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Abstract: In this article, the performance of a series-parallel system is improved. The system components are assumed to follows
independently and identically Lindley distributed with three parameters. The system reliability for the given system will be improved
by using reduction method, hot, cold and imperfect duplication method. Some reliability measures are derived. Two types of reliability

equivalence factors and gamma fractiles are calculated. A numerical example is introduced to explain the theoretical results.
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1 Introduction

Réde [1] obtained the reliability equivalence factors (REF)
for some simple systems. Sarhan [2,3] is provided four
methods:

(i)Reduction method (RM): the failure rates are reduced
by a factor p,0 < p < 1;

(ii)Hot duplication method (HDM): It assumes that some
components of the system will be connected to
components in a parallel system (one for each).

(iii)Cold duplication method (CDM): In this method cold
coupling is used which assumes that some components
will be connected to components via a perfect switch
(one for each).

(iv)Imperfect duplication method (IDM): It will differ
from the previous method, CDM, in that the switch
used in the connection process is an imperfect switch.
The switch has lifetime distribution.

Various systems are improved by applying the concept of
REF, see [4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,
20,21,22]

A random variable T has a three-parameters Lindley
distribution (TPLD), if it has the pdf given by

62(06 + ﬁt) e—ez
ab +p '

where 6 > 0,00 > 0,06 + 3 > 0.

f(t;(xvﬁve): >0, (D

The TPLD can be easily expressed as

f(t;a7ﬁ79) :pgl(t)+ (1 —p)gz(t),

where g1 (l‘) = Ge_et ~ Exp(G),
2 (t) = 0%te™% ~ Gamma(2,0) and p = #f_ﬁ-

The TPLD has the following cumulative distribution
function (CDF),

F(t;a,ﬁ,e)zl—(l—l— 0pt >e‘9’, t>0. (2)

00+ -

Many interesting properties of TPLD and its applications
are discussed in [23]. The TPLD contains some models:

1.The TPLD, reduced to two-parameter quasi-Lindley
distribution if f = 6, [24],

2.If B = 1, we have two-parameter Lindley distribution,
[25],

3.When o = 1, two-parameter Lindley distribution, is
obtained, [26],

4.A new two-parameter quasi-Lindley distribution is
obtained if & = 6, 8 = «, [27],

5.If & = B = 1, we have Lindley distribution, [28],

6.The TPLD is reduced to Gamma (2,0) distribution,
when a = 0,

7.The exponential distribution is a special model of
TPLD, if 8 =0,
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The TPLD has the following failure rate
f(t)  _0*(a+pr)

Ar) = = :
®) 1-F() B+6(a+pr)
The A(t) is a function of time. Since
d Bo 2
= E [ e — > 0.
dtl(t) <a9+ﬁ+9ﬁt> >0, forallt>0

Therefore, A(¢) is increasing failure rate function.

2 Original system

The series-parallel system (SPS) consists n subsystems
connected in series. Each subsystem has m; components
in parallel mode, such that M = ):l’.’:l m; , see Figure 1,
[29,30,31].

Fig. 1: SPS structure

The lifetime of the system components is independent and
identically distributed with a TPLD. The survival function

(SF) for a component j is
pot —or
jt)=1-F()= (1 t>
Sl]() () < +a9+ﬁ e ’ _07 (3)

where @, 3,0 >0,and j=1,--- jm;,i=1,2,--- n.
The SF of the subsystem i, S;(¢), can be expressed as,

o 7ml - Bet — 0t "
=1 HF,] )=1 { <1+a6+ﬁ>e } :
)

Let SF of the SPS, S(¢), is

<flso-T{- - (e aas) ] )

)
The mean time to failure (MTTF) to the SPS is calculated
by, [32]

m— /O S(1)dt. ©)

Some numerical techniques can be used to calculate the
MTTE

3 The Improved Systems

The SPS are improved by using the following methods.

3.1 The RM

To improve the system reliability, the failure rates of r will
be reduced, where 0 < r < M. Here, the failure rate will
be reduced by reducing the scale parameter only, by the
factor p,0 < p < 1. From each subsystem, r; components,
0 <'r; <my, will be improved, such that r =Y"" | r;.

The SF of the component j in the subsystem i, S;;,(7),
after reducing its failure rate is given as

ﬁpet ) e—pez.

op6+p M

Sijp = (1 +

The SF of the subsystem i after reducing the failure rates
of r; components, S, p, is obtained as follows.

Sri,p(l) =1- [1 _Sij,p(t)} Ti [1 _Sij(t)]mi*ri

_ ﬁpet —p 6t "
_1—[1—<1+7ap9+ﬁ e X

Bet 79[m,-7r,-
() o

The SF of the improved system when the failure rate of r
components are reduced, is

Srp(t) Hsrtp
o[- (s
(o)

We can calculate the MTTF of the improved system, say
mnp, by

myp = /O ooSryp(t)dt. (10)

We can calculate the above integral by using some
numerical techniques to find m,.,.

3.2 The HDM

The system will be improved by duplicating ¢, 0 < ¢ <
M, components, where each component is duplicated by
a hot redundant identical standby component. From each
subsystem ¢; components will be improved by HDM, such
that 0 < /¢; <m;, and ¢ = er-lzl ;.

