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Abstract: We present a new simple and efficient quantum algorithm fdofing composite integers. The key step consists of making
use of the new exponentially fast search algoritdinllet M = PQ, 0 < M < 2", be a composite integer with two nearly equal prime
factorsP, Q to be determined. We prepare register, Say A1 @ Ay, whereA; and A, are sub-registers containing equally weighted
superposition of statelx) and|y) respectively such that € x,y < 2" — 1. RegisterA thus contains equally weighted superposition
of the tensor product stateg|y). We also prepare regist&to keep the images of elements in registgoroduced under the action
of the function,f, f : A— B, defined asf (|x)|y)) = |xy). The transformationJ;, corresponding to the given fuctiohis defined as

Ut (1x)[y)a(]0))B — (|x)]y))a(xy)))B, which can also take superposition of states as input. TegsterA is entangled with register

B throughUs. After building up quantum registe#s andB we operate on regist@ a unitary operatotJ, defined as) = 5, |v)(v|,
where 0< z< 2"—1, and|v) = |00---0)n|2). The action olU will change the state in regist&into the uniform superposition state

;27 23":61 |v), so that that this state now becomes separable and the higarit[1] becomes applicable for searching a target state

present as a component state in this modified regit®ve then perform the key step of applyintj pn registerB for searching the
target statet) = |00- - - 0)n|M), and amplify to the full extent the amplitude of this targettstso that if we now partially measure the
registerB it will almost always be found in this target stgdt¢ = |00 --0)s|M). As a consequence of this the state in registeow
changes into the superposition sta\x}gﬂl}\M) +|P)|Q) +|Q)|P)) + |[M)|1)). This new state in registek now clearly contains the

desired prime factorization which is easily revealed dftether partial measurement done on any one of the subteeghs; , A.
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1 Introduction by just doing few partial measurements. This new

quantum algorithm for factoring composite integers is
We present a new simple and efficient quantum algorithmpased on using the new exponentially fast search
to be worked on a quantum computer for factoring algorithm [1]. This new algorithm demonstrates how
composite integers having two prime factors comparablehose strange features, namely, superposition and
in size. The case of factoring a composite integer withentanglement, which are absent in classical systems and
just two prime factors is actually the most difficult one for are present only in quantum systems can cause
the factoring problem. Shor’s quantum algorithm for exponential rise in the efficiency. Superposition is that
factoring a composite intege2][has shown that quantum feature possessed only by quantum systems which allows
computers can find the two prime factors of an n-bit 3 quantum computer to act simultaneously upon an input
integer using onlyO(n’log(n)loglog(n)) operations for  state made up of an exponential number of different
which the classical computers require classical inputs present in the superposition of basis
exp(@(n'/3log¥3(n)) operations §]. Thus, Shor's states,|k),0 < k < 2" — 1. Entanglement is the most
quantum algorithm offers exponential speedup over itsquintessentially quantum effect present only in quantum
classical counterpart for the problem of factoring systems that allows strong correlations to exist between
composite integers. This paper proposes a new alternativeifferent subsets of qubits such that measurements made
to Shor’s factoring algorithm which is simpler than Shor’s on one subset of qubits can affect the likelihood of the
algorithm and solves the problem almost instantaneously
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outcomes of measurements made on other subsets @fiat we can express the image states in regBtevhich
qubits, even though they were not touched in any directtontains images of elements in register A; ® Ay under

way [4]. One can prepare two entangled quantum
registersE andF say, such that regist& contains a set
of indices running from 0 to 2— 1 and registerF

f, in terms of computational basis states using
2n = 2log, N qubits. Further, it is easy to see that we can
express the basis states, and|y), belonging to registers

contains a set of values of a function whose behaviorA; and A, respectively, in terms of the corresponding

depends upon the value of the index in regigeso the
joint state (ignoring the normalization factor) can be
something likey?'5* [i)e|f (i))F . By measuring the value
of the function (in registeF), “c” say, we can project out
the set of indices (in registeE) consistent with the
observed function value, giving rise to a superposition of
the formy ir.¢in—¢) |i")|c), and this is a neat trick because
in one shot we get all the index values (in regi€githat
give the same value for the function, equal td'(in
registerF).

