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Abstract: In this paper, we propose a new hierarchical model for the prior distribution in linear regression. The Bayesian Adaptive
Lasso is investigated to explore the ability of the proposed method in both explanatory and variable selection aspects. New posterior
distributions are developed based on the proposed hierarchical model. We employed the Gibbs sampler to estimate posterior means of
parameters. The proposed method assumes that the variance of the data follows the Inv-y2 distribution in the hierarchical model. We
conducted a simulation study to assess the performance of the proposed method under different sample sizes and compared the results
with the traditional Lasso method, the Bayesian Lasso method, and the MMAD and SD criteria. The simulation was also used to assess
estimation accuracy. The proposed method yielded the smallest values of MMAD and SD.
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1 Introduction

In data analysis across many applied scientific fields, regression analysis is commonly used to investigate the relationship
between the response variable and a set of predictor variables. More formally, we aim to estimate the regression function
F(X;, ﬁl) for modeling purposes.

The goal of estimating the regression function is to find the mean of the response variable E(Y | X); that is, to determine
the optimal regression function that best fits the data by minimizing the residual sum of squares.

In regularization methods, such as the adaptive Lasso, a penalty function is added as a constraint to find the optimal
solution. The simplest form of the multiple linear regression model is

Y =X +¢, (1)

where & ~ .4 (0,62I) is the error term.

When many predictor variables are included in a linear regression, an overfitting problem may arise, inflating the
variance of the estimated parameters. This inflation weakens prediction accuracy, creating the need for variable selection
procedures.

The ordinary least squares (OLS) method is usually employed to estimate the parameters in multiple linear regression.
The OLS method typically provides BLUE (Best Linear Unbiased Estimator) estimates; however, if the predictor variables
are correlated, OLS yields unreliable estimates. Moreover, when the number of predictor variables exceeds the sample
size, the OLS solution becomes unstable. These limitations motivate the exploration of penalized regression methods.

In 1996, Tibshirani [7] introduced the Lasso (Least Absolute Shrinkage and Selection Operator) method, which
performs both shrinkage and variable selection by setting some parameter estimates exactly to zero. The optimization
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problem for Lasso is defined as

Bum:argngn{||fom|%+x||m|1}7 )

where A > 0 is the shrinkage parameter that controls the amount of penalization imposed on the parameter estimates. The
Lasso effectively mitigates overfitting when there are many predictor variables. Although it produces biased estimates, it
typically yields lower variance and improved interpretability compared to OLS. Fan and Li (2001) [2] stated that Lasso
estimators do not have oracle properties because of the bias, which leads to inconsistent estimation. Lasso also performs
poorly when predictor variables are correlated (see Zou, 2006 [8]). Other penalized methods, such as the adaptive Lasso,
have been proposed to improve performance.

Zou (2006) [8] introduced the adaptive Lasso method. The adaptive Lasso estimators possess the oracle properties.
These estimators are defined via the following minimization problem:

A P
BadaptiveLasso = argngn{”Y 7XBH%+A Z W.f|ﬁj|} . 3

J=1

Here, w; is a weight imposed on parameter ;. Usually, this weight is used to control the bias and is defined as

R 1
Wj= |B}‘asso| :

The adaptive Lasso method has several important properties; see Huang et al. (2008) [3] and Lin et al. (2009) [4] for
further discussion. It is common to use the LAR—Lasso algorithm to find the solution path of the adaptive Lasso method.
Additionally, the larger the variance of a parameter, the smaller the weight, and vice versa (Qi, 2014 [6]). Bithlmann and
van de Geer (2011) [1] used Lasso estimators as initial values to compute the weights w ;.

