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Abstract: In this paper, we introduce a two-group epidemic model of the dynamics of tuberculosis in a prison system. The total

population of inmates consists of two groups: The sentenced inmates and those inmates who are awaiting trial. The threshold parameter

for local stability is computed and analysed. We also prove the global stability of the disease free equilibrium using a Lyapunov

function. We apply the model to South African data on tuberculosis and we observe consistency between the model prediction and the

data. Numerical results are presented to illustrate the analytical results.
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1 Introduction

Tuberculosis (TB) is a major cause of illness and it ranks
among the top ten causes of death worldwide [1].
Although TB disease is prevalent in a variety of
communities, its transmission rate is higher in crowded
communities, especially under poverty conditions and
among people living in small buildings that lack
ventilation. Prisons have TB prevalence which is
relatively higher than that in the ambient community [2].
In many countries, prisoners exceed the prison capacity.
For the case of South Africa, see [3] in this regard.
Modeling of infectious diseases in prisons has been
addressed in [5], [6] [7] and [8]. Paper [5] includes an
analysis of SI-model for a prison population, while [8]
presents a disease model with four compartments on a
prison. A model of TB in a prison is shown in [6]. The
modeling in [7] informs specific measures for reducing
the transmission of TB in a specific prison system. Paper
[9] also presents a study of TB in a prison using a model
presented originally in [10]. In a prison complex, there
are different categories of inmates. We may find remand
inmates as well as prisoners that have already been
sentenced. With compartmental modeling, it is possible
that these two categories of inmates can be distinguished
by following the two-group modeling approach.

In this paper, we propose a two-group deterministic
compartmental TB model that considers the dynamics of
TB in a prison system. Our model divides the prison

population into two groups: The sentenced individuals
and the remand individuals. This division of the prison
population will enable us to accurately monitor the
dynamics of TB disease in each group. We compute the
parameters of the model using South African data, as in
[9]. Furthermore, we use mathematical analysis combined
with simulations to investigate the behaviour of the
model. With two sub-populations, our current model is
completely different from the other related papers. The
two-group structure aims for better accuracy. Another
highlight of the present paper is the proof of global
stability of the disease free equilibrium in the restricted
model (without inflow of infected). The latter theorem
informs the possibility or not of eliminating TB from the
prison on condition that the new incoming inmates are
free from TB infection.

2 The model

To investigate the dynamics of TB in a prison population,
we divide the total prison population (N) into sentenced
sub-population (Ns) and the awaiting trial (remand)
sub-population (Na). We further subdivide the sentenced
sub-population into compartments, such as susceptible
class (S), exposed class (E), infectious class (I),
treatment class (T ) the awaiting trial sub-population as
susceptible class (U), exposed class (L), infectious class
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(J) and treatment class (H). Susceptible individuals are
recruited into the sentenced and awaiting trial
sub-population at a constant rate ρA and µB, respectively.
We assume that there is inflow of susceptible, exposed
and infected individuals into the susceptible class,
exposed class and the infected class at a rate
fSρA, fEρA, fIρA, fU µB, fLµB and fJ µB, respectively
into the sentenced and the remand sub-population. We
assume that fS + fE + fI = 1 and fU + fL + fJ = 1. People
under TB treatment are considered to be unfit to commit
crime and we assume that there is no inflow of infectives
into the treatment class for any of the two
sub-populations. The model is described by eight
ordinary differential equation, as follows:

Ṡ = fSρA−αS(I+ϕJ)−ρS,

Ė = fE ρA+αS(I+ϕJ)− ζE(I+ϕJ)

−(ρ + k)E + gT,

İ = fIρA+ ζE(I+ϕJ)+ kE− (ρ + δ + p)I,

Ṫ = pI− (ρ + g)T, (1)

U̇ = fU µB−βU(J+ψI)− µU,

L̇ = fLµB+βU(J+ψI)− ξ L(J+ψI)

−(µ + ι)L+ hH,

J̇ = fJ µB+ ξ L(J+ψI)+ ιL− (µ + γ + q)J,

Ḣ = qJ− (µ + h)H.