Let SZ (1), be the SF of the improved subsystem by HDM,
then

mi+0;
Si)=1- [1 ~ (1 + agitﬁ)e"’] .
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The SF of the improved system by improving ¢
components according to the HDM, can be obtained as

S (1) = ﬁSZ (0

({1 ()} o

From equation (12), we can calculate the MTTF as
follows.

mil = /:Sf(t)dt. (13)

Some numerical techniques can be used to calculate the
above integral to find mff.

3.3 The CDM

In this method, consider each component of the ¢ is
connected with an identical component via a perfect
switch. The SF, SC(z), of the improved subsystem i,

according to CDM is
4 "
SS(t)=1-[1=85O] " [L=Sy@)™ ", (4

where

SE() :Sl(t)+/0[f1 (x)S2 (1 — x)dx = [1 +Bﬁ+9;9

0260 (B +0B)+3B(B+2a0)t+ 0B )t] g,
6(p + a6)’ ] |

+

5)

Then, the SF of the improved system by use CDM to
improve ¢ components is given as

sS() = ﬁsg@

il )]

26a(B+aB)+3B(B+2a0)t + 052t
( 6(B+ a6)?

Ui
+Bi9;9 +1) e"‘] } (16)

The MTTF to the improved system can be calculated by
mf:/ SS(r)dt. (17)
Jo

By using some Mathematical Programs, (17) can be
calculated.

3.4 The IDM

Suppose each component of ¢ is connected with an
identical component via an imperfect switch. The switch
has TPLD with parameters ¢, 8 and v. Let Séi (t) be the
SF of subsystem i, after improved by the IDM, we have
2 -

Sp()=1-[1=8LO] " 1=y, a8

where
t
SL() = $1(1) + /0 () S ()5 (¢ — x)dlx

9267(6+v)t

ﬁ@t —0t
< *m)e (B+abP(B +av)vs |
{(-1+e") a0V + aB?v[-0(—1+vt)(2+ W)
—v(3+2vi—3e") +0(-2+3vt)e"]| +
0BV [—v—20(1+vt)+ (v+0(2+ve))e" | +
B [~v(3—3e" + (3+ve)ve) + 0 (8+ (5+ vi)vt
+(~843ve)e")] ). (19)

Substituting from (19) into (18), the SF, Sé(t), of the
improved system by IDM, has the following form

si(r) = ﬁsé,. (0

T {1 {1 <1+ Bo: )eﬂm"e"
Pk ab+p
[] - (] . ﬂ) o 92— (0+V)i
B+ab (B+a8)*(B+av)v?
{(—1+e")a’ov +af?v[—0(—1+vi)(2+vi)—
v(3+2ve—3e")+6(—2+3vt)e"| +
0BV [—v—20(1+vt)+ (v+0(2+vi))e"] +
B [-v(3—3e" + (3+Vvt)vt)+ 0 (8+ (5+ vi)vi+
(-8-+3vn)e)]}]}. 20)
The MTTF to the improved system by IDM is derived by

ml = /Omsg(t)dt. (1)

The integration in (21), can be calculated numerically by
using some numerical techniques.

4 The y-Fractiles

The performance of the systems reliability can be
compared by using the 7-fractiles measure. The
y-fractiles of the SPS, .% (), can be found as a solution
F =% () of the following equation:
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where @ = MO, M =Y | m;.
Substituting from (5) into (22), .# = .Z(y) satisfies the
following non-linear equation

iil“‘{l (1

aosme) ]}
—In(y) =0.

For the duplication methods, the y-fractiles, .ZP(y), are
the solution of the equation,

(23)

ar
sP (#) =7, D=H,I, and C. (24)

FH (y) can be derived

sip) Z}

(25)

From equations (12) and (24), & =
as a solution of

S {1_[1_(1+(
. —In(y) =0.

For D = C, and from equations (16) and (24), % =
is the solution of

FE(r)

n Bo.7 027
izln{l (e (B+00)0 60 (B +ab) "

(6B +a0)0 + 35(B +200)0.7 + 65°77] )e 67"

Substituting from (20) into (24), ¥ =
by solving the following equation.

ﬁln{l[l<l+%>e
1‘(”@@%0)) e
S+ aB?v [

Z(7) is obtained

Q>

mi7€,~
T

04v) o
Gzef%’/

(B+a0)2(B+av)v3

\% \%
0(— 1+6§)(2+6y)

ﬂ n

Q<

69)6

S The REFs

The REFs are derived in this section. The REFs of TPLD
are a function of time ¢. The A(¢) is reduced by the factor
r(t). For convenience of calculation, the scale parameter,
0 is reduced to p O only. That is

p>6°(a+Br)
B+pO(a+pPr)
In this section, we will deduce two types of REFs of the

SPS: (i) the survival reliability equivalence factor (SREF),
(i1) mean reliability equivalence factor (MREF) as follows.

r(t)A(r) = (28)

5.1 The SREF
The SREF, pZ,(y), is obtained by equating the survival
function of the improved system that is obtained by

reduction method with duplication method at the level 7.
pff(y), can be obtained by solving the following system:

Srp(t) = SP(t) =

1.Using equation (29) together with equations (9) and
(12), the HREF, p = p//(7), can be derived by solving

the following system
ﬁpet ) epez] %
op6+f

If“lln{1[1<1+
{1 — (1 + agitﬁ) e"’rirl} —In(y)=0

Eufi- (et}

—In(y) =0
(30)
2.The cold REF, p = pS(y), can be obtained by
substituting from (9) and (16) into (29), and solve the
following system with respect to p.