In this paper, we are interested in the Bayesian inference of the adaptive Lasso. Tibshirani (1996) [7] proposed that
the parameter 3 in a linear regression model can be treated as a random variable following a Laplace distribution in the
context of Bayesian inference. Specifically, he stated that the estimator of 8 is the mode of the posterior distribution:

n(Bj) = %exp (—'i’) , 4)

where T = 1.
A
Park and Casella (2008) [5] introduced the Bayesian Lasso regularization method for linear regression models. In this
work, we follow their construction of Bayesian inference by assuming the following prior distribution for 3:

P A:lB:

/:1

The prior distribution in Equation (5) represents a Laplace distribution. For implementation purposes, we use its
representation as a scale mixture of normal and exponential distributions:

’ yy AlB)
[Tr(6s 1= [T e (2% ) ©

=1 j=1

Methodology

The Gibbs sampling algorithm can be implemented based on the linear regression model (4) and the scale mixture (6).
The Gibbs sampling algorithm is an MCMC algorithm that samples from the conditional distribution of each parameter
given all the others. For that purpose, we propose the following hierarchical prior model:

6% ~Inv-x*(a,b). (7
Our contribution in this paper is the use of the inverse Chi-square distribution for the ¢ parameter. Based on the

hierarchical prior model (7), we can perform efficient simulation since all parameters have proper distributions. Below are
the full conditional posterior distributions of each parameter in the hierarchical prior model.
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Full Conditional Posterior Distributions

The conditional distribution of the response variable is
Y=XB+e.

The full conditional distribution of § is

U =TT M o (IR
wBilon 2 = 11775 (-3 )

The full conditional distribution of &2 is
62 ~ Inv-x%(a,b).

The full conditional distribution of )/12 is

252 2
e
;| ) o< (1) exp |~ J<” é )

The full conditional distribution of A2 is

A | ) e (A2)0 T exp [‘%2 (i L ﬁ+e>

Results and Discussion

Simulation Study

In this section, we compare the proposed penalized method, as described in the Methodology section, with the classical
Adaptive Lasso (ALasso) and the Bayesian Adaptive Lasso (BALasso). The simulation is conducted under two different
scenarios, involving different values of the error variance. Additionally, we use varying sample sizes:
n = {50,100,150,200,250}. We also assume pairwise correlation between the predictor variables with p = 0.5, and the
correlation structure is defined as o

Corr(xi,xj) = p‘lij‘.

Observations are generated from the following model,
yvi=xii+e& for i=12,...,n,

where & ~ .4 (0,62) and x; ~ .#(0,1). We standardize the covariates and center the response variable. The transformed
covariates follow a multivariate normal distribution X ~ .47(0,X), where

. — plimJ
5 =pl=il.
T'he true parameter vectors are

—Simulation 1: B = (0,2,1,0,2,0,0,0) "
—Simulation 2: B = (0,4,0,0,0,0,0,0)".

Simulation 1 represents a sparse vector, while Simulation 2 represents a very sparse vector.

For each simulation, we run 10,000 iterations of B using the Gibbs sampling algorithm outlined in the Methodology
section. The first 2,000 iterations are discarded (burn-in) to ensure convergence. To assess the estimation accuracy of each
method, we compute the median mean absolute deviation (MMAD) defined as

|

1 200
MMAD = median | —
median | 50 Z

i=1

X —xipie
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where 200 is the number of observations generated for each predictor variable.

PLACE TABLE 1 HERE.

Table 1 shows that the MMAD and standard deviation (SD) values are minimized under the proposed method for
various sample sizes and variances. For instance, when n = 50 and 62 = 1, the New Bayesian Adaptive Lasso (NBALasso)
achieves MMAD = 0.25872 and SD = 0.10050. These results demonstrate that our proposed method outperforms others
in terms of estimation accuracy.

To validate convergence of the Gibbs sampling algorithm, we use trace plots to assess the sampling behavior of the

parameter estimates from the posterior distribution.
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Fig. 1: Trace plot for Simulation 1 parameters fi,...
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Figure 1 shows smooth transitions without flat regions, indicating good mixing and convergence of the Gibbs sampling
algorithm.

To confirm that the sampled parameter values follow the expected theoretical distributions, we generate histograms of
the estimated parameters.

First Simulation (N=100) — Parameter Disti
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Fig. 2: Histograms of parameter estimates from Simulation 1: By, ..., Bs.
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As seen in Figure 2, the estimated parameters exhibit approximately normal distributions, supporting our theoretical
assumptions.
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Table 2 shows that the MMAD and SD values are also minimized under the proposed method for Simulation 2. For
example, with n = 50 and 6> = 1, NBALasso yields MMAD = 0.01170 and SD = 0.00576, again outperforming the other
methods.

