

i 1
= - e vie dt=
v/o v +1)
and
K(s,0,u,0) = (RG)[U(x,0);(s,0,u,0)]
— 3/ e XU (x,0)dx
uJo
= }/ e u*ekdx
0

u

(26)

1 1 1
uw(P+1)(2-1) viE+1uiE-1)
(29)
By taking inverse of the double Ramadan group
integral transform forZ9), we get the solution of21) in
the following formU (x,t) = <.

Example 2ZConsider the wave equation in the form:
Ut — U= 3 (€2 — ) (xt) e R (30)
With initial conditions
U(x,0) = e+ &, U (x,0) =¥ +2&  (31)
and boundary conditions
U(0,t) =€ +€*,Uy(0,t) = 2¢ +&* (32)

Solution
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Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

ST =

Mohamed A. Ramadan, Adel R. Hadhoud: Double ramadan grdagral transform: -

Take the double Ramadan group integral transformand
(RGT)2 of Eg.81) and single RGT of the condition82),

0 1
(33), then we have 0—K(O p,0,v) = / 7UL(0,t)dt
_ Pt
0 - 19 / vt [2d +e]dt
_ZK(Sa p,U,V)—_ZK(S,O,U,O)—_EK(S,O,U,O) 2
v =< / R i / 2t
K(Sv p, U,V) + U_SZK(Ov p, O,V) + GE(K(Ov p, O,V)
= +
= (RGT)3[e"™ —&>] v(%’ 1) v<€ -2)
(33) (37)
where
where, from initial and boundary conditions we have (RGT)23[e"" 2 — &1 = 3(RGT),[e"2] — 3(RGT), [ ]
3(RGT)[e+2] = > /w (@430 (@42 ) dxdlt
K(s,0,u,0) = (RG) [U(x,0);(s,0,u,0)] uv.jo
1 /° s = i (5 )X]°°
- a/0 e U (x,0)dx v g ® 0
1 /e _S — 1 e—(€72)t o
= G/O e~ e Xdx (34) (\_[j —2) [ lo
1 _ 3 _ +H
= a[/o XdX+/ XdX - UV(S — 1)(% _2) S(RG-DZ[eZX }
_ 1 i _ i wef(§x+ t [e2X+t]dth
u(s-2) " u(s _1) uv.Jjo
= ;3 _ 1 [67(572)X}00
wl (5-2 0
Also, we have _ pl e (G-
(V-1
-3
K(Oa pa O,V) = (:LRGZO[U (Ovt)v (Oa pa O,V)] - UV(S — 2)(% — 1)
- \_// e VU (0,t)dt Then,
0 +2t ] 3 -3
_1 / e V'[e +eAdt (RET);3(E — &) = ez + uv(ﬁ—zx%’(ég)
\1/ 0 - w Substituting Eqns.34)-(38) and @8) we get
=3 |[Cettvar [Te o . A
v f L 0 Gz~ @KEPUY) = (e D) T 2
— 2 s
V(€—1)+V([—\j—2) +uv(§7l) wv(E—1)
(35) s 2 1
wv(®—-2) uv2-1) uy®-2
N 3 B 3
Moreover, we have EEBRLACER A
' G SN o )
w20 T wE-D( -2
1
4 K(s,0,u,0) = / e U (x,0)dx Hence,
ot 0 1 1
1 K =
=—3 | & P+ 2edx (8, p,uv) uv(g—z)(g—l)+uv(§—1)(5—2()39)
— }/ “2xdx 4 = / ~Dxdx By taking inverse of double Ramadan group integral
u transform for Eq. 89), you get the solution of30) in the
_ + following form
Tu-2) Tu-1
(u ) (u ) (36) U (X,t) _ e,2X+I + e}(+2t
(@© 2018 NSP
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Example Xonsider the following Volterra integro- partial Now, substituting to eq4@) we get
differential equation
S p uv 1 1 1
X ot (a—'_v_ga)K(s?pvuav):_ga p(S—U) S(p—V)
Ux+Us = —1+ex+e‘+ex+‘+/ / U (r,y)drdy(x,t) e R% 1 L
0 Jo
(40) + —
Subject to the initial conditions (sl u)ip v) u(p-v)
+ R —
U(x0)=¢ , Ut =¢ (41) Vv (s—u)
Solution After simplifying, we obtain
Take the double Ramadan group integral transform of 1
Eq. @0) and apply Theorem 5 for the integral part of the K(s,p,u,v) = —————.
equation you get (s=u)(p—v)
s 1 By using double inverse Ramadan group transform we
GK(S’ p,u,v) — GK(O’ p,0,V) + F—\jK(s, p,u,Vv) obtain the solution of40) as follows:
_ Xt
~Iksouvoo -ty 1 U (xt) = e,
v sp p(s—u) s(p—v)
1 uvK _ _
’ (s—u)(p—v) Tsp (5p,u,V) Competing interests
Rearrange the above equation to get The authors confirm that there is no conflict of interest in
this paper.
S p uv _ _i 1
(U+V Sp)K(& p,U,V)— Sp+ p(s_u) . .
1 1 1K( ) 1K( 0.1.0) Authors’ contributions
+ + —K(o, p,0,v) + —=K(s,0,u,
sp—v)  (s—uw(p-vu P v

All authors have contributed equally in this paper; they
(42) . :
read and approved the final manuscript.
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