Bl - g%5) ]

{1 - (1 + agitﬁ) e"’rlrl} —In(y)=0

7, 7, Y€ (0,1). (29)

B -v(3-3e87 + 3+ ~7)~.7) + 3 o po: 0%
[ ( PC) ;1“ 1 [l <1+ﬁ+a9+6(ﬁ+ae)zx
9<8+(5+1ﬂ)13“+(8+3_v55)e%32)]}r’} l “
) 2 [6a(B+ae)+3ﬁ(ﬁ+2a9)t+932t2])59t} X
—In(y)=0 (27 mi—L;
[1_(1+ Bor )6} CIn(y) =0
The equations (23), (25) — (27) can be solved numerically ab+p

by some numerical technique.

(€2
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3.Using (9) and (20) together with (29), the imperfect
REF, p = p! (), satisfies the following system

ffi-p-(ate)e ]
{1 - agitﬁ)e]} ~In(y) =0

-0 )

BOr \ o
{1<1+ﬁ+a9)e - Braer B

{(—1 +e"a’ov? +aﬁ2v[— O(—1+ve)(2+ve)—

9267(6+V)t

v(3+2vi—3e")+06(-2+ 3vt)e"’] +
0BV [—v—20(1+vt)+ (V+6(2+vt))e"]
+B° [f v(3—3e""+ 3+ Vvt)vt)+60(8+ (5+ vt)vt

+=s+3wen] } - =0
(32)

By using some numerical techniques p = pfg(y) can be
obtained from the systems (30)-(32).

5.2 The MREF

The MREEF, éer can be derived by equating the MTTF of
the improved system that obtained by improving the
system according to RM with the duplication method.
The & = &J) is the solution of the following equation:

e = mP. (33)

By substituting from (10), (13), (17) and (21) into (33), the
& = &P, can be obtained for D = H,C and I, respectively.

6 Numerical Results

Consider the following assumptions:

lLetn=2,and my = 1,my =2,s0 M =Y} ;m; = 3.
The SPS has the following structure (Radar system),
see Figure 2.

2.The lifetime of the components is TPLD, with o@ =
0.1, =0.2,0 =0.7and v =0.3.

3.The system will be improved by improving ¢
components according to HDM, CDM and IDM.

4.In the reduction method, r; components from
subsystem 1, and r, components from subsystem 2
are improved by reducing their failure rates by the
factor p.

Fig. 2: The radar system.

" Therefore, the MTTF of the system is 1.83258. The values

of m? for D = H,I and C are displayed is Table 1.

Table 1: The values of m? for D=H,I,C and { = ({1,05).

(01,67) mfl m§ mfc

(1,0) 240608 2.68710  2.80534
0,1) 2.01286  2.12252  2.17095
(1,1) 2.68941 331509  3.66955
0,2) 2.11590 225021  2.30204
(1,2) 2.85903  3.63069 4.07473

Figure 3-5 displays the comparison among original and
improved systems for each £ = (¢1,¢5).

4= (t,22) = (1,0)

Cold
Imperfect ]
Hot

Original

Survival function

Cold
0.8
""" Imperfect

Hot

0.6
Original

0.4

Survival function

0.2

0.0

Fig. 3: The S(¢), S?(t), when ¢ = 1.
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Survival function

Survival function
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Figures 6-8 compare the SF of the original system with
each improved system separately for different values of
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0.2

0.0

0.6

0.4

0.2

0.0

A. Mustafa et al.: Improving the Performance of a Series-Parallel System..

2= (f1,4,) = (1L,1).

Cold
Lo N rEEEE Tmperfect |
Hot
r Original
L L L L ) = L 1
0 2 4 6 8
t
4= (41,45) = (0,2).
T T ——— T T
* Cold
foooTaS. . E=Ees Imperfect -
Hot
[ Original |
L L 1 1 1 1 \7
0 1 2 3 4 5 6
t
Fig. 4: The (1), SP (1), for £ = 2.
4= (f,4,) = (1,2).
T T
ST Cold
L - ===~ Tmperfect
Hot
[ Original |
L L L L L \7
0 2 4 6 8

Fig. 5: The S(t), S?(t), for £ = 3.

0= (l1,02).

