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Abstract: In this paper, we prove a common fixed point theorem for occasionally weakly compatible
mappings on fuzzy metric space satisfying an implicit relation. Our result never requires the completeness (or
closedness) of the whole space (or subspaces), containment of ranges amongst involved mappings and
continuity of one or more mappings. Our result improves and extends the results of Altun and Turkoglu
[Commun. Korean Math. Soc., 23, 111-124 (2008)].
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1 Introduction

In 1965, Zadeh [33] introduced the concepts of fuzzy sets. Since then, to use this concept in topology and
analysis, many authors have expansively developed the theory of fuzzy sets and applications. For example,
Kramosil and Michalek [22], Erceg [12], Deng [11], Kaleva and Seikkala [20], Grabiec [15], Fang [13],
George and Veeramani [14], Subrahmanyam [32], Gregori and Sapena [16] and Singh and Jain [31] have
introduced the concept of fuzzy metric spaces in different ways. In applications of fuzzy set theory, the
field of engineering has undoubtedly been a leader. All engineering disciplines such as civil engineering,
electrical engineering, mechanical engineering, robotics, industrial engineering, computer engineering,
nuclear engineering etc. have already been affected to various degrees by the new methodological
possibilities opened by fuzzy sets.

Jungck and Rhoades [18] introduced the notion of weakly compatible mappings in metric space. Mishra
et al. [23] formulated the notion of weakly compatible mappings in fuzzy settings and proved some fixed
point theorems on fuzzy metric space. In 2008, Al-Thagafi and Shahzad [2] introduced the notion of
occasionally weakly compatible mappings in metric space, while Khan and Sumitra [21] extended the
notion of occasionally weakly compatible mappings to fuzzy metric spaces. It is worth to mention that
every pair of weak compatible self mappings is occasionally weak compatible but the reverse is not true.
Many authors proved common fixed point theorems for occasionally weakly compatible mappings on
various spaces (see [1]-[3], [6]-[10], [19], [21], [24]).

In 1998, Popa and Turkoglu [27] proved some fixed point theorems for hybrid mappings satisfying
implicit relations. Popa [25] used the family of implicit real functions for the existence of fixed points (see
[26]).

The aim of this paper is to prove a common fixed point theorem for even number of occasionally weakly
compatible mappings on fuzzy metric space satisfying implicit relation. Our result improves and extends
the results of Altun and Turkoglu [4].

2 Preliminaries

Definition 2.1 [33] Let ¥ be any set. A fuzzy set 4 inX is a function with domain X and values in
(0.1],
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Definition 2.2 [28, 29] A mapping *:[0.1] % [0,1] — [0.1] is a t-norm if * is satisfying the following
conditions:

(1) = is commutative and associative;

(2) a=1=1 foral ae 01l

(3) asb=ced whenever@=¢ andb<d apda.b.c.d € [0,1],

Examples of t-norms are: @+ b = min {a,b} asb=ab gpda+b=max {a+b— 1,0}

Definition 2.3 [22] A 3-tuple (X. M.»} is said to be a fuzzy metric space if ¥ is an arbitrary set, * is a
continuous t-norm and M is a fuzzy set on ¥ * x (0,00) satisfying the following conditions: for all
Lv.zeX apdt.s =0

(1) MG.y.t)=0

) MG.y.0)=1 ifandonlyifx =V ;

3) MGy, t)= My, x. t),

4) M .zt +5)2= MQ,y. t)« M(y, 2. 5),

(5) My, 20, 0) = (0,1] i5 continuous.

Then M is called a fuzzy metric on £ . Here M (. 7. 1) denotes the degree of nearness between * and
¥ with respect to © .

Example 2.1 [14] Let (X.d) be a metric space. Define @ * b=ab (or ashb= minfa, 1'1}) for all
a.b € [0,1] and let Ma be fuzzy sets on X * % (0, 00) defined as follows:

t

i . -
M:(x.y.t) f¥am.

Then (X. M4,#) is a fuzzy metric space. We call this fuzzy metric induced by a metric.
Lemma 2.1 [5] For all . ¥ € X | (X. M.-) is non-decreasing.

