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Abstract: In this letter, the natural convection boundary layer flow with variable surface heat flux on nanofluids is investigated.
Different nanoclusters containing different nano based fluids are taken into account. Analytic solutions are first obtained and then
the role of sundry parameters such as heat flux gradient parameter, skin-friction, heat transfer coefficient and coefficient of nanofluid
on velocity and temperature profiles are demonstrated through graphs and tables. Convergence of presenting series solutions has been
conferred by means of error norm in their respective admissible range.
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1 Introduction

The problems concerning the flow of nanofluids have
become more important nowadays. These fluids are
widely encountered in the study of nanoparticles,
nanofibers, nanotubes, nanowires, nanorods, nanosheet,
or droplets etc. Nanofluids appear to have the potential to
significantly increase the heat transfer rates in mechanical
and electromechanical systems. Nanofluids are also found
to possess enhanced thermophysical properties like
thermal diffusivity, thermal conductivity, viscosity and
convective heat transfer coefficients compared to those of
base fluids like water and oil. It has demonstrated great
potential applications in several other fields [1,2,3,4,5,6,
7,8,9].

Moreover, noteworthy research efforts have been
devoted to exploring the thermal transport characteristics
of colloidal suspensions of nano-sized solid particles.
Some recent studies having the related works on the topic
can be mentioned by the efforts [10,11,12] Hong et al.
[13] observed that the reduction of thermal conductivity
of nanofluids is directly related to cluster of nanoparticles.
In this study it has also mentioned that the thermal
conductivity of Fe nanofluids increases nonlinearly by
increasing the volume fraction of nanoparticles. The
nonlinearity is attributed to the rapid clustering of
nanoparticles in condensed nanofluids. The Fe nanofluids

exposed a more rapid increase in thermal conductivity as
compared to Cu nanofluids when the volume fraction of
nanoparticles increased. They claim that the variations of
cluster size and thermal conductivity both are functions of
time. They also found that the thermal conductivity of
nanofluids is closely related to the clustering of
nanoparticles. With all said points in mind, we intend to
strengthen our efforts to understand the problems having
the more complicated nature. This is particularly in the
modeling of different nanoclusters containing various
nano-based fluids. To the best of authors’ knowledge no
study is still accorded in available literature on the said
topic.

Motivated by these facts, the present work has been
undertaken to analyze the fully developed flow of an
incompressible nanofluid with different nanoparticle
clustering containing free convection flow from a vertical
circular cone with variable surface heat flux. To drive the
solutions of nonlinear coupled equations, homotopy
analysis method [14] has been used. Graphs for different
flow parameters of interest are sketched and analyzed.

2 Mathematical formulation

We consider two dimensional free convection flows past a
vertical circular cone with variable surface heat flux
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Fig. 1: Geometry of the problem.

having semi anglĕ3a9. The flow configurations along
with coordinate system are displayed in Fig. 1.

Let us consider the water and ethylene glycol based
nanofluid comprising body centered cubic clusters,
simple cubic clusters, face centered cubic clusters ofTiO2
and SiO2 having nanoparticles of 10nm diameter. The
governing equations along with corresponding boundary
conditions are

∂
∂x

(ru)+
∂
∂y

(rv) = 0, (1)

ρn f

(

u
∂u
∂x

+ v
∂u
∂y

)

= µn f
∂ 2u
∂y2 +(ρβ )n f g(T −T∞)CosΩ ,

(2)

u
∂T
∂x

+ v
∂T
∂y

= αn f
∂ 2T
∂y2 . (3)

u = 0, v = 0, q =−kn f
∂T
∂y

at y = 0, (4)

u = 0, T = T∞, at y → ∞, (5)

wherer = x SinΩ is a thin boundary layer,u is velocity
component inx−direction, v is velocity component in
y−direction, g is gravitational acceleration,ρn f is
effective density,(ρCp)n f is capacitance,βn f is thermal
expansion coefficient andαn f is thermal diffusibility of
nanofluid. Mathematically it can be written as

ρn f = (1−φ)ρ f +φρs, (6)

(ρCp)n f = (1−φ)(ρCp) f +φ (ρCp)s (7)

βn f =
(1−φ)(ρβ ) f +φ (ρβ )s

ρn f
, (8)

αn f =
kn f

(ρCp)n f

. (9)

Table 1: Shapes of simple cubic clusters, body centered cubic
clusters, face-centered cubic clusters for and nanofluids.

