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Abstract: In this article, we study the theory and properties of co-Cohen-Macaulay modules. We show, for example, that the co-

localization of co-Cohen-Macaulay modules preserves co-Cohen-Macaulayness under a certain condition. In addition, we give a

characterization of co-Cohen-Macaulay modules by vanishing properties of the dual Bass numbers of modules. Moreover, we involve

the theory of graphs within such modules achieving some applications for the edge ideal of a graph.
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1 Introduction

Throughout this paper, R is a commutative ring with non-
zero identity. Let R be a Noetherian ring, and let M be an
R-module; moreover, we consider p ∈ Spec(R). H. Bass
has defined the so-called Bass numbers µi(p,M) by using
the minimal injective resolution of M for all integers i ≥ 0,
and has proved that

µi(p,M) = dimk(p) ExtiRp
(k(p),Mp) .

If M is a finitely-generated R-module, the Betti
numbers βi(p,M) is defined by using the minimal free
resolution of Mp for all i ≥ 0, and we have

βi(p,M) = dimk(p) Tor
Rp

i (k(p),Mp) .

In addition, E. Enochs and J. Z. Xu defined the dual
Bass numbers πi(p,M) by using the minimal flat resolution
of M for all i ≥ 0 and showed that

πi(p,M) = dimk(p) Tor
Rp

i (k(p),HomR(Rp,M)) ,

for any cotorsion R-module M. In [1], J. Z. Xu
characterized Gorenstein rings and strongly cotorsion
modules by vanishing properties of πi(p,M).

A finitely-generated R-module M over a Noetherian
ring R is called Cohen-Macaulay if
dimRp

Mp = gradeRp
Mp for any p ∈ SuppR(M).

Cohen-Macaulay modules over Noetherian rings are

important objects in commutative algebra and algebraic
geometry, according to [2]. In duality, Z. M. Tang and H.
Zakeri introduced the concept of co-Cohen-Macaulay
modules and studied the properties of this in [3] and [4].
An elementary and important property of
Cohen-Macaulay modules is that the localization
preserves the Cohen-Macaulayness. The dual question for
Artinian modules is to ask whether the co-localization of
co-Cohen-Macaulay modules preserves the
co-Cohen-Macaulayness. We show that this statement is
true under certain conditions, using the theory of graphs.
In addition, we give a characterization of
co-Cohen-Macaulay modules by vanishing properties of
dual Bass numbers which have relation to the maximal
length of co-regular sequence, using the theory of graphs.
This is dual to the theory of Cohen-Macaulay modules
over Noetherian rings.

In the Section 2, we put some definitions and
prerequisites for a better understanding of the theory and
results. We introduce preliminaries of the theory of
graphs which involve the edge ideal of a graph G;
associated to the graph G is a monomial ideal

I (G) = (viv j | viv j is an edge of G) ,

with viv j = v jvi and with i 6= j, in the polynomial ring R =
K [v1,v2, . . . ,vs] over a field K, called the edge ideal of G.
The preliminaries of the theory of graphs are introduced in
Section 2 together with the suitable concepts for the work.
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Here, we use properties of commutative algebra and
homological algebra for the development of the results
(see [6] and [14]).

Throughout of the paper, we mean by a graph G, a
finite simple graph with the vertex set V (G) and without
isolated vertices, as it was done in [17].

2 Some prerequisites and preliminaries of the

graphs theory

The concept of Krull dimension (Kdim) for Artinian
modules was introduced by R.N. Roberts in [10]. Later,
D. Kirby [11] changed the terminology of Roberts and
referred it to Noetherian dimension (Ndim) to avoid any
confusion with well-known Krull dimension defined for
finitely-generated modules. Let R be a ring, and let M be
an R-module. The Noetherian dimension of M, denoted
by Ndim(M), is defined inductively as it follows: when
M = 0, we put Ndim(M) = −1. Then, by induction, for
an integer d ≥ 0, we put Ndim(M) = d, if Ndim(M) = d

is false and for every ascending chain M0 ⊆ M1 ⊆ . . . of
submodules of M, there exists a positive integer n0 such
that Ndim(Mn+1/Mn) < d for all n > n0. Therefore,
Ndim(M) = 0 if and only if M is a non-zero Noetherian
module.