Lemma 2.2 [23] Let . M,#) be a fuzzy metric space. If there exists a constant ¥ € (0,1) such that
MG, v, kt) = MQxc, v, t)

forall £ = 0 with fixed Xx.VEX then X =¥ .

Definition 2.4 [18] Two self mappings 4 and 5 of a non-empty set £ are said to be weakly compatible
if they commute at their coincidence points, that is, if AX = 5¥ for some X € X then A5x = SAx

Definition 2.5 [2] Two self mappings 4 and 5 of a non-empty set X are said to be occasionally weakly
compatible if and only if there is a point ¥ € X which is a coincidence point of 4 and 5 at which4 and
3 commute.

From the following example it is clear that the notion of occasionally weakly compatible mappings is
more general than weakly compatible mappings.

Example 2.2 Let X' = [0, ) with usual metric. Define 4. 5: X — X by 4 () =3x and SG) = x* for all
x€X  Then AG)=5C) for x = 0,3 pyur A500) = 5A(0) 3nd ASB) = 543 Thus the mappings are
occasionally weakly compatible but not weakly compatible.

Lemma 2.3 [19] Let ¥ be a non-empty set and let # and 5 be occasionally weakly compatible self
mappings of ¥ if# and ¥ have a unique point of coincidence, W = Ax = 5x | then W is the unique
common fixed point of 4 and 5 .
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3 Implicit relation

Many authors proved a number of common fixed point theorems by using implicit relations in different
settings (see [25]-[27], [17]). In 2008, Altun and Turkoglu [4] proved two common fixed point theorems
for continuous compatible mappings of type (@) and () on complete fuzzy metric spaces by using the
following implicit relation.

Let I = [{],l], * be a continuous t-norm and @:/* — R be a continuous function. Now we consider the
following conditions:

# -1) ¥ is non-increasing in the fifth and sixth variables,

(% -2) If, for some & € (0,1) | we have

|4

@ (u{ktl v(t), v(e),ult), Lu (%} . (%)) 1

(¥a)

or

(on @ (OO U0, L. ()-+()1)=1

for any fixedt = 0 and any non-decreasing functions 4. v:{0,00) — I' wjth 0 < ultl v} =1 | then
there exists he (ﬂ.l] with u[ht] = L‘{ﬂ ® ‘u[t]'

(¥ -3) If, for some ¥ € (0,1) e have
oult), u(®), 1,1, u@u@)) =1

for any fixed £ > 0 and any non-decreasing function #:(0,00) — I' | then ulkt ) = u(z),

Now, let @ be the set of all real continuous functions ¥:/% — R satisfying the conditions (# -1)™
(¥ -3).
Hy

wplhy, - ug) = —/———— . N
Example 3. [4] Let ! “ " minfus,.ugd and a+b=minfa,b} | Le t>0

)

,1
0<ult)vi®)=1 ke (02 ), where 1. v:[0,00) — I gre non-decreasing functions. Now, suppose that
L L
@ (H(ktl vit), vie),ult) Lu (E) .V (E)) =1 ’

that is,
u(kt)
min {v(), v(), 1), L.u E) e G]}

_ u(kt) —

nfuz) v}
minju (5 ). v|5
Thus w(ht) = v(t) « ult) if h =2k € (0,1). A similar argument works if (¥s) is assumed. Finally,
suppose that £ = 0 js fixed, u: {0, ) = I' 5 a non-decreasing function and

ulkt)
ult) —

o (160700020, 1.4 G) v () =

elutke), u@®), 1,1,u@).u@)) =

1

)

for some ¥ € (0,1), Then we have ukt) = ult) and thus @ € ®
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4 Results

Theorem 4.1 Let £ . FuA and B be self mappings on a fuzzy metric space (X, M,#) with
as+ b =min{a, b} for all @ b €1 satisfying the following conditions:
(4.1) there exist ¥ € (0,1) and ¢ € ®  gyuch that
(M{r’lx,B}-'. kt), MBE B, x. BB B, v.t). M(Ax, BB B, _,x. t).)}
M@By. BFy - Py L MAX. B P - Py L MBY. AR By _yx.t) /7

