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Abstract: The barycentric form is the most stable formula for a rational interpolant on a finite interval. The choice of the barycentric
weights can ensure the absence of poles on the real line, so how to choose the optimal weights becomes a key question for bivariate
barycentric rational interpolation. A new optimization algorithm is proposed for the best interpolation weights based on the Lebesgue
constant minimizing. Several numerical examples are given to show the effectiveness of the new method.
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1 Introduction
Interpolation is one of the important tools of mathematics.
It can solve many original problems like differentiation,
multistep methods for ordinary differential equations,
collocation methods for partial differential equations, etc.
So interpolation is a key subject in numerical analysis.
In recent years, barycentric rational interpolation has
been one of the focuses for researchers [1, 2]. As an
important method for non-linear approximation, it
possesses various advantages in comparison with other
interpolation, such as small calculation quantity, good
numerical stability, no poles and no unattainable
points [3]. In 1945, W. Taylor discovered the barycentric
formula for evaluating the interpolating polynomial [4].
In 1984, W. Werner presented the barycentric rational
interpolation [5]. The barycentric rational interpolation
can have no poles and no unattainable points by
controlling the barycentric weights [6]. The barycentric
rational interpolation is determined when its weights are
given. How to choose the optimal weights becomes a key
question for barycentric rational interpolation.
In the single-variable case this problem has been
solved by using a quantity of different approaches. One of
them, the minimizing Lebesgue constant approach, has
been developed in a series of papers [6, 7]. In 1996, Berrut
obtained the optimal weights on a finite interval by
minimizing the Lebesgue constant for the given
nodes [6]. In this way, the linearity of the interpolation
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process with respect to the interpolated functions is
preserved, and it can be written as function of barycentric
weights. Lebesgue constant is based on Lagrange bases of
polynomials. In this paper we study the problem of
two-variable barycentric rational interpolation. The
reason for our interest in this problem is that in a more
general context, barycentric rational interpolation of
multivariate functions play a central role in model
reduction of linear systems which depend on parameters.
A new optimization algorithm for bivariate barycentric
rational interpolation is presented. A crucial optimization
algorithm is obtained for the best interpolation weights
based on the minimizing Lebesgue constant. Minimizing
Lebesgue constant is been as the objective function, the
weights are been as decision variables and satisfy some
constraint conditions to ensure the bivariate barycentric
rational function has no poles and no unattained points
and uniqueness. The solution of the optimization model is
obtained using the software LINGO.

The paper is structured as follows. Section 2 is
dedicated to the barycentric rational interpolation. In
Section 3 our main tool, the Lebesgue constant, is
introduced by means of Lagrange bases of polynomials.
In particular, after a brief overview of the single-variable
case, the two-variable extension is developed. In Section
4, some numerical examples are presented which
illustrate the effectiveness of the new method.
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2 Barycentric rational interpolation
In 1984, Schneider and Werner have been the first to
determine barycentric representations of rational
interpolations.

2.1 Univariate barycentric rational
interpolation

All the weights wi and u j are both nonzero so that the
bivariate barycentric rational interpolant has no unattained
points. And the weights wi and u j are chose for the rational
function r(x, y) has no poles in finite interval.
Lemma 2.2. [5]. Let x0 < · · · < xm , wi 6= 0, i = 0, · · · , n,
y0 < · · · < yn , u j 6= 0, j = 0, · · · , n. If r(x, y) has no poles in
D ⊂ (x0 , xm ) × (y0 , yn ), then
sign(wi ) · sign(wi+1 ) = −1, i = 0, 1, · · · , m,
sign(u j ) · sign(u j+1 ) = −1, j = 0, 1, · · · , n.

Given n + 1 mutually distinct points x0 , x1 , · · · , xn and
function values f0 , f1 , · · · , fn , the rational functions

Furthermore, for ensuring the uniqueness of the
optimization solution, we take the normative constraint

n

wi
fi
i=0 x − xi
rn (x) = n
,
wi
∑
i=0 x − xi
∑

m

wi 6= 0

(1)

interpolate the values fi at the points xi for any nonzero
weights wi , in other words rn (xi ) = fi [4].
From the above, as long as the weights are not all zero,
it will not appear unattainable points, and it is easy to see
that the degree in denominator and numerator of rn (x) is
at most n and the barycentric weights are only determined
up to a multiplicative constant.
A necessary condition for the barycentric weights to
satisfy rn (x) has no poles in [x0 , xn ] is
wi · wi+1 < 0,

i = 0, 1, · · · , n − 1.

(2)

∑ |wi | = 1

(5)

∑

(6)

i=0
n

u j = 1.

j=0

3 Lebesgue constant minimizing bivariate
barycentric rational interpolation
Theorem 3.1. Let x0 , x1 , · · · , xn be n + 1 distinct points in
[a, b]. The linear projection Pn which in C[a, b] associates
with any function f the polynomial Pn f ∈ Pn interpolating
f between the xk ’s has the norm
kPn k = Λn = max

2.2 Bivariate barycentric rational interpolation
In this section, the barycentric rational interpolation is
generalized to the two-variable case.
Lemma 2.1. [9]. Let ∏m
x = {xi |i = 0, 1, · · · , m} ⊂ (a, b),

lk (x) = wk (l(x)/(x − xk ))
here wk = 1

m,n
x,y

⊂ (a, b) × (c, d),
f (xi , y j ) = fi, j (i = 0, 1, · · · , m, j = 0, 1, · · · , n).

here

(xk − xi )

i=0,i6=k

n

wk
x
−
xk
Λn = max ∑ |lk (x)| = max k=0n
.
wk
a≤x≤b k=0
a≤x≤b
∑
k=0 x − xk
(3)

∑

m

n

∑ ∑

u j 6= 0.

