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Abstract: In this paper, we introduce new notion of common limit in th@ge property (CLIg) for a pair of self map which is a
proper generalization of common limit in the range prop@@yRy) for a pair of self maps and discuss the existence of coincielend
common fixed point for weakly compatible self maps via prop@t.A.) and its variants in intuitionistic fuzzy metric space. @esults
guarantee the existence of coincidence and common fixetifpoimoncompatible maps without closedness /completersegsrement
of subspace even when all the maps are discontinuous. Wéuatsgsh an illustrative example in support of our results.
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1 Introduction noncompatibility to find the existence of coincidence and
common fixed point. Liu et al.1[4] further improved it by
In 1984 Atanassov 3] introduced the concept of common property E.A.). However property E.A.) and
intuitionistic fuzzy sets as a generalization of fuzzy setscommon property E.A.) always require closedness of
[34] and later there has been much progress in the studgubspace for the existence of coincidence and common
of intuitionistic fuzzy sets (see for instanc2 3,8,13,16, fixed point. Recently, Sintunavarat et a2 introduced
17,19,27,33)). In 2004, Park 27] defined the notion of the notion of CLR,) property for a pair of self maps in
intuitionistic fuzzy metric space with the help of fuzzy metric space and Chauhan et 4l.iptroduced the
continuous t-norms and continuoug-conorms as a notion of JCLRsr property for two pairs of self maps
generalization of fuzzy metric space due to George andvhich even relax the closedness requirements of the
Veeramani §], which is useful in modeling some underlying subspaces. In literature, many results have
phenomena where it is necessary to study relationshifpeen proved in different settings such as metric spagce [
between two probability functions. Alaca et a] using  7,10,11], probabilistic metric space9], fuzzy metric
the idea of intuitionistic fuzzy sets defined the notion of space 4,5,6,15,18,23] and an intuitionistic fuzzy metric
intuitionistic fuzzy metric space as ParkR7 as a space,3,8,1316,17,19,33] via property E.A.) and its
generalization of fuzzy metric space due to Kramosil andvariants.
Michalek [12]. It has wide and diverse applications in the Itis well known that proofs of all the common fixed point
field of population dynamics, chaos control, computertheorems for a pair of weakly compatible self maps
programming, medicine, etc. and has direct physicsfollow the same pattern.
motivation in the context of the two slit experiment as 1. To prove the existence of coincidence point for a pair
foundation of E-infinity of high energy physics, recently of self maps.
studied by EI Naschie @b, 26]). 2. To prove that this coincidence point is a common fixed
Aamri and Moutawakil 1] introduced the notion of point.
property €.A.) which contains the class of compatible as 3. To prove uniqueness of common coincidence point.
well as noncompatible maps and this is the motivation toHere first step is considered to be the most difficult part of
use the property E.A) instead of compatibility or the proof.
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In this paper, we introduce the new notion of common

limit in the range property (CLRy) for a pair of self map

which automatically gives the first step and does not
require containment and closedness of underlying
subspace.We further show that common limit in the range

property (CLRg) is a proper generalization of common
limit in the range property (CLE for a pair of self map.

Also we discuss the existence of coincidence and
common fixed points for weakly compatible self maps via

property E.A) and its variants. Our results
intuitionistically fuzzify and improve the results of

(IV) M(Xaya ) - (y,x t)'

(V) M(x,y,t) *M(y,z 5) <M(x,Zt +5);
(vi) M(x,y,.) : [0,00) — [0, 1] is left continuous;
(wohmﬁmMWy,) 1;

(viii) N(xy,0) =

(ix) N(x,y,t) =0 if and only ifx=y;

() N(x.Y.t) = N(y,x.1);

(xi) N(x, ) ON(Y,2,8) > N(x, 2t +$);

(xi)) N(x,y,.) : [0,00) — [0,1] is right continuous;

(xiii) lim_oN(Xy,t) =0

Here, M,N) is called an intuitionistic fuzzy metric

Sedghi et al. 29 and guarantee the existence of space orX. The functionsM(x,y,t) andN(x,y,t) denote

coincidence and common fixed point for noncompatiblethe degree of nearness and the degree of non-nearness

maps even when all the maps are discontinuous. We alspetweerx andy w.r.t.t respectively.

furnish an illustrative example in support of our results.