It is important to note that in general populations, removal
of individuals out of the system only occurs due to death.
In this model, as in model [9], removal occurs by death or
by discharge from prison. These rates of removal from
different sub-populations are denoted by ρ and µ ,
respectively. The rate at which individuals die due to TB
disease is denoted by δ and γ in each sub-population,
respectively. Susceptible individuals who are in the
sentenced and awaiting trial sub-population acquire TB
infection at a rate αS(I +ϕJ) and βU(J +ψI) and move
into the exposed classes E and L, respectively. Parameters
α and β are the transmission coefficients from susceptible
classes to the exposed class, respectively. The cross-effect
between the sentenced and awaiting trial individuals is
represented by ϕ and ψ , respectively. Exposed
individuals leave the exposed class (E) and (L) for
infectious class (I) and (J) at a rate kE and ιJ,
respectively. Exposed individuals who become infectious
in the sentenced and awaiting trial sub-population move
to the infectious class at a rate ζE(I + ϕJ) and
ξ L(J + ψI), where ζ and ξ represent the transmission
coefficient from exposed class to the infectious class,
respectively. Infectious individuals receive treatment and
move to the treatment class at a rate pI and qJ, where p

and q are treatment rates, respectively. Successfully
treated individuals move to exposed class at a rate gT and
hH, respectively.

The total population for sentenced and awaiting trial sub-
population is given by

Ns(t) = S(t)+E(t)+ I(t)+T(t)

and
Na(t) =U(t)+L(t)+ J(t)+H(t),

respectively.

We first analyse the model without the inflow of infecteds,
i.e. when

fE = fI = fL = fJ = 0, and fS = fU = 1,

and a disease free equilibrium exist. In this special case,
system (1) has a disease free equilibrium

P∗
0 = (S0,E0, I0,T0,U0,L0,J0,H0)

= (P∗
s0,P

∗
a0),

where P∗
s0 = (A,0,0,0) and P∗

a0 = (B,0,0,0).
Convergence to P∗

0 means that the disease will vanish
from the prison system. This is similar to the convergence
to P∗

s0 which is the sentenced subgroup and P∗
a0 the

awaiting trial individuals.

3 Invariant region and positivity of solutions

It is important to prove that all the state variables of system
(1) are non-negative for all time. In this section, a solution
of the system (1) will be denoted by

X(t) = (S(t),E(t), I(t),T (t),U(t),L(t),J(t),H(t)). (2)

Proposition 1. Given any t0 > 0, suppose that we have a
solution X(t) of system (1) over an interval 0< t < t0 with

Ns(0)< A and Na(0)< B

and with X(t) ∈ R
8
+ for all t0 ≥ 0. Then, Ns(t) ≤ A

and Na(t)≤ B.

Proof. From model system (1), we get

dNs

dt
= ρ(A−Ns)− δ I, (3)

dNa

dt
= µ(B−Na)− γJ, (4)

respectively. Thus we have dNs
dt

< 0 for Ns > A and
dNa
dt

< 0 for Na > B. This completes the proof.

We consider all solutions of system (1) in the following
positively invariant subset Λ ∈ R

8:

Λ =Λs×Λa,

where

Λs = {(S,E, I,T ) ∈ [0,∞) | S+E + I+T ≤ A} ,

Λa = {(U,L,J,H) ∈ [0,∞) |U +L+ J+H ≤ B} .
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Theorem 2. There is a unique solution X(t) of system (1)
on t ≥ 0 for any given initial value X(0) ∈ R

8
+.

Proof. Suppose to the contrary that there exists t0 > 0 such
that

X(t0)) /∈ R
8
+.

Let

τ = inf {t > 0 : X(t)) /∈ R
8
+}.

We define a function V0 as follows:

V0(t) =
(

S(t)− lnS(t)
)

+
(

E(t)− lnE(t)
)

+
(

I(t)− lnI(t)
)

+
(

T (t)− lnT (t)
)

+
(

U(t)− lnU(t)
)

+
(

L(t)− lnL(t)
)

+
(

J(t)− lnJ(t)
)

+
(

H(t)− lnH(t)
)

. (5)

Each of the terms bracketed in (5) is positive for every
t < τ .