2 Preparing quantum registers

Let M = PQ, whereP, Q are nearly equal prime factors to
be determined. We choosesuch that 0< M < N, where
N=2"

A quantum register is the “storing place” for the
guantum states and their superposition. A function

mapping a quantum register to another quantum registelr]

can be so defined that it maps a quantum state in on
register, say the “domain register”, on to a quantum stat
in the other register, say the “range register”. The operato
representing this function in effect correctly maps the
guantum state presented to it in the “domain register”
to the appropriate quantum state in the “range register”
We now begin with preparing two quantum
sub-registersA;,A, both to contain quantum states
representingN = 2" integers {0,1,--- ;N — 1} i.e.
quantum stateg|0), |1),---,[N — 1)}. In classical terms
these sub-registers will be just two bags of indiceand
y, such that 0< x;y < N — 1. In quantum mechanical
language: the quantum analog of these bags of indices,
andy, are two quantum sub-registers containing equally
weighted superposition of basis statds), and |y),
respectively, i.e. sub-registefg and A, will contain the

superposition ﬁzfﬂan IxX)  and ﬁii’ial) y),

respectively. We now prepare the quantum register,nder the action of the above transfor

A= A; ® Ay. Clearly, registerA will contain the equally
weighted superposition of the tensor product states

[X)]y), i.e. the superpositioﬁ 22\;(1)) [X)|y). This register
A will form the domain register for functionf, that we

function f : A — B. Thus, registerB represents range
register for our function, ,
f:{0,1}" x {0,1}" — {0,1}%" such thatf (|x)|y)) = |xy).
We note here that sindd = 2" we can express the basis
stategx), |y) in sub-registerg\;, A, respectively in terms
of computational basis states using- log, N qubits and
also from the definition of the function it is clear to see

computational basis states containing qubits by
replacing each integer andy, 0 < x,y < N—1, by its
corresponding binary representation contaimrigts and
juxtaposing them to find binary representation for tensor
product state|x)|y). Also, we can express the image
states,|xy), 0 < x,y < N —1, in the image registeB in
terms of the corresponding computational basis states
containing 2 qubits by replacing productsy by their
corresponding binary representation containimghts,
e.g. let the binary representations>éndy beijiz---in
andji1j2--- jn respectively then the corresponding tensor
product state will be|x)|y) = [itiz---in)|j1]2 - |n)-
Similarly, let the binary representations ofy be
kikz - - - kon then the image state oX)|y) underf will be
Ixy) = |Kika---kon). It is clear to check that the above
mentioned equally weighted superposition states
% 5N Y x) and Tlﬁ zi,'igl) ly), in sub-registerg\; and
A, respectively can then be looked upon as prepared by
applying a separate 1-qubit Hadamard dgdten each of
qubits prepared initially in the stat®). Thus the
uperposition in sub-registefg andA;, can be prepared

&s H®M0)®". It is a well known fact that when one

performs measurement on any superposition one gets
some single index nondeterministically in accordance

OMyith one more special feature possessed by quantum

systems other than the special features superposition and
entanglement  mentioned above, namely, the
non-determinism. Non-determinism means our inability
to predict with certainty what answer we will get when
we read a quantum memory register that exists in a
superposition state. However, we can calculate the
probabilities with which we expect to see the various
possible outcomes. The fuctidndefined above gives rise

to the following transformation,  Ugs,

Us = (IIY)al0)s — (IX)Y)A(E(X)Y)))e. It s

straightforward to check that when we prepare in the

(domain) registeA the superpositiorﬁ zfg',;é) [X)y) then
matidn, we will

get the corresponding superposition of states),
D<xy<N-1, % zg;g |xy), in the image registeB.

With these preliminaries we now proceed to discuss
the steps of a new exponentially fast quantum algorithm to
find two prime factors of a large composite integer using
fhe new exponentially fast search algorithip nd few

partial measurements.

3 Algorithm

The steps of the algorithm are as follows:
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(i) We prepare quantum sub-registdr by starting target state to the full extent. Note that due to the

with n qubits all initialized to the staté)) and then we application of the new exponentially fast search algorithm
apply Hadamard gatél on each of these qubits all  [1] one can do this amplitude amplification to the full

initi

alized to |0). Thus sub-registeA; contains equally extent of the desired target state in one shot.

weighted superposition of all computational basis states (vii) We now carry out the partial measurement on
of lengthn, i.e. A; containsH®"(]0))*". registerB. It will almost always produce the desired target
(i) We prepare quantum sub-registéy, exactly  state with hunderd percent guarranttee. Due to this partial
identical to above prepared sub-register measurement done on registrthe state in registeA
(iii) We prepare quantum registéx = A; @ Ap. Let  will then change into  superposition state

X = i1iz--+in @ndy = j1jo--- jn in binary notation. The  1(|1)[M) + |P)|Q) + |Q)|P)) + |[M)|1)). This changed
elements in registe; are |x) = |i1iz---in) and the state in registerA now contains the desired prime
elements in registek; arely) = |j1j2--- jn), respectively.  factorization which is easily revealed after further parti
The elements in registeA are tensor product states measurement done on any one of the sub-registeis,.
[X)[Y) = lizi2---in)|j1j2- - Jn), Obtained by juxtaposition

of the above binary sequences faandy.

