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Abstract: Animportant application of Grover’s search algorithzhip the domain of experimental physics is its use in the sysithof
any selected superposition staB [This paper is about showing how one can speedup this syistivien selected superposition state
to be synthesised factorizes into smaller sized factorsuiig application of factorization algorithri][ When selected superposition
state is factorable we first factorize this state and cartytmisynthesis of its factors in parallel by applying theoaidym for synthesis

[3] simultaneously to each factor. Main steps of cuwdified algorithmare as follows: By making use of the factors we construct the
corresponding operators needed for the synthesis of tlaeser$ as per3. We then build the operator callesynthesiseby taking
tensor product of these operators constructed for the sgistiof the factors. We then build a suitable regigtesay, whose all the
qubits have been initialized 10). Note that this registef is prepared by taking tensor product of smaller sized regisif suitable
lengths chosen from lengths of the computational basiestatjuired to represent the corresponding factors andritegfibit of

all these smaller sized registers is ancilla qubit. We thaslyathe synthesiser on regist@rand carry out the measurement of all the
ancillae qubits. If the measurement finds all the ancilldeitqun state|0) then we have arrived at the desired selected superposition
state. We see that the greater the number of factors to ttee #ta easier it is to synthesise and the task of synthgsisin-qubit state
which is completely factorable into single qubit factors is exponentially easier than the tdskyathesising am-qubit completely
entangled state having no factors.
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1 Introduction When the measurement finds the ancilla qubit in state
|0) the other qubits together form the desired state to be
sythesised.

A well known application of Grover’s search algorithm It should noted that this algorithm 3] for

[2] in the domain of experimental physics is to synthesisesystematically manufacturing the desired quantum state
any desirech-qubit quantum state3] which can be any  does not take into consideration the nature of the desired
arbitrary superposition of computational basis states ofguantum state, i.e. it does not take into account whether
lengthn, i.e. containingn qubits. A systematic algorithm the desiredh-qubit quantum state is factorable and has
for synthesis of any selected superposition developed irany factors or it is not at all factorable, etc. The aim of
[3] consists of performing the following two main steps:  this paper is to show the advantage of such consideration.
()To construct certain operators (matrices of sizeln this paper we begin by applying the factorization
2(n+1) % 2(n+1) when the selected state is superposition onalgorithm developed inl] to the desired quantum state to
computational basis states of length) using the be synthesi;ed and we see that the modified quantum
coefficients of computational basis states present in th@lgorithm will very much simplify the task of synthesis
superposition state to be synthesised and to carry oufor completely separable states but for those quantum

certain compositions of these operators and construct thétates which are completely entangled and have no factors
operator calledynthesiser at all our modified algorithm reduces to the original

(ii)To operate the synthesiser on the register of Iength"’llgomhrn in B3]

(n+ 1) whose all qubits are initialized t{®) and whose The following definition describing the action of the
first qubit is ancilla qubit and then finally to measure the product operatois important to us and so we state it below
ancilla quibit . explicitely:
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Let A andB be theoperatorsirom vector spaceg and  lengthn, namely,|00...0), [00...1), ..., |izi2...in), ...,
W respectively into a vector spatk say. Then the action [11...1).
of the product operator A B on product space \QW is Some useful definitions are in order:
defined by Definition 1: The factorization of any superposition
state,|y), obtained by applying factorization algorithm
(A@B)(Iv) ® |w)) = Alv) ® B|w). given in [1] is calledfull factorizationof that state.
Definition 2: A quantum state, |), is called
where|v)eV and|w)eW. completely entangledf it does not factorizes into
To generalize, le#y,i = 1,2,---,n be theoperators  nontrivial factors under its full factorization.
from vector spacesf,i = 1,2,---,n respectively into Definiton 3: A quantum state,|y), is called

vector spaceU, say. Then the action of theroduct  completely separable ofit factorizes into tensor product
operator A ® A; ® --- @ Ap on the product space of nsingle qubit factors under its full factorization.