Taking the derivative of V0, we now have

V̇0 =
[(

1−
1

S

)(

ρA−αS(I+ϕJ)−ρS
)]

+
[(

1−
1

E

)(

αS(I+ϕJ)− ζE(I+ϕJ)

−(ρ + k)E + gT
)]

+
[(

1−
1

I

)(

ζE(I +ϕJ)+ kE− (ρ + δ + p)I
)]

+
[(

1−
1

T

)(

pI− (ρ + g)T
)]

+
[(

1−
1

U

)(

µB−βU(J+ψI)− µU
)]

+
[(

1−
1

L

)(

βU(J+ψI)− ξ L(J+ψI)

−(µ + ι)L+ hH
)]

+
[(

1−
1

J

)(

ξ L(J +ψI)+ ιL− (µ+ γ + q)J
)]

+
[(

1−
1

H

)(

qJ− (µ + h)H
)]

. (6)

Expanding (6), we get

V̇0 = ρA+ µB−ρS−
1

S
fSρA+(I+ϕJ)+ρ−ρE

−
1

E
fEρA−

1

E
αS(I+ϕJ)+ ζ (I+ϕJ)+ (ρ+ k)

−
1

E
gT − (ρ + δ )I

−
1

I
fIρA−

1

I
ζE(I +ϕJ)−

1

I
kE +(ρ + δ + p)

−ρT −
1

T
pI+(ρ + g)

−µU −
1

U
fU µB+β (J+ψI)+ µ − µL−

1

L
fLµB

−
1

L
βU(J+ψI)+ ξ (J+ψI)+ (µ + ι)

−
1

L
hH − (µ + γ)J−

1

J
fJ µB−

1

J
ξ L(J+ψI)

−
1

J
ιL+(µ + γ + q)− µH−

1

H
qJ+(µ + h). (7)

Eliminating the negative terms in (7), we obtain the
following inequality:

V̇0 ≤ ρA+ µB+(α+ ζ )(I +ϕJ)+ (β + ξ )(J+ψI)

+4ρ + 4µ + k+ δ + p+ g+ ι+ γ + q+ h. (8)

Consequently, we have

V̇0 ≤ M1, (9)

where

M1 = ρA+ µB+(α+ ζ )(A+ϕB)+ (β + ξ )(B+ψA)

+4ρ + 4µ + k+ δ + p+ g+ ι+ γ + q+ h. (10)

Taking the integral in (9) from 0 to t, we obtain

V0(t) = V0(0)+

∫ t

0
V̇0(s)ds

≤ V0(0)+M1t ≤ V0(0)+M1τ. (11)

Now, we note that

lim
x→0+

(

x− lnx
)

= ∞,

so we must have

lim
t→τ−

V (t) = ∞.

On the other hand, we have from (11) that V0 is bounded
over the interval [0,τ). This is a contradiction.

The basic reproduction number, R0 of model system (1),
is computed using the next generation matrix approach
which has been developed by Van den Driessche and
Watmough [11]. Using the notation in [11], the matrices
F and V for new infection term and the remaining transfer
terms, respectively, are given by:
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F=





































0 αA 0 αϕA 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 β ψB 0 β B 0 0

0 0 0 0 0 0

0 0 0 0 0 0





































and V is the matrix:





































ρ + k 0 −g 0 0 0

−k ρ0 0 0 0 0

0 −p ρ + g 0 0 0

0 0 0 µ + ι 0 −h

0 0 0 −ι µ0 0

0 0 0 0 −q µ + h





































,

with ρ0 = (ρ + δ + p) and µ0 = (µ + γ + q). The matrix
FV−1 can now be calculated as





































kαA(ρ+g)
θ1

αAλ1
θ1

kαgA
θ1

αιψA(µ+h)
θ2

αψAλ2
θ2

αιψhA
θ2

0 0 0 0 0 0

0 0 0 0 0 0

β ψkB(ρ+g)
θ1

β ψBλ1
θ1

β ψgkB
θ1

β ιB(µ+h)
θ2

β Bλ2
θ2

β ιhB
θ2

0 0 0 0 0 0

0 0 0 0 0 0





































,

where ρ1 = (ρ + k+ g),

µ1 = (µ + ι + h),

λ1 = (ρ + g)(ρ + k),

λ2 = (µ + h)(µ + ι),

θ1 = gk(ρ + δ )+ρρ0ρ1

and

θ2 = hι(µ + γ)+ µµ0µ1.