10- voreeres F1= 13 =2 7
cemee =i =i
08 2i=1,8,=0 -
g —_— =085 =2
8 o6l S
f ——— Original
I
B 04r ]
B
=
W *
02} 1
0.0 ]
0 1 2 3 4 5
£

,,,,,, L=1,6,=2
------ L=18=1
08 £ =14, =0
g £, =04, =2
S o06f 2, =0,8,=1
8 i Original
.Tg 04
g
A
0.2+
00 “1
| | | | | | |
0 1 2 3 4 5 6

s L=18,=2 ]
~~~~~ li=14,=1"
o e —_— = =0
2 —_— i =04=2
2 o0sr G —— =08 =11
= —— Original
= g
‘B 04r 1
E
0 ~
02t -
00 al
0 1 2 3 4 5 6
¢

Fig. 8: The S(t), S (¢), for different values of £ = (£y,(,).

The Mathematica Program System are used to calculate
the values of y-fractiles, .7 (y), .7’ (y) and REFs, p}(y),
D = H,I and C. The 7y is chosen to be 0.1,0.2,---,0.9.
Tables 2 and 3 introduce the values of .7 (y), ZP(y), D =
H,I,C for different values of £ = (¢4, ().

From Figures 3-8 and Tables 2 - 3, we can conclude that:
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2.m< m? < mé < mg, in all studied cases.

3.7(y) < FH(y) < Zl(y) < Z£(y), in all studied
cases.

4.Improving one component from the subsystem 1,
{1 =1, produces a better design than improving one
component from the subsystem 2, ¢, = 1, according to
the same method.

5.Improving two components, one from each subsystem,
¢ =(1,1), gives a better design than improving two
components from the subsystem 2, £ = (0,2).

6.Improving all system components, £ = (1,2), gives the
best design.

7.CDM gives the best
duplication methods.

improvement than other

Tables 4 and 5 contain the values of the SREF for different
values of r, /.

According to the results presented in Tables 4 and 5:

1.Improving one component, /; = 1, by HDM, the

Z(0.1) will be increased from 2438 (o 3102 see

Table 2. The same effect can be obtained by reducing

the failure rates of (i) one component, r; = 1, by
= 0.73987, (ii) one component, r, = 1, by
p"" = 0.53439, (iii) two components, r; = r, = 1, by
= 0.82909, (iv) two components, r, = 2, by
pf = 0.69363, (v) three components, r| = 1,1, = 2,
by pf’ = 0.86449, see Table 4.
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Table 2: The values of .Z (), FP(y), D =H,I,C for ({1,6,) = {(1,0),(0,1),(1,1)}.
(= (1,0) £=1(0,1) 0=(1,1)

Y F FH F1 FC FH F1 FC FH F1 FC
0.1 | 7.4287 | 87029 9.7042 10.1684 | 8.0779  8.6552 8.9287 | 9.4107 11.4680 12.7342
0.2 | 5.8481 | 7.1274 7.9652  8.3297 | 6.4411 6.8596 7.0395 | 7.8202  9.5974  10.6384
0.3 | 48298 | 6.1074 6.8328  7.1346 | 5.3650 5.6753 5.7987 | 6.7824  8.3632 9.2583
0.4 | 40374 | 53090 59432 6.1973 | 45106 4.7359 4.8192 | 59633  7.3816 8.1626
0.5 | 3.3600 | 4.6213 5.1749  5.3892 | 3.7649 3.9202 3.9734 | 52513  6.5230 7.2059
0.6 | 2.7431 | 3.9882 44662  4.6452 | 3.0719 3.1692 3.2001 | 4.5888  5.7197 6.3126
0.7 | 2.1502 | 3.3695 3.7727 39187 | 2.3941 24455 2.4606 | 3.9329  4.9201 5.4252
0.8 | 1.5468 | 2.7202 3.0444  3.1575 | 1.6976 1.7171 1.7224 | 3.2327  4.0615 4.4744
0.9 | 0.8808 | 1.9495 2.1798  2.2568 | 0.9383 0.9415 0.9423 | 2.3795  3.0074 3.3103

Table 3: The values of .7 (), ZP(y). D = H,1,C for (¢1,6,) = {(0,2),(1,2)}.

0=1(0,2) 0=(1,2)

Y F Fh FI FC Fh FI FC

0.1 | 7.4287 | 8.5173 93072 9.6381 | 9.8948 12.4055  13.9527

0.2 | 5.8481 | 6.8276 7.3722 7.5702 | 8.2839  10.4793 11.7804

0.3 | 4.8298 | 5.6969 6.0712 6.1904 | 7.2239 9.1912  10.3262

0.4 | 40374 | 47844 5.0280 5.0959 | 6.3799 8.1535 9.1543

0.5 | 3.3600 | 3.9769 4.1206 4.1555 | 5.6392 7.2337 8.1153

0.6 | 2.7431 | 3.2200 3.2922 3.3075 | 4.94276  6.3609 7.1296

0.7 | 2.1502 | 2.4807 2.5086 2.5138 | 4.2443 5.4785 6.1334

0.8 | 1.5468 | 1.7338 1.7404 1.7416 | 3.4879 4.5146 5.0462

0.9 | 0.8808 | 0.9449 0.9453 0.9455 | 2.5523 3.3112 3.6913

1.S(t) < SH(t) < Sk(t) < SG(t), in all studied cases. 2.Improving one component, ¢; = 1, by IDM, the

Z(0.1) will be increased from 7'4@ﬂ to %, see
Table 2. The same effect can be occurred by reducing
the failure rates of (i) one component, r; = 1, by
p! = 0.57072, (ii) one component, r, = 1, by
pI = 0.30209, (iii) two components, r; =, = 1, by
p! = 0.73059, (iv) two components, r» = 2, by
p! =0.47560, (v) three components, r| = 1,7, = 2,
by p! =0.78154, see Table 4.