2 Preliminaries

The concepts of triangular normsrforms) and triangular

conorms {-conorms) are known as the axiomatic skelton .
that we use are characterization fuzzy intersections an

union respectively. Menger2p] originally introduced
these concepts in the study of statistical metric spaces.
Definition 2.1. [28 A binary  operation
1 [0,1] x [0,1] — [0,1] is continuoud-norm if * satisfies
the following conditions:for al, b, c,d € [0, 1],

(i) * is commutative and associative;

(ii) * is continuous;

(iii) ax 1 =a;

(iv) axb < cxdwhenevea < candb < d.

Examples ot-norm areax b = min{a,b} andaxb =
ab.
Definition 2.2.[28] A binary operatior) : [0,1] x [0,1] —
[0,1] is continuoug-conorm if ¢ satisfies the following
conditions: for alla,b, c,d € [0,1],

(i) ¢ is commutative and associative;

(i) ¢ is continuous;

(i) a0 0 =4q;

(iv) a®b > c{d whenevelm < candb < d.

Examples of t-conorm ar@a(b = max{a,b} and
a®b=min{1,a+b}.

Alaca et al. P] using the idea of Intuitionistic fuzzy

sets, defined the notion of intuitionistic fuzzy metric
space with the help of continuotisiorm and continuous
t-conorms as:
Definition 2.3.[2] A 5-tuple (X;M,N, x,{) is said to be
an intuitionistic fuzzy metric space X is an arbitrary set,
x IS a continuous$-norm, <> is a continuous-conorm and
M,N are fuzzy sets onX? x [0,») satisfying the
following conditions: for allx,y,z € X andt,s > 0;

() M(x,y,t) +N(xy,t) <1
(i) M(x,y,0) =0;
(iii) M(x,y,t) =21 ifand only ifx=Yy;

Remark 2.1.[2] Every fuzzy metric spacéX, M, x) is an
intuitionistic  fuzzy metric space of the form
(X,M,1—M,%,$) such thatt-norm * andt-conorm <
are associated asdy = 1 — ((1 —x) x (1 —y)) for all
X,y € X but the reverse implication is not true.

Remark 2.2. [2] In intuitionistic fuzzy metric space
(X, M,N,*,$), M(X,Y,.) is non-decreasing and(x,y,.)
non-increasing, for alt,y € X.

Alaca et al. P] introduced the following notions:
Definition 2.4. Let (X,M,N,x,{>) be an intuitionistic
fuzzy metric space. Then

(a) a sequence } in X is said to be Cauchy sequence
if, forall t > 0 andp > 0,
MM (Xng-p, Xn,t) = 1 @ndlimyewN(Xnyp, %n,t) =

(b) a sequencéxy} in X is said to be convergent to a
pointx € X if, forall t > 0,

liMh oM (Xn, % t) = 1 andlimpeN(Xp, X, t) = 0.
Definition 2.5.[11] A point x € X is a coincidence point
of a pair of self mapsf(,g) in an intuitionistic fuzzy metric
space(X,M,N,x, ) if fx=gx
Definition 2.6. [11] A pair of self maps ,g) in an
intuitionistic fuzzy metric space(X,M,N,x,{) are
weakly compatible if they commute at their coincidence
points; i.e., fx = gx for some x € X implies that
fgx=gfx.
Definition 2.7. [1] A pair of self maps {,g) in an
intuitionistic fuzzy metric spacéX,M,N,x,<>) satisfy
the property E.A) if there exists a sequendeq} in X
such thatlimy_oM(fXn,zt) = 1, limyeM(gXn, 2 t) = 1
and limyeN(fXn,zt) = 1, limN(gXn, zt) = O for
somez € X.
Example 2.1.[1] Let (X,M,N,*,<>) be an intuitionistic
fuzzy metric space wher¥ = [0,») and let * be the
continuoust-norm and<{> be the continuous-conorm
defined by a+«b = ab and a{b = min{l,a + b}
respectively, for alla,b € [0,1]. For eacht > 0 and
xy € X, define M,N) by M(xy,0) 0,
MOGY.t) = iy andN(x,y,0) = 1, N(x yit) = 5%
Definef,g: X — X by fx= 2 andgx = £ for all x € X.
Clearly, for sequence{x,} = {3}, f and g satisfy

property E.A).
It is well known that weak compatibility and property

(@© 2018 NSP
Natural Sciences Publishing Cor.