L. Melkersson and P. Schenzel introduced the
co-localization of modules in [12]. Let R be a ring, S ⊆ R

a multiplicative set, and let M be an R-module. The
RS-module HomR(RS,M) is called the co-localization of
M with respect to S, and is defined the co-support of M by

CosR(M) = {p ∈ Spec(R) | HomR(Rp,M) 6= 0} .

If R is a Noetherian ring and M an Artinian R-module,
then AttR(M), CosR(M), AnnR(M) have the same minimal
elements by [9, Corollary 4.3].

In [13], we define the co-dimension of M as

CdimR(M) = sup{dim(R/p) | p ∈ CosR(M)} .

Let R be a ring (not necessarily Noetherian), S ⊆ R a
multiplicative set and let M be an Artinian R-module. Then
we have

Cdim
S−1R

(

HomR(S
−1R,M)

)

= sup
{

dim(S−1R/S−1
p) | p ∈ CosR(M),p∩S = /0

}

,

and

Cdim
S−1R

(

HomR(S
−1R,M)

)

= sup
{

dim(S−1R/S−1
p) | p ∈ AttR(M),p∩S = /0

}

.

Let p ∈ CosR(M), we denote

htM(p) = sup{n | p0 ⊂ p1 ⊂ . . . ⊂ pn,pi ∈ CosR(M) for i = 0,1, . . . ,n} .

It is obvious that htM(p) = CdimRp
(HomR(Rp,M)).

We expect that NdimR(M) = CdimR(M), for any
Artinian module M. Unfortunately, this equality may not
hold in general. In fact, there exists an Artinian module M

over a Noetherian local ring (R,m) such that

NdimR(M) < CdimR(M) (see [7, Example 4.1]).
However, we have the following proposition.

N.T. Cuong and N.T. Dung showed that the above
condition does not hold for any Artinian modules, and
they also give some sufficient conditions for that in [8].

Proposition 21([8, Proposition 2.1]) Let (R,m) be a

Noetherian local ring and let M be an Artinian R-module.

If one of the following cases happens:

(1)R is complete with respect to m-adic topology.

(2)M contain a submodule which is isomorphic to the

injective hull of R/m.

Then AnnR((0 :M p)) = p for any p ∈V (AnnR(M)).

Let R be a ring, and let M be an Artinian R-module.
R.Y. Sharp in [15] showed that SuppR(M) is a finite subset
of Max(R), and if

SuppR(M) = {m1, . . . ,ms} ,

then M = M1 ⊕M2 ⊕ . . .⊕Ms, where

Mi =
{

x ∈ M |mi =
√

AnnR((x))
}

.

2.1 Edge ideal of a graph

This section is in accordance with [5] and [16].

Let R = K [v1, . . . ,vs] be a polynomial ring over a field
K, and let Z =

{

z1, . . . ,zq

}

be a finite set of monomials in
R. The monomial subring spanned by Z is the
K-subalgebra,

K [Z] = K [z1, . . . ,zq]⊂ R.

In general, it is very difficult to certify whether K [Z]
has a given algebraic property - e.g., Cohen-Macaulay,
normal - or to obtain a measure of its numerical invariants
- e.g., Hilbert function. This arises because the number q

of monomials is usually large.

Thus, consider any graph G, simple and finite without
isolated vertices, with vertex set V (G) = {v1, . . . ,vs}.

Let Z be the set of all monomials viv j = v jvi, with i 6= j,

in R = K [v1, . . . ,vs], such that
{

viv j

}

is an edge of G, i.e.,
the finite and simple graph G, with no isolated vertices,
is such that the square-free monomials of degree two are
defining the edges of the graph G.