3.Improving one component, /; = 1, by using CDM,
the .#(0.1) can be increased from 14287 %,
see Table 2. The same effect can be obtained by
reducing the failure rates of (i) one component,
ri =1, by pC = 0.49970, (ii) one component, r, = 1,
by pC = 0.20430, (iii) two components, r{ =1, = 1,
by p¢ = 0.69257, (iv) two components, r, = 2, by
pC = 0.18714, (v) three components, r; = 1,1, = 2,
by p€ = 0.74831, see Table 4.

4.The rest of the results in Tables 4 and 5 can be
interpreted in the same way.

5.The symbol — means that there is no equivalence
between the two optimized systems: the one obtained
by reducing the failure rates of r components and the
one obtained by optimizing the ¢ components
according to duplication methods.

Table 6 displays the values of MREF for different value of
rt€{(1,0),(0,1),(1,1),(0,2),(1,2)}.

From Table 6, one can conclude that:
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Table 4: The values of, p2,(y), D = H,I,C for different values of r and ¢ € {(1,0),(0,1),(1,1)}.

7=(1,0) 7=(0,1) 7=(L0)
y | () | p” p’ pc p" p’ p° p” p’ pC
0.1 | (1,00 | 0.73987 057072 0.49970 | 0.85990 0.74859 0.69949 | 0.61780 0.31670 0.09668
0,1 0.53439  0.30209 0.20430 | 0.72316  0.54715 0.47670 | 0.36509 — —
(L,1) 0.82909 0.73059 0.69257 | 0.90521 0.83445 0.80461 | 0.75691 0.60516  0.53984
02) | 0.69363 047560 0.18714 | 0.83686 0.70421  0.64403 | 0.53972  0.08000 0.01599
(1,2) 0.86449 0.78154  0.74831 | 0.92597 0.86889  0.84426 | 0.80413 0.66882  0.60620
0.2 (1,0) 0.69419 0.53012 0.46452 | 0.84783 0.74170 0.61275 | 0.55705 0.24912 —
0,1) | 040532 0.12170 0.19223 | 0.67012 0.49981  0.43544 | 0.17707 - -
(L,1) 0.79601 0.70093  0.66620 | 0.89452 0.78319 0.70346 | 0.71575 0.56843  0.50773
02) | 059177 037985 0.00445 | 0.80407 0.67421 0.61894 | 035182  0.01100  0.00092
(1,2) 0.83621 0.75555 0.72518 | 091662 0.86582 0.83457 | 0.76836  0.63641 0.57841
0.3 (1,0) 0.65730  0.49902 0.43774 | 0.84662 0.63421 0.57311 | 0.50948 0.19337 —
0,1) | 025944 0.07391 0.05570 | 0.62574 0.46224  0.40289 - - -
(1,1) | 076804 0.67678 0.64470 | 0.88885 0.73432  0.68143 | 0.68245 0.54010  0.48308
0,2) 0.45754  0.23817 0.00078 | 0.77590 0.64934 0.59780 | 0.10822 0.00911 NA
(12) | 081143 073341  0.70526 | 0.91106 0.76653  0.76500 | 0.73834  0.61019  0.55578
04 | (1,0) | 062317 047128 041392 | 0.84441 057752 0.53787 | 0.46660 0.13694 -
0,1 0.16358 0.00632 0.00477 | 0.58322 0.42761 0.37301 - - -
(1,1) | 074100 0.65395 0.62430 | 0.88654 0.64044 0.52449 | 0.65151 0.51463  0.46099
0,2) 0.30128  0.20225 - 0.74818 0.63752 0.57725 | 0.00226  0.00217 -
(12) | 078667 0.61158 0.60854 | 0.87993 0.68700 0.68568 | 0.70944  0.58552  0.53435
05 | (1,00 | 058016 044441 0.39091 - 0.49823  0.47800 | 0.42524  0.06213 -
0,1 — — — 0.53932  0.39302 0.34328 — — —
(L,1) 0.71281 0.63047 0.60321 | 0.87533 0.58503 0.48382 | 0.62049 0.48973 0.43944
02) | 023750 0.17307 - 0.71866  0.59525  0.55562 | 0.00101 - -
(1,2) 0.69643 0.58822 0.56640 | 0.70739 0.57644  0.58630 | 0.67939  0.56029 0.45685
0.6 (1,0) 0.55323 0.41670 0.36723 — 0.42459  0.38130 | 0.38278  0.00599 —
0.1) - - - 043223 035632 021573 - - -
(L,1) 0.68155 0.60463 0.57984 | 0.82540 0.46474 0.39794 | 0.58744 0.46376 0.41700
0.2) | 0.10058  0.09833 - 0.68511  0.52643  0.34646 - - -
(12) | 048601 046146 0.43929 | 0.65717 0.48864 0.45792 | 0.53058 0.52368  0.38801
0.7 (1,0) 0.51284 0.38622  0.24475 — 0.38574  0.24937 | 0.33677 — —
0,1 — — — 0.39283 0.31504 0.20766 — — —
(11) | 0.64442 057402 0.55193 | 0.80306 0.38848 0.35605 | 0.54985 0.43480  0.39200
0,2) 0.01476 - - 0.64418 0.43715 0.33505 - - -
(12) | 037877 036284 0.29276 | 0.55684 0.39011 0.37658 | 0.49063  0.49002  0.29459
0.8 | (1,0) | 046342 034967 0.14628 - 020744 0.15536 | 0.28312 - -
0,1 - - - 0.28110 0.22458  0.15323 - - -
(1,1) | 059591 053391 0.47723 | 0.72166  0.25607 0.15511 | 0.50309 0.39937  0.36139
0,2) - - — 0.48864 0.37015 0.25196 — — —
(1,2) 0.19333  0.18334 0.10333 | 0.46100 0.22940 0.20328 | 0.43539 0.41583 0.27422
09 | (1,0) | 039230 0.29798 0.11945 - 0.14521  0.09628 | 0.21153 - -