Math. Sci. Lett.7, No. 2, 97-105 (2018) www.naturalspublishing.com/Journals.asp

99

(E.A) are independent of each othéf.|

Definition 2.8. [14] Two pairs of self maps f(,g) and
(a,b) in an intuitionistic fuzzy metric space
(X,M,N,x, ) satisfy the common propert§(A) if there
exist two sequencesq,} and{yn} in X such that
1My M (X0, 2,t) = l1Mn_eM (X, Z,1)
liMy M (ayn,zt) = limyseM(byn,zt) = 1

and

liMyeN(fXn, 2z 1) = 1My N(gXn, 2, t)
limneN(@yn,zt) =limy_N(byn,zt) =0

for somez € X.

Example 2.2[14] Let (X,M,N,x,<>) be an intuitionistic
fuzzy metric space as in Example 2.1 whre= [-1,1].
Define self maps,g,a andb on X as fx = 3, ax= &,
gx = X, bx = —x for all x € X. Then, with sequences
{2} = {1} and{yn} = {=1} in X, one can easily verify
that limyseM(fXn,0,t) = limMoeM(gXn,0,t) =
limn_M(ayn,0,t) = limy_M(byn,0,t) = 1

and

limhN(fXn,0,1) = liMh—N(gXn, 0,1) =
limn_eN(@yn,0,t) = limy_.N(byn,0,t) = 0.

Therefore, pairs f,g) and @,b) satisfy the common
property E.A.) property.

Definition 2.9. [32] A pair of self maps {,9) in an
intuitionistic fuzzy metric spacéX,M,N,x,{) satisfies
the common limit in the range of property CLRy) if
there exists a sequencgxp} in X such that
liMnoeM(fXn,0z,t) = 1, limyoM(gXh,gz,t) = 1 and
liMneN(fXn, 02,t) = 1, limy.N(gXn, gz t) = 0 for some
ze X.

With a view to extend theQLRy) property to two pair
of self maps, very recently Chauhan et. 4l dlefine the
(JCLRyy) property (with respect to mapg and b) as
follows:

Definition 2.10 [4] Two pairs of self maps f(,g) and
(&,b) in an intuitionistic fuzzy metric space
(X,M,N,x,¢{) satisfy the {JCLRy,) property (with
respect to mapg andb) if there exist two sequencés,}
and{yn} in X such that

liMeM(fXn,02t) = liMhooM(gX,0zt) =
Iir‘rgﬁwM(ayn,gz,t) = limh5eM(byn,gz,t) =1

an

1My e N(Xn, Sz, t) = 1M N(gXn, Sz,t) =
limn_eN(@yn, Sz,t) = limnN(byn, Sz,t) =0

wheregz = bz for somez € X.

It is interesting to note here thalQLRy,) property imply
the common propertyH.A) but the reverse implication is
not true in general.

Alaca [1] proved the following results:

Lemma 2.1. Let (X,M,N,x,<{>) be intuitionistic fuzzy
metric space. For all,y € X, t > 0, if fora numbeik > 1,
M(x,y,kt) > M(xy,t) and N(x,y,kt) < N(x,y,t) then
X=Y.

Lemma 2.2. Let (X,M,N,x,<$) be intuitionistic fuzzy
metric space. For all,y € X, t > 0, if for a numbek > 1,

M(Yn+2,Yn+1at) Z M(Yn+17Ynakt)-

N(Yn+2,¥n+1,t) < N(Yn+1,¥n,kt), then{y,} is a Cauchy
sequence iiX.

3 Main Results

Let @ be the set of all increasing and continuous
functions ¢ : (0,1] — (0,1] such thatg(t) >t for all

t € (0,1] and¥ be the set of all increasing and continuous
functions ¢ : [0,1) — [0,1) such thaty(t) < t for all
te[0,1).

Example 3.1.Let¢: (0,1] — (0,1] andy : [0,1) — [0,1)
defined byg(t) = (t)% and (2) = (2)? for all t € (0,1]
andze [0,1). Clearly,p € @ andy € W.