The basic reproduction number, R0, is defined as the
spectral radius of the next generation matrix [11] and
takes the form:

R0 =
1

2
(Rs1 +Ra2)+

1

2

√

(Rs1 −Ra2)2 + 4Ra1Rs2, (12)

with

Rs1 =
kαA(ρ + g)

θ1
, Rs2 =

β ψkB(ρ + g)

θ1
,

Ra1 =
αιψA(µ + h)

θ2

and Ra2 =
β ιB(µ + h)

θ2

.

The parameter R0 gives a threshold condition that the
disease will be eradicated from the prison system if
R0 ≤ 1, and if R0 > 1, then the disease will persist into
the prison system.

4 Global stability of disease free equilibrium

We now investigate the global stability of a disease free
equilibrium of system (1) using the Lyapunov function
approach. To conduct the analytical analysis of global
stability of disease free equilibrium, we assume that there
is no inflow of infecteds, i.e. fE = fI = fL = fJ = 0. We
introduce the following invariants of model (1), which
will serve to describe global asymptotic stability of P∗

0 .
Let

α0 = max
{

α,
ρζ

k

}

and β0 = max
{

β ,
µξ

ι

}

. (13)

We introduce the following two numbers:

Rg1 =
k(ρ + g)(α0A+β0ψB)

ρ(ρ + δ + p)(ρ + k+ g)+ gk(ρ+ δ )
,

and

Rg2 =
ι(µ + h)(ϕα0A+β0B)

µ(µ + γ + q)(µ + ι + h)+ hι(µ + γ)
.

Note that

ρ0(ρ + k)(ρ + g)− pkg = ρρ0ρ1 + gk(ρ + δ ),

µ0(µ + ι)(µ + h)− qιh = µµ0µ1 + hι(µ + γ).

Global stability of the disease free equilibrium is
extremely important since it means that whatever the
initial state, the disease definitely vanishes from the
population.

Theorem 3. Consider the case when there is no inflow of
infected cases in system (1), i.e. fE = fI = 0 = fL = fJ .
Suppose that Rg1 < 1, and Rg2 < 1. Then, the disease free
equilibrium is globally asymptotically stable.

Proof. The condition Rg1 < 1 implies that:

k(ρ + g)(α0A+β0ψB)− gk(ρ + δ )−ρρ0ρ1 < 0,

k(ρ + g)(α0A+β0ψB)+ pkg−ρ0(ρ + k)(ρ + g)< 0.

It is possible to find, consecutively, a0 > 0, ε1 > 0 and
ε2 > 0 such that:

[a0 + k(ρ + g)][α0A+β0ψB]+ p(kg+ ε1)

−ρ0[(ρ + k)(ρ + g)− ε2]< 0. (14)
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Let a0 be as above and

a1 = k(ρ + g),

a2 = (ρ + k)(ρ + g)− ε2 > 0,

a3 = kg+ ε1.

Likewise, the condition Rg2 < 1 implies that:

ι(µ + h)(ϕα0A+β0B)− hι(µ + γ)− µµ0µ1 < 0,

ι(µ + h)(ϕα0A+β0B)+ qιh− µ0(µ + ι)(µ + h)< 0.

It is also possible to find, consecutively, b0 > 0, ε3 > and
ε4 > 0 such that:

[b0 + ι(µ + h)][ϕα0A+β0B]+ q(ιh+ ε3

−µ0[(µ + ι)(µ + h)− ε4]< 0. (15)

Let b0 be as above. Now, we introduce numbers bi, as
follows:

b1 = ι(µ + h),

b2 = (µ + ι)(µ + h)− ε4 > 0,

b3 = ιh+ ε3.

We define the following function V, which we shall prove
to be a Lyapunov function to guarantee the global
asymptotically stable:

V = a0(A− S)+ a1E + a2I + a3T

+b0(B−U)+ b1L+ b2J+ b3H.

We calculate the time derivative:
.

