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Abstract: In this paper we introduce efficient algorithm for the mulgption of biquaternions. The direct multiplication of dw
biguaternions requires 64 real multiplications and 56 additions. More effective solutions still do not exist. @& how to compute
a product of the Pauli numbers with 24 real multiplications &4 real additions. During synthesis of the discussedistgo we use
the fact that product of two biquaternions may be represeasevector-matrix product. The matrix that participateshi& product
calculating has unique structural properties that allovfiguening its advantageous decomposition. Namely this dgusition leads to
significant reducing of the computational complexity ofuaternion multiplication.
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1 Introduction 2 Formulation of the problem
A biguaternion is defined as follow&]]

The Clifford and hypercomplex algebrag] [are seeing
increased application to digital signal and image
processing 2,3,4], computer graphics and machine )
vision [5,6,7], telecommunicationsg9] and in public ~ Where{bi},i=0,1,....7 are real numbers, are;},
key cryptography 10]. Preliminary studies show that | = 1,2,...,7 are imaginary units whose products are
when solving problems of data processing are often usedéfined by the following tablell):

quaternions and biquaternions or complexfield
quaternions1,12,1314,15,16,17,18].

b =bg + bie; + boes + bzes + baes + bses + beeg + brey,

Among other arithmetical operations in the Clifford
and hypercomplex algebras, multiplication is the most
time consuming one. The reason for this is, because the
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usual multiplication of these numbers requitégN — 1) : _824 : _e;:el_lel:gzg _e§3

real additions andN? real multiplication. It is easy to see R R PGP 1 1

that the increasing of dimension of hypernumber o Bttt T T
€7 € —e—ep—e3—e e . 1

increases the computational complexity of the
multiplication. Therefore, reducing the computational
complexity of the multiplication of Clifford and
hypercomplex numbers is an important theoretical and Suppose we must to compute the product of two
practical task. Efficient algorithms for the multiplicatio ~biquaternion®z = bib,, where

of quaternions, octonions and sedenions already ed@st[

20,21,22]. No such algorithms for the multiplication of by = Xg+ X1€1 + X2 + X363 + X4€4 + X565 + Xg€5 + X7€7,

the biquaternions have been proposed. In this paper, aby, = by + bie; + bye + bses + baes + bses + bees + brey,
efficient algorithm for this purpose is suggested. D3 = Yo+ Y1€1 + Y2€2 + Y363 + Ya€s + V565 + Ye€s + Y7€7.
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Using “pen and paper” method we can write:

b3 = xobo + Xgb1e1 + Xobzex + Xobzes+
+ Xgbaes + Xobses + Xgbses + Xobzer+
+ x1bgey + x1b1ere; + xibzere + x1bzeres+
+ X104€1€4 + X1D5€1 €5 + X1 b6€1 €5 + X1 b7€1 €7+
+ X2bp€2 + X2b1 €261 + Xob2€2€7 + Xobzeres+
+ X2D4€2€4 + XoD5€2€5 + X2bpE2€5 + Xob7E287+
+ X3hp€3 + X3b1€3€1 + X3b283€7 + X3bzeses+
+ X304€3€4 + X3D5€3€5 + X3bpe3€5 + X3b7e3€7+
+ X4boes + Xab1€1€1 + Xabpes€r + Xgbzeses+
+ Xabaes€4 4 Xabses65 + Xabseses + Xabrese7+
+ Xsboes + Xsb1ese; + Xsbpeser + Xsbzeses+
+ Xsbs€5€4 + Xsbses65 + Xshses65 + Xsh7eser+
+ Xgboes + Xsb1€s€1 + Xshoeser + Xghzeses+
+ Xgbaeses + Xghseses + Xsbseses + Xsb7ese7+
+ X7D0€7 + X7b1€7€1 + X7b2€87€2 + X7b3E7€3+
+ X7D4€7€4 + X7D5€7€5 + X7b6E7€5 + X7b7E7€7.