O,1) - - - - - - - - -
(L,1) 0.51986 0.47023 0.33435 | 0.67153 0.19662 0.09714 | 0.43391 0.34767 0.31662
0.2) - - - 029524 0.10914  0.09402 - - -
(1,2) 0.09833 0.08952 0.00445 | 0.37363 0.19687 0.14685 | 0.36440 0.29352  0.19685

1.Improving one component, /; = 1, by HDM, has the
same MTTF of the system which can be obtained by
reducing the failure rate of (i) one component, r; =
1, by EH = 0.62457, (ii) one component, r, = 1, by
éH = 0.16540, (iii) two components, r; = r, = 1, by
EH =0.32308, (iv) two components, 1, = 2, by £ =
0.32308, (v) three components, r; = 1,7, =2, by EH =
0.78642, see Table 6.

2.Improving one component, /1 = 1, by IDM, has the

same MTTF of the system which can be obtained by

reducing the failure rate of (i) one component, r| = 1,

by &' = 0.47935, (ii) two components, 7| = r, = 1, by

I = 0.65853, (iii) Three components, r; = 1,rp =2,
by &/ =0.71251, see Table 6.

3.Improving one component, {; = 1, by CDM, has the

same MTTF of the system which can be obtained by
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reducing the failure rate of (i) one component, 7} = 1,
by E€ =0.42250, (ii) two components, 7| = r, = 1, by
§C = 0.62863, (iii) three components, r| = 1,1, = 2,

Table 5: The values of, p2,(y), D = H,I,C for different values of r and ¢ € {(0,2),(1,2)}.

7=1(0,2) 7=(1,2)
y | () [ p7 p’ pC p" p’ pC
0.1 | (1,00 | 0.77418 0.63487 0.58116 | 0.54108 0.18792 -
0,1 0.58533  0.38803 0.31608 | 0.26207 - -
(L,1) 0.85034 0.76667 0.73635 | 0.71447 0.55530 0.48984
02) | 073509 056210 0.49019 | 0.20440 0.11665  NA
(1,2) 0.88186 0.81243 0.78652 | 0.76754 0.62129 0.55616
0.2 (1,0) 0.75876  0.62802 0.46048 | 0.47261 0.07046 -
0,1) | 051170 032450  0.26066 - - -
(L,1) 0.83637 0.76572 0.72482 | 0.67037 0.51612  0.45505
02) | 0.68403 051437 0.44792 | 0.09240 0.02752 -
(1,2) 0.79496  0.81088 0.69151 | 0.72886 0.58658  0.52593
0.3 (1,0) 0.75651 0.57357 0.43819 | 0.41996 — —
0,1) | 045167 027639 0.21975 - - -
(1,1) | 0.83075 0.67322 0.66156 | 0.63577 0.48693  0.42936
0,2) 0.31660 0.24391 0.21373 | 0.01979 0.00193 —
(12) | 076359 078158 0.58017 | 0.69735 0.55952  0.50243
04 | (10) - 049633 0.36783 | 0.37337 - -
0,1 0.39572  0.23445 0.18495 — — —
(1,1) | 0.83108 0.58686 0.57531 | 0.60453 0.46155  0.40721
0,2) 0.30833 0.23131 0.21746 | 0.01690 — —
(12) | 062276 0.62539 0.51569 | 0.66782 0.53490  0.48109
05| (1.0) - 037345 0.22378 | 0.32903 - -
0,1 0.33999  0.19548 0.15337 — — —
(L,1) 0.76730  0.50633  0.49911 | 0.57409 0.43761 0.38648
02) | 023437 0.17560 0.14601 | 0.00289 - -
(1,2) 0.56565 0.53953 0.48334 | 0.63792 0.51052 0.45997
0.6 (1,0) - 0.28478 0.17381 | 0.28451 - -
0,1) | 020738 0.15796  0.12361 - - -
(L,1) 0.63432 0.48317 0.38278 | 0.76730 0.41360 0.36586
02) | 0.13347 0.13196  0.12393 | 0.00144 - -
(12) | 047403 045843 0.28946 | 0.61148 0.48471  0.43761
0.7 | (1,0 - - - 0.23751 - -
0,1 0.18595 0.10975 0.08772 — — —
(1) | 058591 036337 0.28617 | 0.72314 0.38794  0.34402
0,2) 0.04297  0.09833  0.07259 — — —
(12) | 035146 038257 0.19371 | 0.57009 0.45538  0.41219
08 | (1.0) - - - 0.18478 - -
0,1 0.16538 0.07914  0.06306 — — —
(1,1) | 043023 025511 0.19010 | 0.66695 0.35805 0.31884
0.2) - - - - - -
(1,2) 0.29524  0.29128 0.15032 | 0.47143 0.41869 0.38033
09 | (1.0) - - - 0.11947 - -
O,1) - - - - - -
(L,1) 0.31848 0.16815 0.09467 | 0.58300 0.31654 0.28424
0,2) - - - - - -
(1,2) 0.19707 0.15065 0.09705 | 0.36248 0.36368  0.33235

by £€ = 0.68550, see Table 6.

4.The rest results in Table 6, can be explained in the same

manner.

7 Conclusion

The performance of SPS based on TPLD was improved.
The lifetime of the components assumed to be
independently and identically TPLD. Four methods were
used to improve the performance of the system, RM,
HDM, CDM and IDM. The survival function and mean
time to failure for each method was derived. Two
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Table 6: The values of ér_D[ forD=H,I,C,r=(r,rp) and £ = ({,3).
¢=(1,0) ¢=(0,1) (= (1,1)

(r1,r2) H i C H T C H i C