Theorem 3.1. Let (f,g) be a pair of self maps in
intuitionistic fuzzy metric spacéX,M,N, x,<{>) where *
is a continuoug-norm and<{> is a continuoug¢-conorm
such that

(BM(fx, fy,t) > @{min{M(gx,gy.t),
sup min{M(gx, fx,t),M(gy, fy,t2)},

t1+t2:%

sup rnaX{M(ngfX7t3)7M(gy7fy7t4)}}}
t3+t4:%
N(fx, fy,t) < g{max{N(gx,gy,t),
inf _max{N(gx, fx,t1),N(gy, fy,t2)},
t1+t2:%
inf
ta+ty=2
forallx,ye X,t >0,pc ®andy c¢ ¥ ;
(3.2)g(X) is a closed subspace Xf
(3.3) pair (f,g) satisfies the propertyg(A).
Then f and g have a unique common fixed point K
provided that the pairf( g) is weakly compatible.
Proof. Since the pair {,g) satisfies propertyg.A), then
there exists a sequencgxp} in X such that
lMeM(fXn,zt) = limoeM(gX,zt) = 1 and
liMnoeN(fXn,zt) = limLN(gX,zt) = 0, for some
ze X. As g(X) is a closed subspace of, there exists
u € X such that z = gu. Therefore
1My 00 X0 = liMy 000Xy = 2= gu.
Firstly we claim thatfu = gu. Suppose not, then there
existsty > 0 such that
M(fu,gu, 32) > M(fu,gu,to)
and
N(fu,gu, 32) < N(fu,gu,to). (3.4)
The inequality (3.4) is always true whefu # gu. To
support our claim, we suppose on contrary that (3.4) is
not true allt > 0, i.e.,M(fu,qu,2) = M(fu,gu,t)
and
N(fu,gu,2) = N(fu,gu,t). (3.5)
Now, wusing equality (3.5) repeatedly, we get
M(fu,gut) = M(fugu,2t) = M(fu,gu,Zt) = ... =
M(fu,gu, Zt) — 1 and N(fu,gu,t) = N(fu,gu, 2t) =

N(fu,qgu, %t) =.= N(fu,gu,%t) — 0 asn — o. This

min{N(gX7 fX,tg), N(gy fy7t4)}}}7
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gives,M(fu,gu,t) =1 andN(fu,gu,t) =0 for all t > 0.
Hence,fu = gu, which gives contradiction.

Therefore, inequality (3.4) is always true for sotge- O.
Now, by using inequality (3.1), we have

M(fxna fuato) 2 (p{min{M(anaguato)a
sup  min{M(gXn, fXn,t1),
t1+t2:—kg
sup  max{M(gxn, fu,ts),
t3+t4:gtkg

M(gua an7t4)}}}

and

N(fxn, fuvto) S Lp{max{N(anaguatO)v
inf - max{N(gxn, fxn,t1),
t1+t2=—kg
inf
t3+t4:2tkg

N(gu, fxn,ta)}}}

min{N(gxn, fu,t3),

Letty =ty = e thent; =t3 = 72 — & wheree € (O £2) and
n— oo, we get
M(gu, fu,tg) > @{min{M(gu,gu,to),
min{M(gu,gu, €),M(gu, fu, k -8},

max{M (gu, fu,
i.e, M(gu, fu,tp) > @{min{1,

min{1,M(gu, fu,zli —&)},
max{M(gu, fu, 22 2t _e), 1)
i.e, M(gu, fu,tp) > @(M(gu, fu,zli —¢))
M(gu, fu,zli —€)

and

N(fxn, fu,to) < ¢{max{N(gxn,gu. o),
inf  max{N(gxn, fXn,t1),
t;|_th2:—kg
N(gu, fu,to)},
inf
t3+t4=gtkg

min{N(gxn, fXn,t3),N(gu, fu,ts)}} }.

M(gu, fu,tz)},

N(gu7 fu7t2)}7

22 ), Mlgu.gu.e)}}}

i'e'7 N(gu7 fuatO) < (IJ{maX{N(gU,gU,to),

max{N(gu,gu.£). N(gu. fu, 32 — &)},
min{N(gu. fu, 2% — ), N(gu. gu.)}})

i.e., N(gu, fu,tp) < @{min{0,

max{0,N(gu, fu, 2o —&)},

min{N(gu, fu, 22  £),0}}}
e, N(gu, Tu,to) < G(N(gu, fu,zi ~e)

< M(gu,fu,%—s).