1 (0)a10)s — (¥)]y))a(f(IX)y)))s. Since Us

(iv) We now apply the transformationUs, 4 An example

can also operate on superposition therefore we have

Suppose we are given a composite integer

1 (N M = 15 < 2% = 16 as a product of two primes and our aim
N z (1x)¥))Aa(]00---0)2n)8 is to find those prime factors ® = 15. We choosa = 4
xy=0 and further prepare the so called domain registerno
contain the superposition of tensor product stakgly),

Z (X IYNA(F(X)|Y)B 0 < x,y < 2* -1, and the corresponding image register,
xy 0 B, will then contain the superposition of stateg). Note
1 (N-1) that we are essentially working rinary system and the
Z (¥ |y)a states in registeA as well asB, are of length eight, i.e.
xy 0 made up of eight qubits. Further note that each of the

states|x) and |y) in the tensor product statgg)|y) is

Note that the stat¢00---0)2 is made up of B—qubits  made up of four qubits.

and also both the registes and B contain states with
2n—
follows: We find the usual product of elementandy,

: , ; As per the algorithm developed above we now carry
qubits. Note that we get the elements in regil@s ) ; the following steps:

(1) We prepare quantum registér = A; ® Ay to

namely,xy, we then find the binary representation fgr 4 (21 )
namely, xy = kiki---kon and prepare state Containzz 3. o [X)|y), where sub-reglsterA1 and A
IXy) = [Kika - -kan). contain superpositiont; 5@ %) and L, = Zy o U1y,

into the state which is the equally weighted uniform
superposition of stategv) = |00---0)n|2) such that

0<

new state in registerB then becomes completely
factorable (separable) state and further it also contaims t
“desired target statelt) = |00- --0)n|M), as a component
state so that the new search algorithd] pecomes

(v) Our aim now is to change the state in regisBer respectively. Thus, the state in registewill be

i(|0>|0>+~-~+|1>|15>+--~+|3>|5>+~--+|5>|3>

z< N-—1. Itis easy to check that thus transformed >4
+---+[15)[1) +---+(15)(15)).

(2) We now apply the transformationUs,

applicable. For thls to achieve we operate theYt: (X)a(|0))e = (|)I))a(xy))s. SinceUs can also

superposition state,{“T zxy o (|xy>) in registerB by the

operate on superposition therefore we have

unitary operatorU, defined as followsU = 5, |v)(v|. (2*-1) 1 (2*-1)
The action ofU will reduce the registeB to contain Z (1%)[y))a(]00---0)g)g — — z (1) YD) a(xy)).
equally weighted superposition of states i.e. registei 2t x5=0 2t &
(after normalization) will now contain the state
\} 52" v) =00.- O)nf 525 2. Thus, the state in regist@&will be
(vi) Now we performthe key step of the algorithm. It
consists of calling (as subroutine) the algorithmih Ve i(|0> +]1) 4 ]2)+---+|15) +|16) + |18) 4| 20)
choose the statg) = |00---0)s|M) which is present as a 24
component state in the superposition state in the image +---+(30) +---+(225).

registerB, i.e. |t) = |00---0)p|M) = |vo) = |00---0)n|20)

for

some 0< z < N — 1, as the target state for the (3) We now apply the unitary operatdf = y,|v)(vl,

algorithm [L] and amplify the amplitude of this chosen where 0< z < 2* — 1 and|v) = |0000|z) on registerB.
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This will change the superposition state present in registein one shot.

Bto (5) When the above mentioned amplitude
1 @-1 1 @-y amplification is carried out the registérthen will now
Nz Z) v) = |0000>? Z) 2). prominantly contain the state
7= 7=
Thus, the state in regist&mnow changes to t) =[0000 [1111) = 0000 |15) = |0000 |M).
1 As an effect of this amplitude amplification of the target

@(|OOOQ)®[|OOOQ+|000]>+|001Q+---+|111]))]. state in registeB (and further by just going ahead and
measuring it) the state in registér changes into the

(4) We now perfornthe key step of the algorithm. It~ following superposition state, namely,
consists of calling (as subroutine) the algorithm 1h y

. 1
choosing|t) = |0000|M) = |0000|15) = |0000|1111) =(]1)|15) 4+ |3)|5) + |5)|3)) +|15)|1)).
which is present as one of the component states in the 2
superposition state contained in regisBras the target This changed state in registér now contains the

state for the algorithml] and amplify the amplitude of  gesjred prime factors and they are easily revealed after
this chosen target state to full extent. Note that due to thg, ther partial measurement done on any one of the

use of this new exponentially fast search algorithmiih [ sub-registersy, Ay.
one can achieve this amplitude amplification of the '
desired target state with amazing speed, in fact, in one

shot. The target searching usirig happens as follows:
(a) We rewrite the state in registBras Acknowledgement
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+101) +]10) + |11))]

The statg0000 is common to all component states in
B so we can ignore it and take as search space th
superposition state formed with last four qubits:
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