V = −a0[ρ(A− S)+αS(I+ϕJ)]

+a1[αS(I+ϕJ)− ζE(I+ϕJ)− (ρ + k)E + gT ]

+a2[ζE(I +ϕJ)+ kE−ρ0I]+ a3[ρA+ pI

−(ρ + g)T ]− b0[µ(B−U)+βU(J+ψI)]

+b1[βU(J+ψI)− ξ L(J+ψI)− (µ + ι)L+ hH]

+b2[ξ L(J +ψI)+ ιL− (µ+ γ + q)J]

+b3[µB+ qJ− (µ + h)H],

= −a0ρ(A− S)+E[a2k− a1(ρ + k)]

+I[αS(a0 + a1)+ ζE(a2 − a1)+β ψU(b0+ b1)

+ξ ψL(b2 − b1)

+a3 p− a2ρ0]+T [a1g− a3(ρ + g)]

−b0µ(B−U)+L[b2ι − b1(µ + ι)]+ J[βU(b0+ b1)

+ξ L(b2 − b1)+αϕS(a0 + a1)+ ζϕE(a2 − a1)

+b3q− b2µ0]+H[b1h− b3(µ + h)]. (16)

Therefore from (16) we now have the following inequality:

.
V ≤ −a0ρ(A− S)+E[a2k− a1(ρ + k)]

+I[α0A(a0 + a1)+β0ψB(b0 + b1)+ a3p− a2ρ0]

+T [a1g− a3(ρ + g)]− b0µ(B−U)

+L[b2ι − b1(µ + ι)]

+J[β0B(b0 + b1)+α0ϕA(a0 + a1)+ b3q− b2µ0]

+H[b1h− b3(µ + h)].

We obtain
.

V as

.
V ≤ −a0ρ(A− S)+ pEE + pII+ pT T

−b0µ(B−U)+ pLL+ pJJ+ pHH, (17)

where the coefficients are

pE = a2k− a1(ρ + k),

pI = α0A(a0 − a1)+β0ψB(b0 + b1)+ a3p− a2ρ0,

pT = a1g− a3(ρ + g),

pL = b2ι − b1(µ + ι),

pJ = β0B(b0 + b1)+α0ϕA(a0 + a1)+ b3q− b2µ0,

pH = b1h− b3(µ + h).

Now, we check that these coefficients are negative,

pE = a2k− a1(ρ + k)

= k(ρ + k)(ρ + g)− ε2k− k(ρ + k)(ρ + g)

= −ε2k.

Also

pL =−ε4ι < 0.

Now, we have

pT = a1g− a3(ρ + g) = kg(ρ + g)− (kg+ ε1)(ρ + g)

= −ε1(ρ + g)< 0.

Similarly,

pH =−ε3(µ + h)< 0. (18)

Now we check

pI = α0A(a0 − a1)+β0ψB(b0 + b1)+ a3 p− a2ρ0,

= α0A[a0 − k(ρ + g)]+β0ψB[b0 + ι(µ + h)]

+p(kg+ ε1)−ρ0(ρ + k)(ρ + g)− ε2ρ0.

Hence, by condition (14), pI < 0.
Likewise,

pJ = β0B[b0 + ι(µ + h)]+α0ϕA[a0 + k(ρ + g)]

+q(ιh+ ε3)− µ0(µ + ι)(µ + h)− ε4µ0

≤ 0.

This proves that

V̇ (A− S,E, I,T,B−U,L,J,H).≤ 0

Hence, V̇ is negative definite. Therefore, P∗
0 is globally

asymptotically stable.

Theorem 3 asserts that TB can be eradicated in a prison
system of the type of this model if there is no inflow of
infected individuals, and the invariants Rg1 and Rg2 are
below the threshold value of unity.
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5 Numerical values of parameters

Statistics on the duration of the incarceration of remand
detainees were unavailable. A 2011 report [3, 2nd
paragraph on p5] implies that remand incarceration in
South Africa had a median value of the above 3 months,
and that there are cases of remand custody in prison that
continues for years. On this basis, we suggest a rough
estimate of 12 weeks for the average duration of remand
custody. This value is significantly higher than the
nominal value that was used in [9]. It gives us a value of
µp as

µp =
1

12
week−1 =

52

12
year−1 = 4.333 year−1.

Similarly, as in [9], we calculate an estimate for the
removal rates µ and ρ using Table 1. We further assume,
as in [9], that on average, a sentenced inmate completes
75% of sentenced time. Then, we obtain the release rate

ρp = 0.1249 year−1.