As e — 0, we getM(gu, fu,to) > M(gu, fu, 20 —¢)
andN(gu, fu,to) < N(gu, fu, 2 —¢)
which gives contradiction to (3.4). Therefogy = fu =
Z(say).
Since f andg are weakly compatible. Thereforégu =
gfuandthenf fu= fgu=gfu=ggu. This gives,fz=gz
Next, we claim thaf z= z. Suppose not, then by (3.1), we
get
M(fz fu,tg) > @{min{M(gz gu,top),
sup min{M(gz, fzt,),
t1+tz=g[£
sup max{M(gz fu,tsz),
t3-‘rt4=gtkg

M(gu, fu,ta)},
M(gu, fzts)}}}

and
N(fz futo) < ¢{max{N(gz guto),
inf - max{N(gz, fzt1),
t1+t2:—kg
inf
t3+t4:—kg

N(gu7 fu7t2)}7

min{N(gz fu,t3),N(qu, fz,t4)}}}.

Lett; =t3 = e thent, =t4 = 52 — € wheree € (O 22,
M(fzzty) > (p{min{M(fz,z,to),

min{M(fz fz¢),M(zz % —&)},
2ty
maX{M(f2727 ? - 8)7M(Za f27 8)}}}

and
N(fz ztp) < w{maxN(fzzto),

max{N(fz fz¢),N(zz % -8},

min{N(fz,z, — 2o —-&),N(z, fze)}}}.

"k
As e — 0, we get

M(fz,ztg) > e{min{M(fz z1tp),1,max{M(z fz0),

M(fz2 20}
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i.e, M(fz,ztg) > @{min{M(fzz1p),1,
M(fz,z,%}}

i.e, M(fz,ztg) > @(M(fz zt)) > M(fzz1tp)

and

N(fzzto) < @{max{N(fzz1p),0,min{N(z fz0),
N(fzz 20))

i.e, N(fzzty) < ¢{max{N(fzz1p),0,

N(zz 2%))

i.e, N(fzztp) < YN(fz ztp) < N(fzztp),

a contradiction, hencefz = gz = z. Therefore,z is a
common fixed point of andg.
For uniqueness; lew be another fixed point of andg.
Then by (3.1), we have
M(fz fwtp) > @{min{M(gz,gw,to),
sup min{M(gz fzt1),M(gw, fw,t2)},
t1+t2:gtkg
sup max{M(gz fwts),M(gw, fzta) } }}
)
t3t+ta=

i.e, M(z,w,tp) > @{min{M(z,w,tp),
sup min{M(z z,t1),M(w,w,t2)},
ty =30
sup max{M(zwtz),M(w,zts)}}}
tytty= 32
and

N(fz fwto) < ¢{max{N(gz gwto),
inf maX{N(927 fzatl)v N(gW, fWatZ)}a
t1+t2:gtk9

infzt min{N(gz, fw,t3),N(gw, fz ts)}}}

t3+y= _kQ

e, N(zWto) < y{maxN(zwto),
inf - max{N(z,zt1),N(w,w,t2)},

t1+t2=g[kg
inf - min{N(zw,t3),N(w,z,t4)}}}.
t3+t4=gtkg
Letty =t3 = £ thent, =ty = 32 — £ wheree € (0, 32),
and as — 0, we have
M(z,w,tg) > @ (M(zw,tp)) > M(z,w,tg) and

N(Z,V\/,to) < W(N(Z,V\/,to)) < N(Z,V\/,to),

a contradiction, hencey = z It implies thatf andg
have a unigue common fixed pointi

Now we attempt to drop closedness of subspace from
Theorem 3.1 usingdLRy) property.

Theorem 3.2. Let (f,g) be a pair of self maps in
intuitionistic fuzzy metric spacéX,M,N, x,{) where *
is a continuoug-norm and<> is a continuoug-conorm
satisfying condition (3.1). If the pairf(g) satisfies the
(CLRy) property thenf and g have a uniqgue common
fixed point in X provided that the pairf(,g) is weakly
compatible.

Proof. Since the pair {, g) satisfies CLRy) property, then
there exists a sequencdxp} in X such that
liMyeM(fXq,gu,t) = limeM(gX,gu,t) = 1 and
1My N(fXn, gu,t) = limh e N(gXs, gu,t) = 0 for some
ue X asn — o, Rest of the proof is same as Theorem
3.1.