ViaVe®--- @V, is defined by Definition 4: The operator which is either a single
on on on operator when the quantum state to be synthesised has no

_ N A factors, or made up of the tensor product of some
(il:lA‘)(iu'V'» - (iI:lA‘|V'>) operators when the quantum state to be synthesized has

somep factors, is calledynthesiseif when this operator
where|vi)eV; foralli=1,2,--- ,n. is operated on the register of suitable length whose all
This definition which appears very natural is at the qubits are initialized to zero leads to desired quantum
heart of our modified algorithmfor synthesising the state to be synthesised when all the ancillae qubits are
desired quantum state. This important definition allows usfound in statg0) when measured.
to decompose an operation on an entire quantum system Our goal is to show the substantial advantage of full
into operations on individual components which not only factorization using ] in speeding up the process of
makes the construction of our quantum algorithm muchsynthesising the desired quantum state when the desired
simpler but also causes the exponential rise in its speeguantum state hap factors. The idea behind achieving
when then—qubit state to be synthesised is separable.  this enormous advantage is in making use of quantum
With these preliminaries we now proceed with our parallelism by simultaneously running processes in
modified algorithmand show how the existence of factors parallel of synthesizing thp factors.
speeds up the synthesis of the desired quantum state. Note We now proceed with the steps of oumodified
that when the desired superposition does not have anglgorithnm
factors then our modified algorithm reduces to (or (i) Using [1] we carry out full factorization of the
remains identical with) the existing algorithm given 8) [ quantum state|y), desired to be synthesized. Suppose
but when the desired superposition to be synthesized ihis full factorization leads us to
factorable and if it so happens that by applying procedure op
of full factorization in [1] it factors into sayp, factors ) = ' @)
then the modified algorithm runs in parallglprocesses il:l
of synthesising thesg factors. The detailed discussion

below will make it clear why and how much time saving where
will be achieved in completing the task of synthesising . i .
the desired superposition. ) = i jzz...jk. iz Ji a2+ Jw)
Case ()p=1.
2 Algorithm In this cas€y) is a completely entangled state and has

no factors and for this case the modified algorithm remains
identical with the existing algorithm irg].

Case (i)p> 1.

In this casdy) is not a completely entangled state and
we see that we arrive at its two or more than two factors

The desired quantum statéy), that one wishes to
synthesize can be any arbitrary superposition and let it be

W)= 3 8up.inliziz..in) by carrying out full factorization usingdl].
1o12:-+n Thus the given quantum state factors into tensor
where alla,j,. i, belongs toC, the field of complex product of p factors, namely,
numbers, and where each @fiz...,in takes values in  |@), @), -, |@),---,|¢,) such that each factor in
{0,1}. We further assume without any loss of generality itself is a normalized quantum state.
(since we can always normalize a state if and when Suppose statesy),i = 1,2,...,p are respectively

required) that thisn-qubit pure quantum state is superpositions of computational basis states of lengths
normalized, .3, i, i, |8ii,..in|> = 1. This expression suchthaty? ,k =n.

for |¢) as sum over computational basis states can Now our job is to make use of thepegquantum states,
contain in allN = 2" computational basis states, each of |¢),i = 1,2,...,p to prepare p suitable operators,
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Oy,i =1,2,...,p corresponding to these factors using

3 Remarks

[3] such that these operators are prepared using the the
coefficients of the corresponding computational basis(1)The case of completely separable quantum state:

states  that these

@)1 =1,2,.

compose together

manufactured. Note that these operators are needed in tH#/) =

factorsWhen givenn-qubit quantum statep) to be synthesized
e Py of the desired quantum state to be is Completely separable into 1-QUbit factors, i.e. when

N2 @), where|@) aren 1-qubit factors then the

synthesis of the corresponding factors, for example, if theSynthesiserO, will be tensor product ofn operators,

operatorQy, will be operated on stat®)|00...0),, where
the first qubit |0) corresponds to ancilla qubit and
|00...0) corresponds to a ket vector of length and
further if the measurement of the first qubit (ancilla) will
be carried out after operating with this operatog,, and
if the ancilla qubit will be found to be in the stal@) then
the remaining qubits will be in the state we wish to
synthesize, i.e0|0)|00...0) produce the factor state
|0)|@). Thus, we have prepared
Oy,i =1,2,...,p, which are needed in the synthesis of
the corresponding factory),i =1,2,...,p.

(i) We now build the operatof), needed to synthesise
the originally given quantum statgy) as follows:

@p
O=([16«)
i
Thus, the operatorQ, is the tensor product of the
operators,Oy,i = 1,2,...,p, which are needed in the
synthesis of the corresponding factors,
@).i=12....p.