Nanoclusters Simple cubic Body centered Face centered

ϕc 0.4875 0.6056 0.6891
γp (nm) 26.2255 26.2255 28.1617

Here,φ is solid volume fraction,β f is thermal expansion
coefficient of base fluid,βs is thermal expansion
coefficient of nanoparticle,ρ f is density of basic fluid and
ρs is density of nanoparticle. The thermal conductive
models for nanofluid containing clusters [15] is given by

kn f =
ks +2k f −2ϕϕc

(

k f −ks
)

ks +2k f +ϕϕc
(

k f −ks
) k f +2.1d f

[

2+
(

KbT ρ f Cp
πµn f k f γp

)]

γp
k f .

(10)
The viscosity model [16] for nanofluid is

µn f =
µ f

1−34.87
(

dp
d f

)−.3
φ1.03

, (11)

where d f is diameter of base fluid molecule,dp is
diameter of particle,Kb is Boltzmann constant,ϕc is
volumetric ratio, ϕ = φ/ϕc

1−φ/ϕc+φ is volume fraction of
nanoclusters andγp is mean diameter of nanoclusters. The
values ofϕc and γp for shape of simple cubic clusters,
body centered cubic clusters, face-centered cubic clusters
are given in table 1. The shapes of these nanoclusters are
shown in Fig. 2.

The volume fraction and the mean diameter
nanoclusters forTiO2 andSiO2 nanofluid is given by

Using the stream functionψ (x,y) , the continuity
equation is satisfied by the following expressions

u =
1
r

∂ψ
∂y

, v =−
1
r

∂ψ
∂x

. (12)

In view of the following transformation [17]

η = y
x G

1
5
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1
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rx f (η) ,

T −T∞ = qwx
k f

G
−

1
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rx θ (η) , qw = xn







, (13)

Eqs.(1) to (3) along with the boundary conditions(4) and
(5) in non-dimensional form can be written as

ρn f
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[(

2n+3
5

)

f ′
2
−

(

n+9
5

)

f f ′′
]

=
µn f

µ f
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(ρβ )n f

(ρβ ) f
θ ,

(14)

Pr

(ρCp)n f
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[(

4n+1
5

)

θ f ′−

(

n+9
5

)

f θ ′

]

=
kn f

k f
θ ′′

(15)

f = 0, f ′ = 0, θ ′ =−
k f

kn f
when η = 0, (16)
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Fig. 2: (a) Simple cubic clusters, (b) Body centered cubic clusters
(c) Face-centered cubic clusters.

f ′ = 0, θ = 0 whenη −→ ∞, (17)

where Pr = ν f /α f is Parental number and
Grx = gβ f qwx4/k f ν2

f is Rayleigh number. The local
Skin-friction coefficientC f x and Nusselt numberNux are
defined as

C f x =
2τw

ρU2 and Nux =−
qwx

k f (Tw −T∞)
(18)

in which τw = µn f

(

∂u
∂y

)

y=0
is shear stress,

qw = −kn f

(

∂T
∂y

)

y=0
is the rate of heat flux at surface and

U = ν f Gr2/5
x /x is reference velocity. By using the

transformation given in Eq. (13), the local Skin-friction
coefficient and Nusselt number are obtained as

Gr1/5
x C f x = 2

(

µn f

µ f

)

f ′′ (0) , Gr−1/5
x Nux =

1
θ (0)

. (19)

3 Method of Solution

Our interest in this section is carried out the analytical
solutions for the velocity and temperature distributions.In
order to serve the said purpose the initial approximations
of f (η) andθ (η) are

f0 (η) =
1
2
+

1
2

e−2η
− e−η , θ0 (η) =

k f

kn f
e−η . (20)

By using differential mapping. we choose the following
linear operators£1 and£2

£1 ( f ) =
d

dη

(

d2 f
dη2 − f

)

, £2(θ ) =
(

d2

dη2 −1

)

θ .