Now, we introduce common limitin the range property

(CLR¢g) for a pair of self maps as follow:

Definition 3.1. A pair of self maps {,g) in an
intuitionistic fuzzy metric spacéX,M, N, x, ) is said to
satisfies common limit in the range propert@LRsg)
property, if there exists a sequenfg} in X such that
lMyoeM(fXn,02,t) = limhsoM(gXh,0zt) = 1 and
liMneN(fXn,021) = limyLoN(gxn,9zt) = 0 where
fz= gzfor someze X.

Example 3.2. Let (X,M,N,%,$) be an intuitionistic
fuzzy metric space as in Example 2.1 whete= [0, ).

Definef,g: X — X by fx= 2 andgx = £ for all x € X.

Clearly, for sequence{x,} = {3}, f and g satisfy
(CLR¢g) property as
liMn_eM( fXn,g0,1) liMeM(gXn,90,t) = 1 and
liMhoN(fXn,90,t) = limhN(gX:,g0,t) = O where
fO=g0 and Oe X.

Example 3.3. Let (X,M,N,%,$) be an intuitionistic
fuzzy metric space as in Example 2.1 whéte= [2,19).
Define f.g : X — X by f2 = 3,fx = 2 |f
x € (3,19), fx= 15 if x € (2,3 andg2 = 2,gx = 22 f
x€ (3,19),gx=12if x € (2,3 forall x € X.

Clearly, for sequencéx,} = {3+ %}, a pair of self map
(f,9) satisfy CLRy) property as well as propertye(A)
sincelimy oM (X, 92,t) = limyM(gXs, 92,t) = 1 and
lMnoeN(FXn, 02,t) = liMhoeN(gX, g2,t) = 0 where
g2 = 2 € X but does not satisfyQLR¢g) property as
g2 £ f2.

It is interesting to note that thaClR¢g)) property imply
the CLRg)property and CLR,) property imply property
(E.A) but the reverse implication is not true. So,
(CLRtg)property is more general than botlCL{R)
property as well as propert¥(A) for a pair of self maps.
Theorem 3.3. Let (f,g) be a pair of self maps in
intuitionistic fuzzy metric spacéX,M,N, x,<{>) where *
is a continuoug-norm and<{> is a continuoug-conorm
satisfying condition (3.1). If the pairf(g) satisfies the
(CLRtg) property thenf andg have a unique common
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fixed point in X provided that the pairf(,g) is weakly
compatible.

Proof Since the pair {,g) satisfies CLR¢g) property
property, then there exists a sequefigg; in X such that
liMyoeM(fXq,gu,t) = limeM(gX),gu,t) = 1 and
liMnoeN(fXn, gu,t) = limhooN(gXn,gu,t) = 0 where
fu= gu = z(say) for someu € X. Rest of the proof is
same as Theorem 3.1.

The following example illustrates Theorem 3.3.

Example 3.4. Let (X;M,N,x,{) be an intuitionistic
fuzzy metric space wherea « b = ab and
adb=min{1,a+b} for all a,b € [0,1] and X = [3,19).
Let ¢: (0,1 — (0,1] and ¢ : [0,1) — [0,1) defined by
Q) = (t)% and @(z) = (22 for all t € (0,1] and
z€ [0,1). Clearly,p € ® andy € W. Definef andg on X
asfx=3if x={3}U(5,19), fx=12if x € (3,5], and
93=3, gx=11ifx € (3,5], gx= %! if x € (5,19). Then
with sequences{x,} = {5+ 2} in X, we have
liMh5eM(fXq,93,t) = limM(g%,93,t) = 1 and
liMnoeN(fXn,03,t) = limh5N(gX, g3,t) = 0, where
g3 = f3. This shows that a pairf(g) satisfies CLR¢g)
property. AlsogX is not a closed subset &f. By a routine
calculation, one may verify the condition (3.1). Thus, all
the conditions of Theorem 3.3 are satisfied and 3 is
the unique common fixed point dfandg. Also, f andg
both are discontinuous at a common fixed painat 3 and

FOX) & 9(X).

Remark 3.1. It is worth mentioning here thatC{Ryg)

property neither require containment nor closedness of
underlying subspace for the existence of common fixed

for a pair of self map and is weaker than propeiEyA)
and CLRy) property.