In [9], we calculated a value for the general mortality rate
excluding deaths due to TB. This numerical value
(0.003628) will be taken as the common value of µm and
ρm. Thus, we can calculate the values of µ and ρ as:

µ = µp + µm − µmµp = 4.335 year−1,

ρ = ρp +ρm−ρmρp = 0.1281 year−1.

Since the remand inmates do not stay in prison for a long
time, we can estimate the disease mortality for this group
as being the same as in the outside population. We
assume the value γ = 0.3 year−1 as in the reference [4].

For sentenced inmates, the disease induced mortality rate
is assumed to yield the same expected number of deaths
due to TB as in the model of [9]. Thus, we take

δ = 0.01876×
N

Ns

= 0.02616 year−1.

The rest of the parameters are evaluated along the same
lines as in [9].

4.1. Effective Contact rates

The contact rates for sentenced and awaiting trial
individuals are computed using a lower bound for the
effective rates c0 as in [9], given by:

α = 7.1351×10−5 year−1

and

β = 1.8303×10−4 year−1,

respectively. The transmission coefficients between the
exposed class and the infectious class are given by

ζ =
k

2Ns

and ξ =
ι

2Na

,

respectively, as in [9].

4.2. Other parameters

For sentenced individuals, the progression rate from the
exposed class to the infectious class is the same as in [9],
which is k = 0.05. As for remand inmates, we assume ι to
be the same as the general population ι = 0.1 [10].

Sentenced inmates receive treatment at the rate p = 0.5
and the remand inmates at q = 0.3, from [9]. Sentenced
inmates recover and progress to the exposed class after a
successful treatment at a rate of g = 2(10/Ns) and remand
inmates at h = 2(10/Na), as in [9].

The inflow of infectives is obtained from [9]

fS = 0.2, fU = 0.2, fE = 0.74, fL = 0.74, fI = 0.06,

and fJ = 0.06.

The initial values are obtained by splitting the values of
the initial values of the one-group model in [9]. The
remand population constitutes a fraction 2

7
of the prison

population, so we deduce the following initial values:

S = 23500, E = 78800, I = 2300, T = 13000,

U = 9300, L = 31000, J = 900, and H = 5200.

Table 1: Model parameters

Parameter Estimated value Source

µ 4.335 year−1 [12], [9]

ρ 0.1281 year−1 [12], [9]

γ 0.3 year−1 [9]

δ 0.02616 year−1 [9]

p 0.50 year−1 [10]

q 0.30 year−1 [10]

k 0.05 year−1 [10]

ι 0.1 year−1 [10], [9]

h 20/Ns [10], [9]

g 20/Na [10], [9]

ζ k/2Ns [9]

ξ ι/2Na [9]
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Table 2: Contact rates parameters and inflow of infectives

Parameter Estimated value Source

α 0.000071351 year−1 [9]

β 0.00018303 year−1 [9]

fS, fE , fI 0.2,0.74,0.06 [9]

fU , fL, fJ 0.2,0.74,0.06 [9]

Table 3: Initial conditions

Parameter Estimated value Source

N 164000 [13]

Ns 118000 [13]

Na 46000 [13]

S 23500 [13], [9]

E 78800 [13], [9]

I 2300 [13], [9]

T 13000 [13], [9]

U 9300 [13], [9]

L 31000 [13], [9]

J 900 [13], [9]

H 5200 [13], [9]

6 Numerical Simulations

A two-group model system (1) is simulated using South
African real data and these parameter values are presented
in Table 1, Table 2 and Table 3.

5.1. Simulations without the inflow of infective

We proceed using parameters of Table 1 and Table 3 to
analyse the simulation results in the absence of the inflow
of infectives. The trajectory plot of the two-group model
system (1) are presented in Figure 1 when Rg1 < 1 and
Rg2 < 1. To obtain different values of Rg1 and Rg2, we
vary the values of α = 0.0000142 and β = 0.00000904.
We observed that the trajectories of the two-group model
(1) converges to disease free equilibrium. Therefore, the
disease will disappear in both sub-populations as
Theorem 3 asserts. A slight increase in the contact rate α
and β leads to convergence of disease free equilibrium in
the sentenced sub-population, while the remand
population is experiencing endemicity. This occurs
because inmates are not screened for TB immediately on
admission in the remand population, while inmates in the
sentenced population are screened and put under
treatment. The simulation results can be seen in Figure 2
with Rg1 = 0.957 and Rg2 = 1.25.