(iii) We now build asuitablequantum registefR), as
follows:

®p
R =([]10)00...0%)

where|0) in each0)|00...0)y,i=1,2,...,p, corresponds
to ancilla qubit and00...0),i = 1,2,..., p, corresponds
to ket vector of lengthk,i = 1,2,...., p whose all qubits
are initialized tg0).

(iv) We operate the operat@ on the registe(R), i.e.
in other words we evaluat@|R). Thus, using the definition
of the action of the operat@ which is the tensor product
operatory, we have

QP Xp Xp
OIR) = ([ 0 ([ 10)100...0)) = (] O 0)00..0))

Oi,i = 1,2,---n and each of these operator§;, is
constructed using corresponding factor among the
factors. These operators have representation in terms of
22 x 22 matrices and they are required to be raised to
power m = ’ZT\/? when the quantum state to be
synthesized is normalized. We require to operate this
operatoiO on statef]®(" |0)|0) and measure all accillae
(2)The case of completely entangled quantum state:

the operators,When given n-qubit normalized quantum state to be

synthesized is completely entangled then no
simplification is possible and we need to carry out the
algorithm given in B] as it is. The synthesizer (operator)

in this case is directly constucted using the the
coefficients of the desired quantum state to be synthesised
and has representation in terms of the composition of
certain 21 x 2(™*1) matrices and one of these matrices
is required to be raised to powen = %\/ﬁ To
synthesize the desired normalized quantum state we
require to operate in this case the synthesiser on state
|0)|00...0), where first qubit is ancilla. We then measure
the ancilla qubit and if it will be in staté) then it will
produce the stat®)|y).

(3)Speeding up the synthesis of desired quantum
state:lt is clear that if desired quantum state factors then
it becomes easier to synthesize it by carrying out the
synthesis of its factors simultaneously with much less
effort (in terms of sizes and powers of the matrices
involved therein). Suppose a state to be synthesized has
following factorization:

@p
|w>=igl%>-

where k = max{k,i = 1,2,...,p}. So, to build the
operator,Oy , the size of the matrices involved and the
power to which these matrices are required to be raised
will be largest. So, in the synthesis |af) through parallel

(v) We then measure together all the ancillae qubits, inprocessing as

O|R). If we will find all these ancillae qubits in state)

then the remaining qubits together will be in the state we

wish to synthesize, i.e. the superposition will be projdcte

into state
@p

)= [0l

i=
where

la) = > aijljz...jki“ljZn'jki)'

jleZa-'-Jki

It is clear to see that the quantum stgté is actually the
desired quantum stafey) in disguise.

®p
¥)=]0la)

the entire synthesis through parallel processing will
complete in the time required for synthesig@f ¢ ).

4 Examples

Example 1:
Synthesise the following quantum state:

1) = 45 14/0000 - 6/0001 + 1610010 140011
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—6/0100 +9|0101) — 1151|0110 + 21i|0111) (2.1) We apply factorization algorithni] to the state
|@) as given above. It can be seen that it factorizes into
+10i]1000 — 15i|1001) — 251010 + 35/1011) two identical factors, i.e. we géfy) = |@) ® |©), where
—14i[1100 4 21i]1102) + 35/1110 —491111)] ) = L[2|00> 3001} + 5i[10) _ 7i[11)]
Solution: V87
We follow the steps of Grover’s algorithm for synthesis (2.2) The full factorization of|y) produces two
as described ir4]. factors so we need to build (as per modified algorithm

(1.1) Firstly we directly proceed as p&i[[4] without  above) two operators using these factors and since these
seeking the factorization dip) to build the operatoO,  factors happen to be identical in the present case these
called synthesizer: operators will be identical. Thus, we get the theduct

(1.2) We introduce an ancilla qubit prepared in the stateoperator orsynthesisetto synthesisdy) asO=T® T
|0) and thus prepare register containing in all 5 qubits, alland (as per our modified algorithm) we introduce two
initialized to statg0), namely,|0)|0000. ancillae qubits both prepared in the stfle and thus we

(1.3) We define operator prepare register containing in all 6 qubits, namely,

|IR) = |0)|00)|0)|00). We then compute
U=1oHRH®H®H.
o OR) = (T ®T)(|0)|00) © 0)|00))
U7 is a matrix of size 2x 2° = 32x 32.
(1.4) We define operator =T|0)/00) ©T|0)|00)

and measure both the acillae qubits simultaneously. If and

Uz 1 U|0)|i1izizig) when we found them in stat8) the other qubits will form
the desired state to be synthesised.
— Ciyinigia|O)izizizia) We now proceed to build the required operakarsing
the factor stat¢o).