(4)

(8)

The Lebesgue constant of the univariate rational
function be generalized to the bivariate case as follows

n

uj
fi, j
∑
y
−
yj
j=0
,
ri (y) = n u
j
∑
j=0 y − y j
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wi 6= 0

n

∏

n

m

wi
ri (y)
∑
i=0 x − xi
,
R(x, y) =
m
wi
∑
i=0 x − xi

,

and l(x) = (x − x0 )(x − x1 ) · · · (x − xn ).
So we can get the Lebesgue constant of univariate
rational function

∏ = {(xi , y j )|i = 0, 1, · · · , m, j = 0, 1, · · · , n}

Then

(7)

λn (x) = ∑nk=0 |lk (x)| is called the Lebesgue function of the
approximation operator and Λn is Lebesgue constant [8].
From the above, lk (x) is Lagrange fundamental
polynomial, it can be written as

n

y0 < y1 < · · · < yn , and

∑ |lk (x)|

a≤x≤b k=0

x0 < x1 < · · · < xm , ∏ = {y j | j = 0, 1, · · · , n} ⊂ (c, d),
y

n

Λm,n =

max

a≤x≤b,c≤y≤d

i=0 j=0

wi · u j
(x − xi )(y − y j )

wi · u j
∑ ∑
(x
−
xi )(y − y j )
i=0 j=0
m

n

.

(9)
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Bivariate barycentric rational interpolant is
determined when weights are given. The key question is
how to choose weights by minimizing the Lebesgue
constant. The weighs are been as decision variables and
satisfy some constraint conditions to ensure the bivariate
barycentric rational function has no poles and no
unattained points and uniqueness.
The optimization model for optimal interpolation
weights be constructed as follows
m

n

∑ ∑

min =

max

a≤x≤b,c≤y≤d

i=0 j=0

wi · u j
(x − xi )(y − y j )

wi · u j
∑ ∑
(x
−
xi )(y − y j )
i=0 j=0
m

,

n

sign(wi ) · sign(wi+1 ) = −1, i = 0, 1, · · · , m,
sign(u j ) · sign(u j+1 ) = −1, j = 0, 1, · · · , n,
wi 6= 0, i = 0, 1, · · · , m,
u j 6= 0, j = 0, 1, · · · , n,

Fig. 1: The interpolated function f1 (x, y).

m

∑ |wi | = 1,

i=0
n

∑

u j = 1.

j=0

The optimal weights can be obtained by LINGO
software.

4 Numerical examples
y
1
+
as the
2
1+x
1 + y2
interpolated function and x0 = 0, x1 = 0.25, x2 = 0.5,
y0 = 0.5, y1 = 0.75, y2 = 1 as interpolation points.
We can get the optimal barycentric weights by the
LINGO software as follows
Example 4.1. Let f1 (x, y) =

Fig. 2: The interpolation function with the new method.

w0 = 0.2484435, w1 = −0.4968681, w2 = 0.2546883
u0 = −0.2500033, u1 = 0.4999975, u2 = −0.2499992
In order to show the effectiveness of the new method,
we give figures of the interpolation errors (see Fig. 4, Fig.
5), bivariate barycentric rational interpolant (see Fig. 2)
and the interpolation function with the method in
paper [10] (see Fig. 3) by software MATLAB.
Example 4.2. Let f2 (x, y) = sin(x + y2 ) as the
interpolated function and let x0 = 0, x1 = 0.25, x2 = 0.5
and y0 = 0.5, y1 = 0.75, y2 = 1 as the interpolation points.
We can also get optimal barycentric weights by the
LINGO software as follows

Fig. 3: The interpolation function with the method in paper [10].

w0 = 0.2484435, w1 = −0.4968681, w2 = 0.2546883
u0 = −0.2500033, u1 = 0.4999975, u2 = −0.2499992
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Fig. 4: The interpolation error with the new method.

Fig. 7: The interpolation function with the new method.

Fig. 5: The interpolation error with the method in paper [10].

Fig. 8: The interpolation function with the method in paper [10].

Fig. 6: The interpolated function f2 (x, y).
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Fig. 9: The interpolation error with the new method.
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Fig. 10: The interpolation error with the method in paper [10].

Fig. 11: The interpolated function f3 (x, y).
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Fig. 12: The interpolation function with the new method.

Fig. 13: The interpolation function with the method in paper [10].

So some figures like above to show the effectiveness
of the new method are shown in Figure 6, Figure 7, Figure
8, Figure 9 and Figure 10.
2

Example 4.3. Let f3 (x, y) = ex +y as the interpolated
function. Let x0 = −0.5, x1 = −0.25, x2 = 0 and
y0 = 0, y1 = −0.25, y2 = 0.5 as the interpolation points.
We can get a set of optimal weights by software
LINGO from the above optimization model.
w0 = −2.772280, w1 = 0.4818480, w2 = −0.2409240
u0 = 0.2500000, u1 = −0.5000000, u2 = 0.2500000
We can also get some figures (see Fig. 11, Fig. 12,
Fig. 13, Fig. 14 and Fig. 15) like above to show the
effectiveness of the new method.
Obviously, the new method is better.

Fig. 14: The interpolation error with the new method.
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Fig. 15: The interpolation error with the method in paper [10].

5 Conclusions
In this paper, the optimization algorithm model for
bivariate barycentric rational interpolation is studied. A
new optimization algorithm is given for the best
interpolation weights based on the Lebesgue constant
minimizing. Minimizing Lebesgue constant is the
objective function; the weights are decision variables and
satisfy some constraint conditions to ensure the bivariate
barycentric rational function has no poles and no
unattained points and uniqueness. The solution of the
optimization model is obtained using the software
LINGO.
In future work, the shape control in bivariate
barycentric rational interpolation based on this new
method will be studied.
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