(21)
We now construct the homotopy

H1[ f (η , p)] = (1− p)£1[( f (η , p)− f0 (η)]− ph̄1N1[ f (η , p) ,θ (η , p)], (22)

H2[θ(η , p)] = (1− p)£2 [θ (η , p)−θ0 (η)]− ph̄2N2 [ f (η , p) ,θ (η , p)] , (23)

where h̄i(i = 1,2) is convergence parameter whereas
embedding parameterp ∈ [0,1]. For zeroth order
deformation problems, letting
H1[ f (η , p)] = 0= H2[θ (η , p)], we get

(1− p)£1 [ f (η , p)− f0(η)] = ph̄1N1 [ f (η , p) ,θ (η , p)] ,
(24)

(1− p)£2 [θ (η , p)−θ0(η)] = ph̄2N2 [ f (η , p) ,θ (η , p)] ,
(25)

f (η , p) = 0,
∂ f (η , p)

∂ η
= 0,

∂ θ (η , p)
∂ η

=−
k f

kn f
at η = 0, (26)

f (η , p) = 0, θ (η , p) = 0 at η → ∞. (27)

The nonlinear operatorsN1 andN2 are
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(

2n+3
5

)
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(
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5

)
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(28)

−
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µ f
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(ρβ )n f
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θ (η , p) ,

N2 [ f (η , p) ,θ (η , p)] =Pr
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(ρCp) f

[ (

4n+1
5

)
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(
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5

)
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]

−
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k f
θ ′′ (η , p) .

(29)
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For p = 0

f (η ,0) = f0 (η) , θ (η ,0) = θ0 (η) . (31)

For p = 1

f (η ,1) = f (η) θ (η ,1) = θ (η) . (32)

Whenp increases from 0 to 1,f andθ varies form initial
approximationsf0 (η) andθ0 (η) to final solutionsf (η)
andθ (η). By using Maclaurin’s series, we obtain

f (η , p) = f0 (η)+
∞

∑
m=1

fm (η) pm, (32)

θ (η , p) = θ0 (η)+
∞

∑
m=1

θm (η) pm, (33)

where

θm (η) =
1

m!
∂ θ m (η, p)

∂ pm

∣

∣

∣

∣

p=0
, f (η) =

1
m!

∂ f m (η, p)
∂ pm

∣

∣

∣

∣

p=0
.

(34)
Differentiating the zeroth-order deformation Eqs.(22) to
(27) m−times with respect to the embedding parameter
p, then dividing it bym! and finally settingp = 0, we gain
mth−order deformation equations [18] for fm (η) and
θm (η) as follows

£1 [ fm (η)− χm fm−1 (η)] = h̄1R1m (η) , (35)

£2 [θm (η)− χmθm−1 (η)] = h̄2R2m (η) , (36)

fm (η, p) = 0,
∂ fm (η, p)

∂η
= 0,

∂θm (η, p)
∂η

= 0 atη = 0

(37)

fm (η, p) = 0, θm (η, p) = 0 atη → ∞,
(38)

where the recurrence relations are

R1m (η) =
(

2n+3
5

) m

∑
k=0

f ′k f ′m−k −

(

n+9
5

) m

∑
k=0

fk f ′′m−k−

(39)

−
µn f

µ f
f ′′′m +CosΩ

(ρβ )n f

(ρβ ) f
θm,

R2m (η) = Pr

(ρCp)n f

(ρCp) f

[

(

4n+1
5

) m

∑
k=0

θm f ′m−k −

(

n+9
5

) m

∑
k=0

fmθ ′
m−k

]

−
kn f

k f
θ ′′

m ,

(40)

χm =

{

0, m ≤ 1,
1, m > 1. (41)

The final solutions can be expressed as

f (η) = f0 (η)+
m

∑
k=1

fk (η) , (42)

θ (η) = θ0 (η)+
m

∑
k=0

θk (η) . (43)

4 Results and Discussion

The convergence region and rate of approximations given
by [19] are strongly dependent upon the control
parameters̄h1 andh̄2. The error norms for two successive
approximations over[0,1] by 15th-order approximations
are calculated by

E f =

√

√

√

√

1
16

15

∑
i=0

( f15(i/15))2 (44)

Eθ =

√

√

√

√

1
16

15

∑
i=0

(θ15(i/15))2. (45)

It is found that the errors for velocity and temperature are
minimum at h̄1 = −0.52 and h̄2 = −0.59 respectively.
These values lie in their respective admissible range.