S 2.3) We define operator
41/ 1= [Ciyigigia| 2| 1)[11i21314) 2:3) P

plus the remaining orthonormal columris.takes values Vi=lgHaH.
in the set{0,1} and je{1,2,3,4}. Also, Ci,i,i,i, are the V; will be a matrix of size 8 x 23 = 8x 8.
coefficients of the respective stategoizis) in [{) given (2.4) We define operator
abovels is a matrix of size 3% 32.
(1.5) We define operator

_ . R PSR
Iy = diag(—1,—1,...— 1,+1,+1,...4+ 1), i.e. a sequence Va1 V2|0)iaiz) = dhyip[0)iai2) + /1 — |digip |*[ 1) liai2)

of (-1)s 16 in number followed by a sequence of (+1)s
again 16 in number along the diagonal of matiixis a
matrix of size 32« 32. . i ! .

(1.6) We define operatdg — diag(—1,+1,+1,... + of the respective stat¢igio) in |@) given aboveV, will be

. a matrix of size 8 8.
1), i.e. a sequence of only one (-1) followed by a sequence '
of (+1)s in all 31 in number along the diagonal of matrix (2'.5) we define ; operator

") =diag(-1,-1,...—1,41,41,...4+ 1), i.e. a sequence

Isis a matrix of size 3% 32. :
i . of (-1)s, 4 in number, followed by a sequence of (+1)s

(1.7) We define operatdy = U,.U;. Note thatJ will again 4 in number along the diagonal of matdxwill be
be a matrix of size 3% 32 a matrix of size 8 8

(1.8) We define operato@ = —(IsU~%Ir.U). Note (2.6) We define operatak = diag(—1,+1,+1,...+
thatQ will be a matrix of size 3% 32. . 1), i.e. a sequence of only one (-1) followed by a sequence

(1.9) We defineOd = U.Q™, wherem = 7v2* and  of (+1)sin all 7 in number along the diagonal of matglx.
computeO|0)|0000 - _ ~will be a matrix of size 8¢ 8.

(1.10) We measure the ancilla (i.e. the first qubit). If (2.7) We define operatdf = V».V;. Note thatV will
ancilla is found in stat¢0), the remaining qubits willbe in  be a matrix of size & 8.

plus the remaining orthonormal colummgstakes values in
the set{0,1} andje{1,2}. Also, dj,;, are the coefficients

the state to be synthesized. (2.8) We define operat@= —(Js.V~1.3.V). Note that

It is important to note that this procedure involves Swill be a matrix of size 8« 8.
construction ofarge sized matrices and taking théérge (2.9) We defineT = V.S" wherem = ’Z’\/? and
powers. compute(T|0)|00)) ® (T]0)|00))

Now, we proceed with the factorization using] [of (2.10) We measure both the ancillae (i.e. the first qubit

given state|y), and see that when this state factorizes thenand fourth qubit together). If both the ancillae are found
into two or more factors then how our modified algorithm in state|0), the remaining qubits will be in the state to be
helps to simplify and speedup the synthesis. synthesized.
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For the present example the synthesis as per modifiedoefficients of computational basis states jg),

(10)/©) @ (|0)|®),
in disguise, with

algorithm produces the staté®) =
which is the desired statdy)
significantly less efforts.

Example 2:

Synthesise the following two qubit state

1 1 1 1
W) = ﬁ|00> - ﬁ|01> +%|10> - %|11>-

Solution:

Instead of directly applying the steps of Grover’s

algorithm as given in4] we first apply the factorization

algorithm in [1] to check whether this state factorizes into

two linear factors and if yes then we apply aaodified

algorithm to the factored state and synthesise this

factored state with much reduced efforts.

