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Abstract: In this paper, we will explore the applications of the compound of negative binomial-two parameter Lindley
distribution (NBTPLD) in traffic data where the observed data is over dispersed and heavy tailed. Furthermore, the
comparative study of some existing classical distributions with respect to the (NBTPLD) will be made statistically. At the
end, we will show how this compound distribution can be used as a device to accommodate any overdispersion caused due
to high concentration of zeros.
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1 Introduction

In probability distribution theory, there are vast number of discrete distributions that have specified applications but
sometimes the observable data have distinct features that are not exhibited by these classical discrete distributions. So, to
overcome these limitations, researchers often develop new probability distributions so that these new distributions can be
employed in those situations where classical distributions are not providing any adequate fit. There are so many techniques
by which we can obtain new distributions such as transmutation, compounding, etc., but compounding of distributions has
received maximum attention and has been exploited by a good corpus of researchers due to its simplified approach. Some
new compound distributions were obtained in the recent past by numerous researchers, for instance; Adil et.al constructed
numerous discrte distributions to address various issues pertaining to countdata analysis and overdispesion phenomenon
(2014a, 2014b, 2016, 2020, 2021). Intrestingly, these newly established discrete compound distributions provided optimally
improved fit in comparison to some famous classical distribution like Poisson and nagative binomial. Some versatile
continuous lifetime models were also proposed by Adil et al (2018a, 2018b) with applications in engineering and biological
sciences. The authors like Sankaran et al (1970), Gomez et al (2008), Kulgman et al (2008), Zamni et al (2010) and
Shanker et al (2013) worked rigorously on discrete compound distribution to hightlight their wide range of flexibility. Here,
we shall explore some new applications of the already proposed compound distribution due to Adil and Jan (2015
proceedings) called negative binomial-two parameter Lindley distribution (NBTPLD).

2 Probability Mass Function of NBTPLD

The probability mass function of the compound of NBTPLD is given by

r+x-1) @* E(x r+0+j+a
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where
Special cases of NB-TPL (V & s 0) model :

Case (i): For a=l TPLD (0! > 9) reduces to one parameter Lindley distribution L (9), therefore a compound of NBD
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with one parameter Lindley distribution will be obtained by simply substituting & = lin @)

o= 0 (r+x—1\G(x), ] r+6++1
P L e

‘= (r+6+j)’

x=0,12.... r,0>0
The above compound probability mass function was obtained by Zamani et al.(2010)

Case(ii): For a=0, TPLD (a’ 0) reduces exponential distribution; therefore a compound of NBD with exponential

distribution is followed from (4) when we put & = 0 in it.
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The probability function displayed above was obtained by Willmot et al. (1981)
Case (iii): For 7 =1
(cr.0)

> NBD reduces to geometric distribution and a compound of geometric distribution with TPLD

is followed from (4) when we put ¥ = Lin it
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Case (iv): For V= lana @ = 1in (4), we get a compound of geometric distribution with one parameter Lindley
distribution
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Case (v): For ' = lana @ = 0 in (4), we get a compound of geometric distribution with exponential distribution
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Fig.1(a): Plot of pmf for NB-TPLD (r=20,0=20,0= 100), fig. 1(b): Plot of pmf for NB-TPLD
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(r=7,a0=20,0=150) =22,0=30,0 =50

, fig. 1(c): Plot of pmf for NB-TPLD (r

NB.tpL =92 =10,0=10)

3 Properties of NB-TPL (r 0, )Model

, fig. 1(d): Plot of pmf for

The mean of NB-TPL (r &,y 0) model
(92 +2a0—a—6’)
@+a)0- 1)2
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4 Results and Discussion

Here, we illustrate the application of the proposed model by fitting it to the real data set taken from Klugman et al. (2008).
The data which appears in the first two columns of table 1, 2 and 3 provides information of observed counts of the number
of accidents and crashes on automobile insurance policies. It is clear that given data is over-dispersed since sample variance
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(0.288) is greater than the sample mean (0.214). Therefore, the given data must be fitted by some over-dispersed model.
For this reason, we strongly believe that proposed model is suitable for them. By comparing the fitted distributions in Table
1,2 and 3; based on p value and log likelihood value it is quite clear and evident that NBTPLD model is a better and highly

flexible when it comes to model the over-dispersed count data with large number of zeroes.

Table 1: Number of accidents on automobile insurance policies (Klugman et al. 2008).

Number of Observed Fitted Distribution
accidents Frequency Poisson NBD NBD-L NBD-TPL
0 7840 7638.30 7843.70 7853.6 7878.08
1 1317 1634.61 1290.20 1287.4 1271.95
2 239 174.90 257.30 247.6 241.22
3 42 54.50 54.2 49.64
14 12 13.2 12.5
4 . .
0.7 11.8
> 4 0 2.6 3.5 3.30
6 4 0 0.6 1.0 3.94
; | 0 02 03 0.28
0 0.1
132 4 )153 0.2 0.09
g+ 0 5 7.6
Total 9461 9461 9461 9461 9461
r=4.63
Parameter = 070 r= 463 9 _ 23 55
Estimation A=0.214 0=0.76 0=2355 e
a=0.52
Chi- B
squareEstimates 293.80, DF=2 865,DF=2 699#? F=3 421, DF=2
and DF P-value=0 P-value<0.01 _ P-value=0.12
value=0.07
P-value

Table 2: Single Vehicle Fatal Crashes on Divided Multilane Rural Highways in Texas between 1997 and 2001.

Crashes

3
4+

Parameter
Estimation

Chi-square

Log-Likelihood

Observed
Frequency

1532
162
19

6

Poisson
1509.2
198.2
13.0

0.6

0.0

1=0.131

102.99

-715.1

Fitted Distribution

NB
534.4
154.7
25.8

4.9

1.2

1=0.131
0=0.434

2.73

-696.1

NB-L

1532.9

158.3

23.7

4.6

1.4

0=15.984
r=13851

1.68

-695.6
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Table 3: Single Vehicle Roadway Departure Crashes on Rural Two Lane Horizontal curves in Texas between 2003 and
2008.

Crashes g:;i‘;e cdy Fitted Distribution
Poisson NB NB-L
0 29087 28471.6 29204.8 29133.6
1 2952 39180.0 2706.0 2855.5
2 464 269.6 567.4 503.1
3 108 12.4 141.1 120.9
4 40 0.4 37.8 35.9
5 9 0.0 10.6 13.1
6 5 0.0 3.0 3.3
7 2 0.0 0.9 3.3
8 3 0.0 0.3 0.0
9 1 0.0 0.1 0.0
10+ 1 0.0 0.0 3.3
e I A
Chi-square 2297.31 57.47 11.68
Log-Likelihood -14208.1 -13557.7 -13529.8

5 Conclusions

It has been shown statistically NBTPLD performs excellently well when it comes to model heavy tailed over-dispersion;
hence, we recommend practitioners to use NBTPLD model while dealing with heavy tailed over-dispersion phenomenon.
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