Then we have:

fz%—hm—bm—&%—mm+m%+%%+ﬁm
£;m+hm+&m—mm—m%—%m—%m+ﬁ%
SZM—M%+&%+MQ—M%+&W—QM—W%
fz%+nm—&m+&%—&m—&%+%%—bm
Egm-m%-&%-&m+m%—%m—%m—ﬁ%
f%%+hm+&m—&%+mm+m%+%m—ﬁ%
f :be — X1b7 + Xobyg + X3bs + X4b2 — Xsb3 + Xgbg + X7b1,
£:m+hm—&%+mm+mm+mm—%m+ﬁ%

We can see that the schoolbook method of
multiplication of two biquaternions requires 64 real

multiplications and 56 real additions.

Using the matrix notation, we can rewrite the above

relations as follows:
Ygx1 = BgXgx1 1)
where

.
Xgx1 = [X0,X1,X2, X3, Xa,X5,X6,X7] ",

Yeu1= Yo, Y1,Y2, Y3, Y4, Y5, Y6, Y7] "

3

[bo —by —bp —bsi—bs bs bg bz ]
by bg by —by—bs —by —b7 bg
by, —bs by by E—be b; —bs —bs

b3 bz —b1 bo :—b7 —be b5 —b4
Bg = |3 02 71 D0 e 08 T .

The direct realization of 1) requires 64 real
multiplications and 56 real additions too. We shall present
the algorithm, which reduce arithmetical complexity to 24
real multiplications and 64 real additions.

3 Thealgorithm

At first, we rearrange the rows of the matBy according

to the following rule of ordering (1, 2, 3, 4,5, 6,7, 8)
(5,6, 4, 3,1, 2,8, 7). Next, we rearrange the columns of
obtained matrix according to the following rule of
ordering (1, 2, 3,4,5,6,7,8» (1, 2,8,7,5, 6, 4, 3).
The next step of modification of the obtained matrix is to
perform some artificial transformations which, as we see
latter, will bring to minimizing the computational
complexity of the final algorithm. Multiply by (-1) the
fifth and sixth rows of this matrix and than multiply by
(-1) the fifth and sixth columns of obtained matrix. We
can easily see that this transformation leads in the future
to minimize the computational complexity of the final
algorithm. As a result, we obtain the following matrix:

[ by —bs —bz —bpi—by by —b7 —bs]
bs by —by bg i—b; —by —bs by
b by —bg bsib; bs by —by
b, —bs —bs —bs! bg —b; by Ibp

—b; —bp —bs b7 1—bs —bs by —bs
b7 be bo —by—bz —by by —bs
L be —b7 b1 bo ;—bz b3 b5 b4 ]

Then we can write
B's = RePS"BgP{ Rg,

and
Ygx1= Pz(gl) R8B/8R8Pz(32)x8><1 2

where

p(l) _ 1

R S,
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r_ A4i B4
where
bs —bsi—bz —by —bo b1 i(—b7 —bg
A, — |Ds.Paizbe b3 | 5 by —boi—be by
4 bs by i —bs bs |’ 4 b7 be by —by
by —b3 —bs —by be —b7; b1 bg

It is easily verify R2] that the matrix with this
structure can be factorized,
procedure for multiplication of the biquaternions can be

represented as follows:

Ygu1 = F’él) R8W8x12D12W12><8R8P§(32)X8><1

Wey12=(T2x3®14) =

Weyx12= (Toxa®l4) =

than the computational

(3)

10
101
Toxz = [011},T3x2= [0 1}

11
_A1-Bg
Dip=diag | —(As+Ba) | ,
B4
H, = i _11 — is the order 2 Hadamard matriby

— is the ordemN identity matrix, and &” — denotes the
Kronecker product of two matrice23).

Indeed, it is easy to see that the matri¢Ag — Ba),
— (A4 + B4) andB4 have the following structures:

bs + bg —b5—b15—b3—|—b7 —by+ bg
bs+by ba+bgi—by+bs bs—by

(A4=Ba) = |'p b, B, g by by bs by | -
b2 —bg —bz +b7i—bs — by —bs— o
_ | A2 B
gAse )
—bg+bo bs—by (bg+b7 ba+bg
. —bs+ by —b4—|—b0'b2—|—b6 —bz—by .
~(AatBa) = | g b, gy — b by T by
—bo—bg bz+by b5—b1 bs — bg
1 G ' Dy
= [55cs)
—bg by i—b7 —bg
B,— | Pr=hoi=bs b7 | [ EzxiF2
4= b; bg: : bg —by —Fz!—Ez ’
be —b7; b1 bo
where

[_b4+bo'—b5— bl]

b2+ bei —bz — b7 |’
_ [ —=bo by
_ [ —bzi—bg
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{_b4+bo+b3—b7 _b5_bl+b2_b6]

As shown in R2], the matrices having such block A, —B,=
structures can be effectively factorized too.