Second Simulation (N=100)
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Fig. 3: Trace plot for Simulation 2 parameters f,..., Bs.

The trace plots in Figure 3 again confirm effective convergence with no signs of slow mixing or stagnation.
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Second Simulation (N=100) — Parameter Distribution
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Fig. 4: Histograms of parameter estimates from Simulation 2: By, ..., Bs.

The histograms in Figure 4 show that the estimated parameters approximately follow normal distributions, further
validating the Gibbs sampling approach.

Conclusions

In this paper, we developed a new hierarchical prior model for multiple linear regression. By applying the Bayesian
Adaptive Lasso method to this prior, we derived new full conditional posterior distributions and implemented an efficient
Gibbs sampling algorithm. The key innovation of this paper is the assumption that the variance of the data generated via
Gibbs sampling follows an Inv-y? distribution.
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Two simulation studies were conducted to assess the performance of the proposed method, comparing it with the
classical Adaptive Lasso and the Bayesian Adaptive Lasso. Based on MMAD and SD criteria, our proposed method
demonstrated superior estimation accuracy, achieving the lowest error values across both simulation scenarios and a
variety of sample sizes and variance levels.
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Table 1: MMAD and SD values for Simulation 1 under different methods and variances

Sample Size Method o2 MMAD SD

Alasso 1 0.36592  0.19001

BAlasso 0.26674 0.10104

n—50 New BAlasso 0.25872  0.10050
Alasso 4 0.14637  0.35528

BAlasso 0.14652  0.34387

New BAlasso 0.14379  0.33645

Alasso 1 0.23218  0.08263

BAlasso 0.21144  0.14992

=100 New BAlasso 0.21104  0.07660
Alasso 4 0.21342  0.11476

BAlasso 0.23418  0.11797

New BAlasso 0.19422  0.09391

Alasso 1 0.25349  0.09899

BAlasso 0.26239  0.07079

w150 New BAlasso 0.21249  0.06875
Alasso 4 0.27835 0.13436

BAlasso 0.24320  0.14559

New BAlasso 0.11943  0.13631

Alasso 1 0.27762  0.14353

BAlasso 0.24855 0.13165

=200 New BAlasso 0.18342  0.11547
Alasso 4 0.18317 0.08854

BAlasso 0.15634 0.07374

New BAlasso 0.12376  0.05017

Alasso 1 0.17672  0.07667

BAlasso 0.16620  0.07688

"= 1250 New BAlasso 0.16012  0.06565
Alasso 4 0.17817  0.08854

BAlasso 0.15611  0.07357

New BAlasso 0.11818 0.05614
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Table 2: MMAD and SD values for Simulation 2 under different methods and variances

Sample Size Method o2 MMAD SD
Alasso 1 0.02854  0.00817
BAlasso 0.02807 0.00734
0= 50 New BAlasso 0.01170  0.00576
Alasso 4 0.13754  0.00672
BAlasso 0.02874  0.00520
New BAlasso 0.02017  0.00412
Alasso 1 0.15667 0.08817
BAlasso 0.05618 0.07611
n—100 New BAlasso 0.05565 0.07218
Alasso 4 0.11854 0.05194
BAlasso 0.05357  0.06452
New BAlasso 0.03614  0.03734
Alasso 1 0.06398  0.04392
BAlasso 0.05675 0.03526
n= 150 New BAlasso 0.04322  0.02354
Alasso 4 0.06355 0.05619
BAlasso 0.06163  0.03461
New BAlasso 0.04991 0.01843
Alasso 1 0.07546  0.06845
BAlasso 0.06142  0.05635
=200 New BAlasso 0.05237  0.03566
Alasso 4 0.08970 0.06316
BAlasso 0.05890  0.06470
New BAlasso 0.04369  0.05855
Alasso 1 0.07831  0.02668
BAlasso 0.06257  0.02039
w250 New BAlasso 0.04563  0.01932
Alasso 4 0.06546  0.07845
BAlasso 0.05142  0.05635
New BAlasso 0.02237  0.02566
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