Definition 22A walk of length s in G is an alternating
sequence of vertices and edges
w = {v1,z1,v2, . . . ,vs−1,zh,vs}, where zi = {vi−1vi} is the
edge joining vi−1 and vi.

Definition 23A walk is closed if v1 = vs. A walk may
also be denoted by {v1, . . . ,vs}, the edges are evident by
context. A cycle of length s is a closed walk, in which the
points v1, . . . ,vs are distinct.
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A path is a walk with all the points distinct. A tree is
a connected graph without cycles and a graph is bipartite

if all its cycles are even. A vertex of degree one will be
called an end point.

Definition 24A subgraph G
′
⊆ G is called induced if

viv j = v jvi, with i 6= j, which is an edge of G
′

whenever vi

and v j are vertices of G
′

and viv j is an edge of G.

The complement of a graph G, for which we write Gc,
is the graph on the same vertex set in which viv j = v jvi,
with j 6= i, which is an edge of Gc if and only if it is not
an edge of G. Finally, let Ck denote the cycle on k vertices;
a chord is an edge which is not in the edge set of Ck. A
cycle is called minimal if it has no a chord.

If G is a graph without isolated vertices, simple and
finite, then let R denote the polynomial ring on the vertices
of G over some fixed field K.

Definition 25([5]) According to the previous context, the
edge ideal of a finite simple graph G, with no isolated
vertices, is defined by

I (G) = (viv j | viv j is an edge of G) ,

with viv j = v jvi, and with i 6= j.

3 The edge ideal of a graph together with the

co-localization of co-Cohen-Macaulay

modules

In this section, we present some results about the
co-localization of modules which involve the theory of
graphs together with the edge ideal of a graph G, which is
simple and finite and with no isolated vertices.

Here, we take K a fixed field and we consider
K[v1,v2 . . . ,vs] the ring polynomial over the field K. Since
K is a field, we have that K is a Noetherian ring and then
K[v1, . . . ,vs] is also a Noetherian ring (Theorem of the
Hilbert Basis).

Remark 31By the previous context, R = K[v1,v2 . . . ,vs]
is a Noetherian ring. Thus, the edge ideal I (G) is an
R-module, and thus we can get characterizations for this
module under certain hypothesis.

Cohen-Macaulay modules over Noetherian rings are
important objects in commutative algebra. In duality, Z.
Tang and H. Zakeri introduced the co-Cohen-Macaulay
modules over local rings in [3], [4], and it was
generalized to general rings by Z. Tang in [3].

Definition 32([3, Definition 5.3]) Let R be a ring. An
Artinian R-module M is called a co-Cohen-Macaulay
R-module, if cogradeR(J(M),M) = NdimR(M), where
cogradeR(J(M),M) is the common length of any maximal
M co-regular sequence contained in
J(M) :=

⋂

p∈SuppR(M) p.

Proposition 33Let R = K[v1, . . . ,vs] be the ring

polynomial, and let I(G) be the edge ideal in R of a finite

simple graph G, with no isolated vertices. Suppose that

I(G) is an Artinian R-module. If

I(G) = I(G)1 ⊕ . . . ⊕ I(G)s and

SuppR(I(G)) = {m1, . . . ,ms}, where

I(G)i =
{

x ∈ I(G) |mi =
√

AnnR((x))
}

,

then I(G) is a co-Cohen-Macaulay R-module if and only if

I(G)i is a co-Cohen-Macaulay R-module and

NdimR(I(G)) = NdimR(I(G)i)

for i = 1,2, . . . ,s.

Proof.Notice that
NdimR(I(G)) = max{NdimR(I(G)i) | i = 1,2, . . . ,s} by
[10, Proposition 1]. Since I(G) is a co-Cohen-Macaulay
R-module, and J(I(G)i) = mi for any 1 ≤ i ≤ s, by [3,
Lemma 5.1 and Proposition 5.2], we get

NdimR(I(G)) = NdimR(I(G)i) = cogradeR(mi, I(G)i) = cogradeR(J(I(G)), I(G))

for i = 1, . . . ,s.