Cpt Dy = | D4t Dot byt b7 bs—by+bpibg |
A, B, 27727 | —bs+by+by+bgi—bs+bo— b3 —b7
{--_—B-:---A--} 2@ (=12)] (H2212)
2 4)  Cp_Dy— | PatPo—Bs—bz bs—bi-bp—Ds |
1. [A+B; 27227 "Zps by — b~ b —bg + b+ bg + b7
x =diag -3~ --z> (Ha®12)
2 A, —B
E,tFpe | 00 b7 b1—bs
2 2= —by — be —bp+b7 |’
C2.: Dy o (—12)] (H2®12) bo+ b7t by +bg
—Dai—-C 2 2I\H2=12 Eo—Fo=|--=-m " TR
L (5) —b1+ bs:—bo—b7
. Cy+Dy . .
X 5dlag [-C-Z-:-D—z-] (Ha®15) Introduce the following notation:
Co = 1/2(bg+ o — bz +by),
E, F €1 =1/2(—bs— by — b+ bg),
[éé} =[l2® (~12)] (Hz2®12) x C2 =1/2(bs+ by — by +bg),
a2 (6) C3=1§ZEE4+EO+E3—E7;
1. Es+Fo Cs=1/2(bs+ b+ bz — b7
X gdiag ["E'z':fz] (H2®12) 05 = 1/2(~bs — by +bp — be).
Cg = 1/2(b5+ b1+ by — be)
where ‘©” denotes the direct sum of two matrices c7 =1/2(bg+ by — bz +by),
[23]. cg =1/2(—bg+bo+ bz +by),
Substituting 4), (5) and @) in (3) we can write: Cg = 1/2(bs— by + by + bg),
Cio=1/2(—bs+ by + b+ beg),
n C11=1/2(—ba+bg —bs —by),
Ygx1= Pg RgWgx12E12W12X R Cr2=1/2(—bs+bo—bz—by),
/ (2) C13 = 1/2(bs — by — by — bg),
x D'12W12W1248R8Pg " X3gx1 Cra = 1/2(—bs-+ by — by — be),
where C15 = 1/2(—bg+bo+ bz +by7),
C16 = 1/2(—bo —by),
Eix= diag(l, 1,-1,-1,11-1-111 -1, —1), Ci7= 1/2(b1 — be)
Ci18 = 1/2( bl — be)
A2t By C19 = 1/2(~bo+by),
Az—By Co0=1/2(—bo+b7),
1 Lgiag | G2 D2 Co1 = 1/2(by + be),
D12 = 7diag Co—Dy |’ Co2 = 1/2(—by +bs),
Eathe C23 = 1/2(~bo—br).
E2—Fa Using the above notations and combining partial
decompositions in a single computational procedure we
Wi =130 (Ha®13) = finally can write following:
r10 1 0 i 1
010 1: i = (1), %
10_10 04 04 Ygx1= Pé )W8x12W12A1~2x24D24>< ®)
0oxro-1. o X P24x12W12W12><8P§32)X8x1
10710 )
01,0 1 where N
frng 04 Ei'oi-;‘l"b‘i 04 5 P(81> — P<81)R87
01 0 -1 -
_________________ (2) _ (2)
5 1010 Pg” =RaPg ",
i 0L 0 1 A —
04 E 04 ii-oi-;-l- - '0' - W8>< 12 — W8>< 12E127
L ;0L 0 —1 Posx12=13®@12® 12x1® 12,
nos b [Dat o Dby s by by i Pazze = latlatine
2 2= b5+b1—b2+be bs+bg+bs3—b; |’ D24=d|ag(Co,Cl,---,023),
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-1 1 i,
P2ax12= _11 i
r 1 ? ] 1 1 O6x4
e ! Algeg = [--m-mmmmmmmeoos pmme oo :
it Ogxa 1 Osxa 12:8 1 .
Dol ! :
TR 11 1
O4><2: T ! Oba R
S U S 11
1 ! ! 1 :1 _1
g, - | '
DL
bl : r ; 7
= Ogxa 1--==+-yr-7 Osxa ) i :
S !
NP 1 :
LT 1 |
____________ 11 1 :
: CL 1 i
10 1 O12¢6
: | 1515 4% 2 1 E
Ogx4 Ogxa 1 i
| 504x25"%-' 15
: A Popo o
L : : : :1 | 24x12 = E 1 5
5—1
: 1
-1
11 : 1
11 0 | -1
A12:24= 11 : e 1
! -1
; 1
11 '
: -1
: 1
We can see that the direct approach to calculation of L ! —1]