To see the effects of emerging parameters of interest
on flow quantities such as velocity, temperature and
volume-fraction of nanoparticles Figs. 3 to 10 have been
prepared for velocity, temperature distribution and table2
is for sink fiction coefficient and Nusselt number of water
based nanofluid containing nanoclusters ofTiO2
nanoparticles. In the entire analysis we also assumed air
temperature 300K andPr = 0.71. Figs. 3 and 4 show the
behavior of nanoparticles fiction respectively on velocity
and temperature profiles in the presence of simple cubic
cluster, body centered cubic cluster and face centered
cubic cluster whenn = 1. These figures illustrate that
when friction of particles is increased from 0.02 to 0.04,
the velocity and temperature are decreasing and
increasing functions respectively. In the velocity profile,
maximum decrease is observed in simple cubic
nanoclusters containing nanofluid and maximum increase
is happening with face centered cubic cluster containing
nanofluid. On the other hand, the maximum temperature
of fluid is increased and decreased by face centered cubic
and simple cubic nanoclusters nanofluid respectively. The
Figs. 5 and 6 display the effects of nanoclusters on
velocity and temperature by changing the based fluids. In
the velocity and temperature profile, maximum increase is
observed by face centered cubic cluster in water and
ethylene glycol based nanofluid whenn = 1 and
φ = 0.04. The Figs. 5 and 6 also show that when we
choose ethylene glycol based nanofluid, the velocity and
temperature of fluid are decreased for water based
nanofluid in the presence ofTiO2 nanoclusters. Figs. 7
and 8 demonstrate the effects of nanoclusters on velocity
and temperature by changing the nanoclusters of different
nanoparticles. In the velocity and temperature profiles,
maximum decrease is observed in simple cubic clusters of
TiO2 than SiO2 metals for water based nanofluid when
n = 1 andφ = 0.04. These figures point out that velocity
profile maximum reduces byTiO2 nanoclusters and
thermal profile maximum increases byTiO2 nanoclusters.
The Figs. 9 and 10 express the impact of different values
of surface heat flux parameter(n) on velocity and
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Fig. 3: Variation of volume friction on velocity profile in the
presence of nanoclusters.

Fig. 4: Variation of volume friction on temperature profile in the
presence of nanoclusters.

temperature structures whenφ = 0.04. It is observed that
velocity and temperature are declined by an enhancement
in value ofn.

The table 2 demonstrates the results of skin-friction
and heat transfer coefficient whenn = 1 andφ = 0.04. It
is observed that with the increase of volume friction, the
skin-friction coefficient decreases whereas the heat
transfer coefficient is increasing for all types of
TiO2−nanoclusters containing water based nanofluid.

Fig. 5: Variation of different based fluids on velocity profile in
the presence of nanoclusters.

Fig. 6: Variation of different based fluids on velocity profile in
the presence of nanoclusters.

Fig. 7: ffects of clusters for different nanoparticles on velocity
profile.
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Table 2: Correlation of Skin-friction and heat transfer coefficientTiO2-nanofluid
Clusters φ Simple cubic Body centered cubic Face centered cubic

f ′′ (0) 0.02 0.834691 0.834767 0.835605
0.04 0.794614 0.794893 0.795738

1/θ (0) 0.02 0.723330 0.723189 0.721648
0.04 0.732549 0.732282 0.730288

Fig. 8: Effects of clusters for different nanoparticles on
temperature profile.

Fig. 9: Effects of flux gradient parameter on velocity profile in
the presence of nanoclusters.

5 Conclusions

In this letter, the different nanoclusters behavior on
velocity and temperature of nanofluid have been analyzed
by changing based fluid and nanoparticles. It is found that
face centered cubic clusters have the same behavior for
velocity and temperature profiles even for different based
fluid and nanoparticles. Face centered cubic clusters give
the maximum velocity and temperature when compared
with other types of clusters. It is seen that the velocity of
fluid is decreasing with the effects of particle volume
friction and flux gradient parameters. On the other hand,
temperature increases for particle volume friction but

Fig. 10: Effects of flux gradient parameter on temperature profile
in the presence of nanoclusters.

decreases for surface heat flux parameter. Tabulated
results are presented to see the effects of particle volume
friction on Skin-friction and heat transfer coefficient. Itis
observed that the Skin-friction and heat transfer
coefficient are respectively decreasing and increasing
when value of volume friction is increased for all
nanoclusters.
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