(1,0) | 0.62457 0.47935 0.42250 | 0.86619 0.79286  0.76211 | 0.47825 0.18134 -
(0,1) | 0.16540 - - 0.65761  0.50309  0.44202 - - -
(1,1) | 0.74248 0.65853  0.62863 | 0.90241 0.85149 0.83073 | 0.65794 0.52586  0.47245
(0,2) | 0.32308 - - 0.79331 0.67238 0.61883 - - -
(1,2) | 0.78642 0.71251 0.68550 | 0.92097 0.87890 0.86155 | 0.71197 0.58951  0.53740

£=(0,2) (=(1,2)

(r1 ,}”2) H 1 C H 1 C
(1,00 | 0.79714 0.71371  0.68324 | 0.39721 - -

(0,1) | 0.51171  0.34795  0.28853 - - -
(1,1) | 0.85441 0.79879 0.77916 | 0.61593  0.47775 0.42357
(0,2) | 0.67966 0.52908 0.46728 - - -
(1,2) | 0.88132 0.83463 0.81794 | 0.67392  0.54265 0.48821

reliability equivalence factors, (SREF, MREF) and
Y-fractiles were established. To interpret the theoretical
results obtained in this work numerical example was
introduced. Cold duplication method gives the best
improvement than other methods.

Acknowledgements:

The authors are thankful to unknown referees for their
constructive comments which had helped to improve the
earlier draft of the manuscript considerably.

References

[1] L. Rade, Reliability equivalence: studies in statistical quality
control and Reliability, Mathematical Statistic, Chalmers
University of Technology, S41296, Gothenburg, Sweden,
(1989).

[2] AM. Sarhan, Reliability equivalence of independent
and non-identical components series systems, Reliability
Engineering & System Safety, 67, 293-300 (2000).

[3] A.M. Sarhan, Reliability equivalence factors of a parallel
system, Reliability Engineering & System Safety, 87, 405-411
(2005).

[4]L. Rade, Reliability equivalence,
Reliability, 33, 323-325 (1993).

[S] L. Rade, Reliability survival equivalence, Microelectronics
Reliability, 33, 881-894 (1993).

[6] AM. Sarhan, A.S. Al-Ruzaiza, I.A. Awasel and A. El-
Gohary, Reliability equivalence of a series-parallel system,
Applied Mathematics and Computation, 154, 257-277
(2004).

[71 AM. Sarhan and A. Mustafa, Reliability equivalence
of a series system consists of n independent and non-
identical components, International Journal of Reliability
and Applications, 7(2), 111-125 (2006).

[8] Y. Xia and G. Zhang, Reliability equivalence factors in
gamma distribution, Applied Mathematics and Computation,
187, 567-573 (2007).

Microelectronics

[91 AM. Sarhan, L. Tadj, A. Al-Khodari and A. Mustafa,
Equivalence factors of a parallel-series system, Applied
Sciences, 10, 219-230 (2008).

[10] A. Mustafa, B.S. El-Desouky and M. El-Dawoody,
Reliability equivalence factors of non-identical components
series system with mixture failure rates, International Journal
of Reliability and Applications, 10(1), 17-32 (2009).

[11] A.M. Sarhan, Reliability equivalence factors of a general
series-parallel system, Reliability Engineering & System
Safety, 94, 229-236 (2009).

[12] A. Mustafa, Reliability equivalence factor of n-components
series system with non-constant failure rates, International
Journal of Reliability and Applications, 10(1), 43-58 (2009).

[13] A. Mustafa, Reliability equivalence of some systems with
mixture Weibull failure rates, African Journal of Mathematics
and Computer Science Research, 2(1), 006-013 (2009).

[14] A. Mustafa and A.H. El-Bassoiuny, Reliability equivalence
of some systems with mixture linear increasing failure rates,
Pakistan Journal of Statistics, 25(2), 149-163 (2009).

[15] A. Mustafa and A.A. El-Faheem, Reliability equivalence
factors of a system with m non-identical mixed of lifetimes,
American Journal of Applied Sciences, 8(3), 297-302 (2011).

[16] A. Mustafa and A.A. El-Faheem, Reliability equivalence
factors of a system with 2 non-identical mixed lifetimes and
delayed time, Journal of Mathematics and Statistics, 7(3),
169-176 (2011).

[17] A. Mustafa, B.S. El-Desouky and A. Taha, Evaluating
and improving system reliability of bridge structure using
gamma distribution, International Journal of Reliability and
Applications, 17(2), 121-135 (2016).

[18] A.H. Abdel-Hamid and A.F. Hashem, A new lifetime
distribution for a series-parallel system: properties,