Hence, I(G)i is a co-Cohen-Macaulay R-module and
NdimR(I(G)) = NdimR(I(G)i) for any i = 1,2, . . . ,s. It is
similar to prove the other side.

It is well known that operation of localization
preserves the property of Cohen-Macaulayness of
Cohen-Macaulay modules over Noetherian rings. Since
co-localization is dual to localization, hence there is a
natural question: Whether co-localization preserves the
co-Cohen-Macaulayness of co-Cohen-Macaulay
modules. The main content of this section is to study the
properties of co-localization of co-Cohen-Macaulay
modules, and to give a partial arffirmative answer to
above question.

Proposition 34Let R = K[v1, . . . ,vs] be the ring
polynomial, and let I(G) be the edge ideal in R of a finite
simple graph G, with no isolated vertices. Suppose that
I(G) is an Artinian R-module, such that
AnnR(0 :I(G) p) = p for any p ∈ V(AnnR(I(G))). If

p ∈ CosR(I(G)) and x
s
∈ pRp is a HomR(Rp, I(G))

co-regular element, then

CdimRp

(

0 :HomR(Rp,I(G))
x

s

)

= CdimRp
(HomR(Rp, I(G)))−1.

Proof.Since
(

0 :Hom(Rp,I(G))
x
s

)

∼= HomR(Rp,(0 :I(G) x))

we have

CdimRp

(

0 :HomR(Rp,I(G))
x

s

)

= ht(p/AnnR(0 :I(G) x)).

Moreover, by [13, Lemma 4.3] we have

V(AnnR(0 :I(G) x)) = V(AnnR(I(G)),x).
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Hence
√

Ann(0 :I(G) x) =
√

(AnnR(I(G)),x). Since

CdimRp
(HomR(Rp, I(G))) = ht(p/AnnR(I(G))),

we only need to show that
ht(p/(AnnR(I(G)),x)) = ht(p/AnnR(I(G))) − 1. Since
x
s
∈ pRp is a HomR (Rp, I(G)) co-regular element, we get

x

s
∈ pRp \

⋃

p⊆p

qRp,

for q ∈ AttR(I(G)). It follows that x ∈ p \
⋃

q⊆p q, for q ∈
AttR(I(G)).

Thus,
ht(p/(AnnR(I(G)),x)) ≤ ht(p/AnnR(I(G)))− 1. On the
other hand, we get
ht(p/(AnnR(I(G)),x)) ≥ ht(p/AnnR(I(G))) − 1, by the
theory of system of parameters. Hence, the result follows.

In the next section, we put some applications which
show the relationship of co-Cohen-Macaulay modules
with the edge ideal I(G).

4 Some applications

The following proposition shows that co-localization
preserves co-Cohen-Macaulayness under a certain
conditions.

Proposition 41Let R = K[v1, . . . ,vs] be the ring
polynomial, I(G) the edge ideal in R of a finite simple
graph G, with no isolated vertices. Suppose that I(G) is a
co-Cohen-Macaulay R-module, such that

AnnR

(

0 :I(G) p
)

= p for any p ∈ V(AnnR(I(G))). Then

for any p ∈ CosR(I(G)), we have that

cogradeR(p, I(G)) = cogradeRp
(HomR(Rp, I(G))) = CdimRp (HomR(Rp, I(G))) .

Proof.Let p ∈ CosR(I(G)) then we have
cogradeRp

(HomR(Rp, I(G))) < ∞ and

cogradeR(p, I(G))≤ cogradeRp
(HomR(Rp, I(G)))≤ CdimRp (HomR(Rp, I(G))) .