In the absence of cross-effect between the two
sub-populations and the consequent decrease in the
contact rates, the disease in the prison system will be
eradicated due to the treatment that is administered. This
can be seen in Figure 3 with Rg1 = 0.920 and
Rg2 = 0.968. Quite obviously, in the absence of treatment
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Fig. 1: α = 0.0000142, β = 0.00000904 and Rg1 = 0.922,Rg2 =
0.997.
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Fig. 2: α = 0.0000146, β = 0.0000121, and Rg1 = 0.957,

Rg2 = 1.25.

and with the cross-effect, the disease becomes persistent
and the inmates will be at high risk of getting infected.
TB transmission is driven exclusively by the systematic
and prolonged exposure of susceptible to infectious
individuals and this can be seen in Figure 4 with
Rg1 = 3.12 and Rg2 = 1.66. Hence, sentenced inmates are
considered to be in an active sub-population and are at
risk of TB infection due to close and frequent contacts
with infectious inmates.

5.2. Simulations with the inflow of infective

Now, we introduce the inflow of infectives in Figure 5 and
use the contact rates in Table 2. The results show that the
two-group model system (1) always has an endemic
equilibrium and is globally asymptotically stable, which
indicates that the disease will persist in the presence of
the inflow of infectives. A further simulation that
illustrates the dynamics of the infections classes I and J,
when there is an inflow of infectives and a reduction in
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Fig. 3: α = 0.0000146,β = 0.0000121,ϕ = 0,ψ = 0 and Rg1 =
0.920, Rg2 = 0.949.
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Fig. 4: α = 0.0000146, β = 0.0000121,ϕ = 0,ψ = 0 p = 0, q =
0 and Rg1 = 3.12,Rg2 = 1.67.

contact rates, has been presented in Figure 6. Figure 6,
reveals that the disease will still persist in both population
groups even though Rg1 < 1 and Rg2 < 1.
In Figure 7, it is noticeable that even though the contact
rate has been reduced, the infectious class of sentenced
inmates increases drastically in the absence of treatment
with Rg1 = 3.28 and Rg2 = 1.24 in the remand population.
The situation will worsen if we use the contact rates in
Table 2 with the absence of treatment. This can be seen
in Figure 8. The inflow of infectives prohibits the prison
system to converge towards disease free equilibrium.

7 Conclusion

In this paper, we introduced a two-group model to
monitor TB disease in a prison system. We divided the
total prison population into sentenced sub-population and
remand sub-population. Our simulation results have
shown that when we have inflow of infecteds, the disease
cannot be eliminated even though the basic reproduction
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Fig. 5: α = 0.000071351, β = 0.00018303 and Rg1 =
5.05,Rg2 = 9.76.
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Fig. 6: α = 0.0000142, β = 0.00000904 and Rg1 = 0.922,Rg2 =
0.997.

number R0 is less than unity. The cross effect between the
two groups, as shown in Figure 3, also poses a major
problem to reduction or removal of TB prevalence in one
of the two groups. The theoretical analysis Theorem 3
together with simulation results confirm that subject to
certain conditions, the disease free equilibrium is globally
asymptotically stable. Therefore, more consideration
should be given to monitor the inflow of infecteds to
reduce the number of infectious individuals in order to
eliminate the disease in the prison population. Then, it
becomes unimportant to admit infected inmates to a
prison facility which has an elimination plan in place.
Since TB flourishes in crowded environments, social
distancing and wearing of face masks should have a
positive impact on curbing the spread of the disease. Most
importantly, screening the inmates on admission together
with comprehensive curative and preventive services for
latent cases and active cases are important for reduction
of TB prevalence in a prison.
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Fig. 7: α = 0.0000146, β = 0.0000150, q = 0, p = 0 and Rg1 =
3.28,Rg2 = 1.24.
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Fig. 8: α = 0.000071351, β = 0.00018303, q = 0, p =
0 and Rg1 = 17.10,Rg2 = 13.30.