B

forall X,V € X andt =0

(4.2) Suppose that
AP )= R 0B,
PR FE Py )= F Py R F
B Pz Prnes) = (Panca )Py Popa
AR =Py )= B =P, A

AP = Prp_y)= (Ps Py 1]34‘1
APnoy = Fnoad s
similarly,

B F) = (PR

Pzﬂ{Pi - Pzn] = (Pa - En)«P:E

A "'Pzn 1(Pen) = Bon)Bs - Bop_z |
B, - Pn)= (P -P,)B |
B, ) = (B Py)B
BP,, = P..B
Then, if the pairs (. FiFs = Fr_1) and (B. FzFa -~ F1n) are each occasionally weakly compatible, it
follows that A .- . %A and B have a unique common fixed point in & .

Proof. Since the pairs (4. FyFs = Fan_4) and (B.FF -+ F) are each occasionally weakly compatible,
there exist points 4. ¥ € X such that AU = BF P _yu  ABPF Py yJu=RF--F_)Au and
Bv=FBF~P.v | BBRF P Jv=FF-FRJBv | Now we assert that A4 =Bv _ On using
inequality (4.1) with ¥ = U ¥ =¥ we get
(Mmu. Bu, kt, M(BR B, yu BB B, v.th M{Au, BP P, _,u. r}.) 1
M(Bv, BBy == Py v, t), M(AU, Bo Py == Py 10, £), M(Br, B Py = Pyp_qu,t) 1
@MAw, Br, kt), M(Au, Bo, t), MAw, Au, £, M(Bo, Br, t), M(Aw, Br. ). M(Br, Au, t)) = 1
@(M(Au, Bu, kt), MAuw, Br, t), 1,1, M(Au, Br, t). M(Bv, Aw. t)) = 1
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Thus, from (¥ -3), we have
MQAu, Br, kt) = M(Au, Bv. 1)

From Lemma 2.2, we have Au =BV | Moreover, if there is another point Z such that

Az=RB B, 42 Then using inequality 4.1), it follows that

Az=RR Py 2= El = BF =FBav  orAu=AZ  Hence W = Au = RF Py 4U is the unique
point of coincidence of A4 and Fifs==Fn_1. By Lemma 2.3, it follows that W is the unique common
fixed point of # and Pl Frn_1. By symmetry, @ = BV = BFy B,V is the unique common fixed
point of B and £2fa = Fan. Since W = 4 | we obtain that W is the unique common fixed point of & and

FF =Py Now we show that W is the fixed point of all the component mappings. On using inequality
@) withx =B =Py, yw y=w B =APR~P, i P =PRE-P. wehave

MUAP, = Py _yw, Bw, kt), M(B/ By = Pyp_yw, Byw, 1),
ﬂﬂ'( MAP, - Py W, B By = By, W, t), M(Bw, Bw. 1), )
MUB By _yw, Byw, t), M(Bw, B By - By, _yw. T)

(MLP By W W k) MBy oo By W W, £). M (B ooe By By oo By W, fl);,l
M, w, ), M(By = By ywow, £, Mw, By = By _yWo. t) -

(M{F; 1,,‘_11.-. Bw, kt), M(By - By,,_ W, w. 1), 1)
=1
LME B, ywow, t), Mw, By B, _,w.1)
Thus, from (¥ -3), we have

M@ P _ywow, ki) = M(By By _ywo W, E)

From Lemma 2.2, we have fz = Fan_yW =W _ Hence, AW =w | Continuing this procedure, we have
Aw=Rw=Rw=--=8/, ;w=w  So Bw=RBw=Fw=--=FA,w=w  That is, W is the
unique common fixed point of fisF, 2 Fan. A and B | u
The following result is a slight generalization of Theorem 4.1.
Corollary 4.1 Let Talaes and (P34 be two families of self mappings on a fuzzy metric space (X.M,#)
with @ = b = min{a, b} for all @.5 €1 satisfying the following conditions:
(4.1) there exist a fixed 5 €J |k € (0,1) and ¢ € @ gych that
(M(Txx, Tev. kt), M(BE, - P,,,_l %, BBy By v, 1), M(Tyx, BBy = Py X, 1), ) _
M(Tpy. BiPy - Pap v t). M(T,x, e B v L M(Tpy, B Ry o By x,1t)