Theorem 3.4.Let a,b, f andg be four self maps in an
intuitionistic fuzzy metric spacéX,M,N, x,<{>) where *
is a continuoug-norm and<> is a continuoug-conorm
such that

(3.6)

M(ax,by,t) > @{min{M(fx,qy,t),
sup mln{M(aXa fxatl)aM(gya byatZ)}a
t1+t2:_2kl
sup max{M(ax,gy,t3),M(by, fx,t4)}}}
t3+t4:122t
and
N(ax, by,t) < g{max{N(fx,gy,t),
inf maX{N(aX, fxvtl)a N(gya byatZ)}v
t1+t2:—2k1
inf mln{N(aX7 gy7t3)7 N(by7 fX,t4)}}}
t3+t4:‘2k1

for all xy € X,
1<k<2,ped PeV.
If the pairs @, f) and @, ) satisfy the CLR¢g) property,
thena, b, f andg have a unique common fixed pointi

t > 0 and for some

provided that the pairsa(f) and p,g) are weakly
compatible.

Proof. The pairs &, f) and ,g) satisfy the (CLR¢g)
property, then there exist two sequenégs} and{yn} in
X such that

[iMn_e M (aX%n, gu, t) = liMn_eM (X, gu,t)
limneM(byn,gu,t) = limyoM(gyn,gu,t) = 1
limn_ e N(axn, gu,t) = 1My N (X0, gu,t)
liMn—eN(byn, gu,t) = limnN(gyn,gu,t) = 0 where
fu=gufor someu € X.

Firstly we claim thatgu = bu. Suppose not, then there
existstg > 0 such that

M (gu,bu, 52) > M (gu, bu,to)
N(gu, bu, %) < N(gu,bu,tp). (3.7)

The inequality (3.7) is always true whe # bu. To
support our claim, we suppose on contrary that (3.7) is
not true allt > 0, i.e., M(gu,bu,%) = M(gu,bu,t) and
N(gu,bu, %) = N(gu,bu,t). (3.8)

Now, using equality (3.8) repeatedly, we get
M(gu,bu,t) = M(gu,bu, %) = M(gu,bu, ()%)
M(gu,bu, (2)"t) — 1 and N(gu,bu,t) = N(gu,bu,2) =
N(gu,bu, (£)%t) = ... = N(gu,bu, (2)t) — 0, asn — .
This gives,M(gu,bu,t) = 1 andN(gu,bu,t) = 0 for all

t > 0. Hence, gu = bu, which gives contradiction.
Therefore, inequality (3.7) is always true for sotge- O.
Using (3.6), takex = xn,y = U, we get

and

and

M (axn, bu,tg) > @{min{M(fxn,gu,to),
sup  min{M(axa, fxn,t1), M(gu, bu,t2)},
t1+t2:2[70
sup  max{M(axn,gu,ts), M(bu, fxn,ta) } } }
to+g=52
and
N (axn, bu,tp) < W{max{N(fxn,qu,to),
inf  max{N(axn, fxn,t1),N(gu,bu,t2)},
t1+t2=gtkg
inf

2 min{N(aXnvgynat3)a N(bua an,t4)}}}.
t3+t4=—kg

Letty =tz = € thentp = t, = 39 — & wheree € (0,32),
andn — o, we get

M(gu, bu,tp) > @{M(gu,bu, % -}
> M(gu, bu, % —£)
and
2to
N(gu,bu,tg) < W{N(gu,bu, D &)}

< N(gu, bu, % —€).

As € — 0, we getM(gu,bu,ty) > M(gu, bu,%) and
N(gu,bu,to) < N(gu,bu, 32)
which gives contradiction, henggel = bu. Next, we show
that au = gu. Suppose not, then again as done above,
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there existdp > 0 such thaM (au,gu, %) > M(au,gu,to)
andN(au,gu, 32) < N(au,gu,to). (3.9)

Using (3.6), takex = u,y = yn, we get

M (au, byn,to) > @{min{M(fu,gyn,to),
sup min{M(auvfU7tl)7M(QYn7an7t2)}7

t+te= %

sup maX{M(aU, QYmt?,)v M(bym fut4)}}}
tatty=20

and

N(au, byn,to) < w{max{N(fu,gyn,to),
inf maX{N(au, fU7t1)7N(QYn7an7t2)}7
=2

inft —2 min{N(aU7QYn7t3)7N(byn7fu7t4)}}},
3tla==

Lett, =ty = € thenty = t3 = 22 — & wheree € (0, 32),
andn — o, we get

M(au,gu,tp) > @{M(au,gu, % —&)}

2to

> M(au,gu, w £)

and

N(au,gu,tg) < @{N(au,gu, % -}
< N(au,gu, % —€).