The paper [2] gives valuable insights into the challenges
to curbing TB in prisons in Africa. An important topic for
future research on the theme of TB population dynamics
in a prison is the matter of reducing the average time that
remand inmates spend in prison. The importance of such
a reduction, for several reasons, has been highlighted in
paper [3] for instance. This and other intervention
strategies can be investigated through optimal control
theory.

Acknowledgement

The authors gratefully acknowledge the anonymous
reviewer whose comments inspired a much improved
article.

Conflict of Interest

The authors declare that they have no conflict of interest.

References

[1] Global Tuberculosis Report 2020, Geneva: World Health

Organization, Licence: CC BY-NC-SA 3.0 IGO, WHO,

(2020).

[2] J. O’Grady et al., Tuberculosis in prisons in sub-Saharan

Africa - the need for improved health services, surveillance

and control, Tuberculosis, 91, 173-178, (2011).

[3] C. Ballard, Research Report on Remand Detention in South

Africa: An overview of the current law an proposals for

reform, Community Law Centre, University of the Western

Cape, (2011).

[4] C.P. Bhunu, Mathematical analysis of a three-strain

tuberculosis transmission model, Applied Mathematical

Modelling, 35, 4647−4660(2011).

[5] F. Brauer and P. van den Driessche, Models for transmission

of disease with immigration of infectives, Math. Biosci.,

171, 143-154 (2001).

[6] M. Herrera, P. Bosch, M. Najera and X. Aguilera, Modeling

the spread of tuberculosis in semiclosed communities,

Comput. Math. Methods Med., Art. ID 648291, (2013).

[7] S. Johnstone-Robertson et al., Tuberculosis in a South

African prison - a transmission modelling analysis, South

African Medical Journal, 101, 809-813, (2011).

[8] S. Mushayabasa, C.P. Bhunu and R.J. Smith, Assessing

the impact of educational campaigns on controlling HCV

among women in prison settings, Commun. Nonlinear Sci.

Numer. Simul., 17, 1714 - 1724, (2012).

[9] P. Witbooi and S. Maku Vyambwera, A model of population

dynamics of TB in a prison system and application to South

Africa, BMC Research Notes, 10, 643, (2017).

[10] B. Buonomo and D. Lacitignola, Analysis of a tuberculosis

model with a case study in Uganda, Biological Dynamics, 4,

571−593 (2010).

[11] P. Van Den Driessche and J. Watmough, Reproduction

numbers and sub-threshold endemic equilibria for

compartmental model of disease transmission, Math.

Biosci., 180, 29-48 (2002).

[12] R. Jules-Macquet, The State of South African Prisons,

Edition One. NICRO Public Education Series, Pretoria,

(2014).
[13] The Judicial Inspectorate for Correctional Services Annual

Report 2017-2018 Financial Year, Republic of South Africa,

Pretoria, (2018).

c© 2021 NSP

Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


532 S. M. Vyambwera, P. Witbooi: Two-group TB Model

Sibaliwe Maku
Vyambwera attained
the Ph.D. at University
of the Western Cape
in 2020. She is a lecturer
at the same university.
Her research interest lies
in mathematical modeling of
infectious disease dynamics,
by using both deterministic

ordinary differential equations and stochastic differential
equations. The current focus of her research is on the
dynamics of Tuberculosis in crowded environments such
as prisons, mines and refugee camps, which provide
favourable conditions for TB to flourish. Currently,
modeling work on Covid-19 population dynamics is also
in progress.

Peter Witbooi received
the M.Sc. degree from
University of the Western
Cape (UWC) and Ph.D.
from University of Cape
Town. He has been employed
at UWC since 1980, and
currently is Senior Professor
in Mathematics and Applied
Mathematics. His reseach

focus over the last decade has been in mathematical
modeling, especially compartmental modeling of
infectious disease dynamics with ordinary differential
equations and stochastic differential equations. He
is collaborating with the South African National
Bioinformatics Institute. He has worked in the project
Infectious Diseases Early Warning Systems (iDEWS)
which was an endeavour jointly funded by South Africa
and Japan. He has also collaborated with University of
California as a mentor in the GloCal Fellowship
programme.

c© 2021 NSP

Natural Sciences Publishing Cor.


	Introduction
	The model
	Invariant region and positivity of solutions
	Global stability of disease free equilibrium
	Numerical values of parameters
	Numerical Simulations
	Conclusion