forall .V € X andf =0
(4.2) Suppose that

RE-F )= B )R S

AR P )= B~ P 1 AR

BBy 3P 3)= Fan )P, Fap_a s

To(Ba B 1) = (B Ban 1 e,

To(Fs -~ Py 1) =B By 10T, s
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TaPinos = BT

similarly,

BE B = BE
BRE - Pp) = B PBn)Bh |

Pz - Pzn—z[P:n] = [P:n)-PZ - P:‘ln—z s
T~ FPan) = (B B )Tp
Tg(B = Fn) = (BB, )Tg
TPy = R, Tp .
Then, if the pairs Tz FiFs - Fzn_1) and (TI?*P 2 Frn) are each occasionally weakly compatible, it
follows that all {F:} and {T=} have a unique common fixed point in & .

Proof. Since the proof is straightforward, we omit it. u

Corollary 4.2 Let 4.B.5 and T be self mappings on a fuzzy metric space Cf.M.*) with
ash= min{a. b]’ for all @. bel . Suppose that
(4.1) there exist ¥ € (0,1) and @ € ® gych that

(MH.‘(. By, kth, MGx, Ty, t), M(Ax, 5x, ﬂ.)
@ M@By. Ty, £), M{Ax, Ty, t). M(By, 5x.1)

IV

1

holds for all x. V€ X apndt =0 |

Then, there exists a unique point W € X such that 4w = 5w = W and a unique point Z € X such that
z=Tz=2 Moreover, Z= W _ 5o that there is a unique common fixed point of 4. 5.5 and T in X .

Now we give an example which illustrates Corollary 4.2.

Example 4.1 Let ¥ = [0,20] ywith the metric @ defined by 0.3 =l — ¥l and for each t € [0,1]
define

t
— ift = 0
M, y.t)= L t+d(xy)

ift=0,

for all ©.¥ € X | Clearly (. M,#) be a fuzzy metric space, where @*b = minf{a, b} for al] a. b € [0,1]
Let @:1* — R be defined as in Example 3.1. Define the self mappings 4. 5.5 and T by

x,if 0 = x = 10; B) = 10,if 0 = x = 10;
20,if 10 < x = 20. ~120,if 10 < x = 20.

10,if 0 = x = 10;
o gl0,if 0 = x = 10; T(x}:{l' ) P
S ={3ir10 < « = 20, Sg0if 10 <x=20.
Then A.B.5 and T satisfy all the conditions of Corollary 4.2 for some fixed X € (0,1). First we have

A(lo) =10 =5(10)  AS(10) = 10 = 5A(10) zpq B(10) =10 =T00) BTU0) = 10 = TE(10) | that

is, A and 5 as well as B and T are occasionally weakly compatible mappings and have a unique
common fixed point 10. Also all the involved mappings are discontinuous at 10.

Alx) =
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Ontaking 4 =8 and 5 =T in Corollary 4.2, we get the following result for two self mappings:

Corollary 4.3 Let A4 and S be self mappings on a fuzzy metric space (X, M,*) witha=b = min{a, b}
for all @b €1  Suppose that

(4.1) there exist k € (0,1) and @ € ®  guch that

(.-‘rf (Ax, Ay, kt), M(Sx, Sy. t), M(Ax, Sx, r}.) -1
My, 5v. .MU, Sy. ). MWy, Sx.0) 1 =

holds for all . ¥ € X apdt >0

Then, if the pair (4.5) is occasionally weakly compatible, it follows that 4 and 5 have a unique
common fixed point in & .

3 Conclusion

Theorem 4.1 is proved for even numbers of occasionally weakly compatible mappings on fuzzy metric
space. Theorem 4.1 improves and extends the main results of Altun and Turkoglu [4, Theorem 1,
Theorem 2]. Corollary 4.1 is derived as a slight generalization of Theorem 4.1. Corollary 4.2 and Corollary
4.3 are defined as natural results due to Theorem 4.1. Example 4.1 is furnished in support of Corollary 4.2.
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