elements{cc}, k=0,1,...,23 of the matrixD24 requires

56 additions. It is easy to see that the expressions for
calculation of {cc} contain repeated algebraic sums. pl9ipl)
Therefore, the number of additions during calculation of 24= | )
these elements can be reduced.

So, it is easy to verify that the elements
{c}, k = 0,1,...,23 can be calculated using the
following rationalized vector-matrix procedure:

Co4x1 = P24x12A1248Dsg(l4 @ H2)Bgy 1 9)

where
©

Plz): B e A N
Bax1 = [bo, b1, bo, b3, ba, bs, bg, b7] ", 1

1

] L R SRUE R R R EERTEEREELF R R,
2% S e

.
Co4x1 = [Co,C1,...,C23] ,Dg=
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Fig. 1: Data flow diagram of rationalized algorithm for
multiplication of two biquaternions
(3) _
PlZ_
4 Evaluation of computational complexity

Fig. 1 shows a data flow diagram, which describes theWe calculate how many real multiplications (excluding
fast algorithm for computation of the biquaternions multiplications by power of two) and real additions are
product and Fig.2 shows a data flow diagram of the required for realization of the proposed algorithm, and
process for calculating the vectBs4,1 elements. In this compare it with the number of operations required for a
paper, data flow diagrams are oriented from left to right. direct evaluation of matrix-vector product in Ed)(As

Straight lines in the figures denote the operations ofalready mentioned the number of real multiplications
data transfer. Points where lines converge denotgequired using the proposed algorithm is 24. Thus using
summation. The dash-dotted lines indicate the signthe proposed algorithm the number of real multiplications
change operation. We deliberately use the usual lineso calculate the biquaternion product is significantly
without arrows on purpose, so as not to clutter the picturereduced. In the other hand the number of real additions
The circles in these figures show the operation ofrequired using our algorithm is 64. Thus, our proposed
multiplication by a variable (or constant) inscribed iresid algorithms saves 40 multiplications but increases 8
a circle. In turn, the rectangles indicate the matrix-vecto additions compared with direct method. Therefore, the
multiplications with the order 2 Hadamard matrices. Astotal number of arithmetic operations for proposed
follows from Fig. 2, calculation of elements of diagonal algorithm is approximately 27% less than that of the
matrix Dg requires performing only trivial multiplications direct evaluation. It should be noted that in many practical
by the power of two. Such operations may be applications, one of the biquaternions to be multiplied
implemented as primitive shift operations, which have contains constant coefficients. In this case, the diagonal
simple realization and hence may be neglected duringnatrix elements can be precomputed. This would reduce
computational complexity estimatio@7]. the number of additions in the proposed algorithm to 56.
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implementation of proposed in this paper algorithm on
the base of VLSI chips, that possess embedded
two-component multipliers, also allows saving the
number of these blocks or realizing the biquaternion
multiplier with the use of a smaller number of simpler
and cheaper VLSI chips. It will enable to design of data
processing units using a chips which contain a minimum
required number of embedded two-component multipliers
and thereby consume and dissipate least power.

So, we have presented an original algorithm which
allows multiplying two biquaternions with reduced
multiplicative complexity. As a result of streamlining the
number of multiplications required to calculate the
biguaternion product is reduced from 64 to 24 at the price
of 8 more additions. Nevertheless, it should be noted that
a hardware multiplier is more complicated unit than an
adder and occupies much more chip area than the adder.
Therefore, this solution is beneficial. Furthermore, the
total number of arithmetic operations decreased by 32
compared with the naive method of calculations.
Therefore, the proposed algorithm is better than the naive
algorithm, even in terms of its software implementation
on a conventional computer.

The authors are grateful to the anonymous referee for a
careful checking of the details and for helpful comments
that improved this paper.
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