One can easily check that the above given state

factorizes into two single qubit factors as follows:

@) = [4n) @ [p)

o =20+ /3
i) = /3100 /310

To synthesiséy)

(D)We create the synthesise® = T; ® T,, where
operatorsT;, T, are synthesisers fotyy), and |(»)
respectively.

(il)We create registelR) = |0)|0) ® |0)|0), where first
and third qubits are ancillae qubits.

(iiWe evaluate

where

and

OIR) = (T1@T2)(|0)[0) ©0)[0)) = T1/0)|0) © T2(0)|0).

(iv)We measure both the ancilla qubits and when both

ancillae qubits are in stat@) the remaining qubits will be
comprising the desired stafg) to be synthesised.
Firstly, we proceed to build the operatdy, the
synthesiser for|yn) by following the steps of the
algorithm for synthesis given ir].
(3.1U1 =1 ®H, therefore

oo
i

S
0o o Ji-\/b

3.2z : Us|0)|i) — ci|0)]i) + /21— ci|?|1)]i) plus

remaining orthonormal columns, wherec; are the

therefore

o i
1\0[20

3
o i o |l

(3.3)We define operatol = diag(—1,—1,+1,+1),
i.e. a sequence of (-1)s, 2 in number, followed by a

sequence of (+1)s again 2 in number along the diagonal

of the matrix.l; will be a matrix of size 4x 4. Thus,

-100
0 -100
0 010
0 001

(3.4)We define operatols = diag(—1,+1,+1,+1),
i.e. a sequence of only one (-1) followed by a sequence of
(+1)s in all 3 in number along the diagonal of matrix.
will be a matrix of size 4< 4. Thus,

-100
0100
0010
0001

(3.5)We define operatdy = U,.U;. Note thatU will
be a matrix of size & 4. Thus,

0.5774 05774 —0.4082-0.408
0.4082—-0.4082—-0.5774 Q5774
0.4082 04082 05774 Q5774
0.5774—-0.5774 04082 —0.4082

It =

Is—

U =

(3.6)We define operat@= —(Is.U~1.1;.U). Note that
Swill be a matrix of size 4« 4. Thus,

0 —0.3333 09428 0
0.3333 0 0 —0.9428
—0.9428—-0.0000 00000 —0.3333
—0.0000—-0.9428—-0.3333 Q0000

S =

(3.7)We defindl; = U.S", wherem= Iv/2L. Thus,

0.5774 01925 06804—-0.408
0.4082 —0.6804 01925 05774
—0.4082—-0.6804 01925—-0.5774
—0.5774 01925 06804 04082

T =

(3.8)We proceed exactly on similar lines and build the
operatorT,, the synthesiser fof,) using this time the
corresponding coefficients of the computational basis
states iny»). Thus,

0.5000 05000 05000 —0.500
—0.5000 05000 —0.5000—-0.5000
—0.5000—-0.5000 Q5000 —0.5000
—0.5000 05000 Q5000 Q5000

T, =
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(3.9)We evaluate

OIR) = (T1©T2)(0)|0) ©[0)|0)) = (T1|0)|0)) ® (T2|0)|0)).

Thus, we get
@) =) @),
where

@) = 0.577400) +0.408201) — 0.408210) —0.577411),

and

| @) = 0.500000) —0.500001) —0.500010) —0.500011).

We measure therst qubit (ancilla qubit)of |¢). It will be
found to be|0) with probability |0.57742 +|0.40822 =
0.5000 In this case the stat@) is projected into state

05774 100) + 0.4082
+/0.5000 v/0.5000

which is equal tdy; ) ignoring the ancilla qubit. Similarly

|@) leads to|yn).

01) = [0)|¢n)
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(3.10)Essentially, we measure both the ancillae (i.e. the

first qubit and third qubit together) if®). When both the
ancillae are found in stat@), the remaining qubits will be
in the state to be synthesized, i.e. we get

%) = (10)|yn) @ (0)[¢2)).
Clearly, |¥) is the desired statgy) to be synthesised in

disguise.

It is important to note that when the state to be

synthesized has factors then the process of synthesis

involves construction ofsmaller sized matrices and
raising them to smaller powers and theparallel
processing in the modified algorithm consisting of
simultaneously synthesising the factors
significantly speeds up of the process of synthesis.
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