We only need to show that
cogradeR(p, I(G)) = CdimRp

(HomR(Rp, I(G))). Let

n = cogradeR(p, I(G)). We use induction on n. For the
case n = 0, there exists Q ∈ AttR(I(G)) such that p ⊆Q.
Since p ∈ CosR(I(G)), then for any q ∈ AttR(I(G)) with
q ⊆ p we have q = p = Q by [3, Proposition 5.2] and
co-Cohen-Macaulayness of I(G). Thus
AttRp

(HomR(Rp, I(G))) = {pRp}. Hence,

CdimRp
(HomR(Rp, I(G))) = 0. Suppose that n > 0 and

the Proposition holds for n = 1. Let x ∈ p be a I(G)
co-regular element, then cogradeR(p,(0 :I(G) x)) = n− 1.
Then we have

cogradeR

(

p,(0 :I(G) x)
)

=CdimRp

(

HomR(Rp,(0 :I(G) x))
)

,

by induction hypothesis. On the other hand, by [13,
Proposition 3.4], x

1
∈ pRp is a HomR (Rp, I(G))-quasi

co-regular element. Since

(

0 :HomR(Rp,I(G)) pRp

)

6= 0,

we know that x
1

is a HomR (Rp, I(G)) co-regular element.
Then we have

CdimRp

(

HomR(Rp,(0 :I(G) x))
)

=CdimRp
(HomR(Rp, I(G)))−1,

by Proposition 34. Hence
cogradeR(p, I(G)) = CdimRp

(HomR(Rp, I(G))).

In order to obtain the main result of this section, we
first prove the following lemma.

Lemma 42Let R = K[v1, . . . ,vs] be the ring polynomial,

and let I(G) be the edge ideal in R of a finite simple graph

G, with no isolated vertices. Suppose that I(G) is an

Artinian R-module. Then

CosR(I(G))∩V(J(I(G))) = SuppR(I(G)).

Proof.Let I(G) = N1 + N2 + . . . + Nn be a minimal
secondary presentation of I(G) such that

AttR(I(G)) = {p1, . . . ,pn}, where pi =
√

AnnR(Ni) for
i = 1,2, . . . ,n. On the other hand, we have decomposition

I(G) = I(G)1 ⊕ . . .⊕ I(G)s,

with SuppR(I(G)) = {m1, . . . ,ms}, where we have that

I(G)i =
{

x ∈ I(G) |mi =
√

AnnR(x)
}

.

Assume that there exists m j ∈ SuppR(I(G))\CosR(I(G)),
then pi is not contained in m j for any i = 1, . . . ,n. Hence,

n
⋂

i=1

pi is not contained in m j.

Let x ∈ ∩n
i=1pi \m j, then xl · I(G) = 0 for some integer l.

Let u be a non-zero element in I(G)i, then there exists
n ≥ 0 such that mn

i u = 0. Thus, we have that
(

mn
i ,x

l
)

u = 0. Since mi is a maximal ideal, we get
(

mn
i ,x

l
)

= R. Thus, we obtain u = 0. This induces a
contradiction. Hence, SuppR(I(G)) ⊆ CosR(I(G)). This
implies,

CosR(I(G))∩V(J(I(G))) = SuppR(I(G)).

Now, before of the last theorem, we put a proposition
which is pertinent to the study done until the moment.

Proposition 43Let R = K[v1, . . . ,vs] be the ring

polynomial, and let I(G) be the edge ideal in R of a finite

simple graph G, with no isolated vertices. Suppose that

I(G) is an Artinian R-module such that

AnnR

(

0 :I(G) p
)

= p for any p ∈ V(AnnR(I(G))). Then
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max{cogradeR(p, I(G)) | p ∈ CosR(I(G))} =

max{cogradeR(m, I(G)) |m ∈ SuppR(I(G))} .

Proof.Since AnnR

(

0 :I(G) p
)

= p for any

p ∈ V(AnnR(I(G))) we have

cogradeR(p, I(G))< ∞,

for any p ∈ CosR(I(G)). By Lemma 42 we only need to
show that for any p ∈ CosR(I(G)) there exists
m ∈ SuppR(I(G)) such that

cogradeR(p, I(G))≤ cogradeR(m, I(G)).