As ¢ — 0, we get
M (au,gu, to) > M(au,gu, 52)
and
N(au,gu, to) < N(gu, bu, 32)
which gives contradiction, henceau = gu. So,
au = bu = fu = gu = z (say). Since the paira(f) is
weakly compatible,afu = fau and thenaz = fz
Similarly, as the pair If,g) is weakly compatible,
bgu = gbu and thergz = bz

Next, we claim thabz= z, suppose not. Then by (3.6),
takex =z y =u, we get

M(az bu,tg) > @{min{M(fz gu,to),
sup min{M(az fzt;),M(gu,bu,tz)},
t1+t2:gtkg
sup max{M(azgu,t3),M(bu, fz,t4)}}}
ta+ty=20
3Hl= "

and

N(az,bu,tp) < g{max{N(fzgu,tp),
inf_ max{N(az, fzt1),N(gu,bu,tz)},
t1+t2:gtkg
infzt min{N(az gu,t3),N(bu, fz,t4)}}}.

t3+tg= _kQ

Lett; = t3 = € thentp = ts = 22 — & wheree € (0, 32),
n— oo ande — 0, we get

M(az, Z,to) > M(Z, aZ,to)
and
N(azzto) <N(zazto)

a contradiction, hencez = bz = z. Thereforezis a
common fixed point o andb. Similarly, we prove that
fz=gz=zby takingx = u,y = zin (3.6). Therefore, we
conclude thatz = az = bz = fz = gz this implies that
a,b,f and g have common fixed point inX. For
uniqueness: we can easily prove uniqueness of fixed point
of a,b, f andg by using (3.6).

Finally, we conclude this paper by furnishing example
to demonstrate the validity of Theorem 3.4 besides
exhibiting its superiority over earlier relevant results.
Example 3.5. Let (X,M,N,%,{) be an intuitionistic
fuzzy metric space wherea x b = ab and
a(®b=min{1,a+b} for all a,b € [0,1] andX = [3,19).

Let ¢: (0,1] — (0,1 and ¢ : [0,1) — [0,1) defined by
ot) = ()2 and Y(z) = (22 for all t € (0,1] and
z€ [0,1). Clearly,p € @ andy € ¥. Definea,b, f andg
by

ax=1if xe {1} U (3,15, ax = x+ 11 if x € (1,3],
bx=1if xe {1} U(3,15),bx=x+5if xe (1,3], f1=1,
fx=6if xe (1,3], fx= %1 if x€ (3,15) andgl =1,
gx=11ifxe (1,3],gx=x—2if x € (3,15).

Take{x} = {yn} = {3+ %}, clearly

1My M (aXn, 91, 1) = liMn—eM (X, g1,t) =
liMnoeM(byn,g1,t) = limM(gyn,g1,t) = 1 and
limn_eN(aXn,gl,t) = liMneN(fXn,g1,t) =
||n’h—>ooN(an7917t) = ||mn—>ooN(QYn7917t) =0

wherefl = gl for some 1e X. Thus, &, f) and ,0)
satisfies CLRfg property. Also, aX = {1} U (12,14,
bX = {1} U (6,8] , fX =[1,4)u{6}, gX = (1,13) and
condition (3.6) is satisfied by mapsb, f andg. Thus, the
mapsa, b, f andg satisfy all conditions of Theorem 3.4.
Hence,a,b, f andg have a unique common fixed point
X = 1. Moreover it should be noted thaX,bX, fX and
gX are not closed subspaces Xf Also, aX & gX and
bX ¢ fX. Also, a,b, f andg are all discontinuous maps at
a common fixed poirmt = 1.

Remark 3.2. Sedghi et al. 29] proved a common fixed
point theorem for a pair of weakly compatible self maps
using containment and closedness of subspace. Our
Theorem 3.1 intuitionistically fuzzify their result withio
containment of subspace. Moreover, in Theorem 3.2 and
Theorem 3.3 we have even removed the closedness of
subspace and in Theorem 3.4 we extended their result to
two pairs of self maps without using containment and
closedness of subspace. Also it is interesting to note that
self maps are discontinuous. Hence, our results
intuitionistically fuzzify, improve and extend the simila
results existing in literature without containment,
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