applications and estimations under progressive type-
I  censoring, Journal of Statistical Computation
and  Simulation,  87(5), 993-1024 (2017), DOI:
10.1080/00949655.2016.1243683.

[19] A. Mustafa, Improving the bridge structure by using linear
failure rate distribution, Journal of Applied Statistics, 2019
(2019), https://doi.org/10.1080/02664763.2019.1679098

[20] J.M. Alghazo, A. Mustafa and A.A. El-Faheem, Availability
equivalence analysis for bridge network system, Complexity,
2020 (2020), Article ID 4907895, 8 pages.

© 2023 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 17, No. 5, 915-925 (2023) / www.naturalspublishing.com/Journals.asp

[21] M. Chahkandi, J. Etminan and M. K. Sadegh, On
equivalence of reliability in reduction and redundancy
methods, Journal of Statistical Sciences, 15(1), 61-80 (2021).

[22] A. A. El-Faheem, A. Mustafa and T. Abd El-Hafeez,
Improving the reliability performance for Radar system based
on Rayleigh distribution, Scientific African, 2022 (2022), 17:
¢01290, DOI:10.1016/jsciaf. 2022.e01290.

[23] R. Shanker, K.K Shukla, R. Shanker and T.A. Leonida,
A Three-Parameter Lindley Distribution, American Journal
of Mathematics and Statistics 7(1), 15-26 (2017). DOI:
10.5923/j.ajms.20170701.03

[24] R. Shanker and A. Mishra, A quasi-Lindley distribution,
African Journal of Mathematics and Computer Science
Research, 6(4), 64-71 (2013).

[25] R. Shanker and A. Mishra, A two-parameter Lindley
distribution, Statistics in Transition-new series, 14 (1), 45-56
(2013).

[26] R. Shanker, S. Sharma and R. Shanker, A two-parameter
Lindley distribution for modeling waiting and survival times
data, Applied Mathematics, 4, 363-368 (2013).

[27] R. Shanker and A.G. Amanuel, A new quasi-Lindley
distribution, International Journal of Statistics and Systems,
8 (2), 143-156 (2013).

[28] D.V. Lindley, Fiducial distributions and Bayes’ theorem,
Journal of the Royal Statistical Society, Series B, 20, 102-107
(1958).

[29] M.S. Moustafa, Reliability model of series-parallel systems,
Microelectronics Reliability, 34, 1821-1823 (1994).

[30] A. Mustafa, Improving the reliability of a series-parallel
system using modified Weibull distribution, International
Mathematical Forum, 12(6), 257-269 (2017).

[31] A. Mustafa, B.S. El-Desouky and A. Taha, Improving

the  performance of the series-parallel  system
with  linear exponential distribution, International
Mathematical ~— Forum, 11(21), 1037-1052  (2016).

http://dx.doi.org/10.12988/imf.2016.67107
[32] Z.H. Wang, Reliability Engineering Theory and Practice,
Taipei: Quality Control Society of Republic of China, 1992.

A. Mustafa received
the Ph. D. degree in Statistics
and Computer  Science
at  Mansoura  University.
Currently, he is working as an

S |

t-‘g y
associate professor at Islamic
N / University ~ of  Madinah,
N Kingdom of Saudi Arabia,
! since 2019. His research
interests are in the areas of
reliability —engineering, lifetime distributions and

mathematical statistics. He has published research articles
in reputed international journals of mathematics and
statistics. He is a referee of several international journals
in the frame of statistics, probability and reliability
engineering.

M. 1. Khan received
his M. Sc. and PhD.
from Aligarh Muslim
University, India.

Currently, he is working as an
assistant professor at Islamic
University  of  Madinah,
Kingdom of Saudi Arabia,
since 2014. His research has
been focused in the area of
mathematical statistics and ordered random variables.

Maher A. Alraddadi
received the B.Sc. degree
in Mathematics from the
Department of Mathematics
at Taibah University, Faculty
of Science, Saudi Arabia.
Currently, he is pursuing
master degree in Mathematics
at Islamic University of
Madinah, Kingdom of Saudi
Arabia. His research interests include reliability
engineering and mathematical statistics.

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Original system
	The Improved Systems
	The -Fractiles
	The REFs
	Numerical Results
	Conclusion