If x is a I(G) co-regular element, then we have

x ∈
⋃

mi∈SuppR(I(G))

mi.

Let p ∈ CosR(I(G)), and x1, x2, . . ., xt be a maximal I(G)
co-regular sequence contained in p, then there exists m ∈
SuppR(I(G)) such that xi ∈m for i = 1,2, . . . , t. Otherwise,
for any k = 1, . . . ,s there exists xik /∈ mk for some ik =
1, . . . , t. Then

(0 :I(G) (x1,x2, . . . ,xt ))= (0 :I(G)1
(x1,x2, . . . ,xt))⊕ . . .⊕(0 :I(G)s (x1,x2 , . . . ,xt ))= 0.

This is a contradiction. Hence
cogradeR(p, I(G)) ≤ cogradeR(m, I(G)) for some
m ∈ SuppR(I(G)).

The following theorem is the main result of this
section. We give a characterization of
co-Cohen-Macaulay modules by vanishing properties of
dual Bass numbers.

Theorem 44Let R = K[v1, . . . ,vs] be the ring polynomial,

and let I(G) be the edge ideal in R of a finite simple graph

G, with no isolated vertices. Suppose that I(G) is an

Artinian R-module such that AnnR(0 :I(G) p) = p for any

p ∈ V(AnnR(I(G))). Let MaxCosR(I(G)) be the maximal

elements of CosR(I(G)). Then the following conditions

are equivalent:

(1)I(G) is a co-Cohen-Macaulay R-module.

(2)cogradeRp
(HomR(Rp, I(G))) = htI(G)p for any

p ∈ CosR(I(G)), and htI(G)m = CdimR(I(G)) for any

m ∈ SuppR(I(G)).
(3)πi(p, I(G)) = 0, for any 0 ≤ i < htI(G)p and for any

p ∈ CosR(I(G)) and htI(G)m = CdimR(I(G)) for any

m ∈ SuppR(I(G)).
(4)cogradeR(m, I(G)) = htI(G)m = CdimR(I(G)) for any

m ∈ SuppR(I(G)).
(5)πi(m, I(G)) = 0 for any 0 ≤ i < htI(G)m and htI(G)m=

CdimR(I(G)) for any m ∈ SuppR(I(G)).

Proof.Notice that for any p ∈ CosR(I(G)),
cogradeRp

(HomR(Rp, I(G))) < ∞ by [13, Lemma 4.3].

Moreover, CdimRp
(HomR(Rp, I(G))) = htI(G)p and

cogradeR(m, I(G)) = cogradeRm
(HomR(Rm, I(G))) ,

for any m ∈ SuppR(I(G)). Hence, by [13, Proposition 5.2
and Proposition 5.9] we have (2) ⇔ (3) and (4) ⇔ (5).
On the other hand, (2)⇒ (4)⇒ (1) is obvious.
(1) ⇒ (2). From Proposition 41 we get
cogradeRp

(HomR(Rp, I(G))) = htI(G)p for any

p ∈ CosR(I(G)). Since

cogradeR(m, I(G)) = cogradeRm
(HomR(Rm, I(G)))≤ htI(G)m,

for any m ∈ SuppR(I(G)), we have

cogradeR (J(I(G)), I(G)) = min{cogradeR(m, I(G)) |m ∈ SuppR(I(G))} ,

and thus

cogradeR (J(I(G)), I(G))≤ max
{

htI(G)m |m ∈ SuppR(I(G))
}

≤ CdimR(I(G)),

where the third inequality follows from Lemma 42. Hence,
by definition of co-Cohen-Macaulay R-module, we get

htI(G)m= CdimR(I(G)),

for any m ∈ SuppR(I(G)).

5 Conclusion

With the results of this article, we have been able to
achieve applications for the theory of the ideal edge of a
graph together with concepts involving
co-Cohen-Macaulay modules.
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