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We consider a classical model of a SIRS epidemic in an open population. The positivity
and permanence are studied and explicit formula are obtained by which the eventual
lower bound of the density of infectives can be computed. The stability of the model
is studied. We mainly use the Lyapunov functional to established the global stability
of disease-free and endemic equilibrium points for both the deterministic and stochas-
tic models. In addition we illustrate the dynamic behaviour of the deterministic and
stochastic models via a numerical example.
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1 Introduction

Epidemiology is the study of the spread of infectious diseases with the objective to
trace factors that contribute to their dynamics and stabilities. Formerly and recently mod-
els, which have the population subclasses (i) the susceptibles (S), (ii) the infectives (I)
and (iii) the removals (R), have been studied by a number of authors (see for example
Bailey [2], Tornatore [12], Beretta and Takeuchi [3], Zhang and Teng [13]). The basic
and important research subjects for recent studies are the existence of the threshold values
which distinguish whether the disease dies out, the stability of the disease-free and the en-
demic equilibria, permanence and extinction. Most of these works deal with local stability
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of equilibria of the deterministic model in a closed population. There are very few works
which study both deterministic and stochastic stabilities of the model.

In this paper we consider a model of an SIRS epidemic which is the extension of the clas-
sical SIR model (see [5] and [13]) for which it is assumed that all newborn are susceptibles
and the population grows at a rate b > 0. The susceptibles, infectives and removals die at
different rates, dy, ds and d3. It is biologically natural to assume that d; < min(ds, d3).
In addition we suppose that an individual in the class (R) can be cured and becomes a new
susceptible or infected another time, respectively, with rates 5 and 3. Mathematically the
model that we consider is defined as follows. At time ¢ the variables, S(¢), I(t) and R(t),
represent, respectively, the density of susceptibles, infected and removed individuals. The
epidemial process is thus completely determined by {(S(¢), I(t), R(t));t > 0} while its

dynamics is governed by the system of ordinary differential equations

S —b— BST — dyS + 73R,
I'=BSI—(d2+v)I+ %R, (1)
R' =y1 — (d3 + 72+ 73) R,

with the initial conditions S (0) = Sp, I (0) = I and R (0) = Ry, where the parameter
is the average number of contacts per infective per unit of time. As is known, systems like
(1) are very important mathematical models which describe epidemiological dynamics. As
mentioned in the first paragraph, the most basic and important questions to ask for these
systems in the theory of mathematical epidemiology concern permanence and stability.
Recently Ma et al [8] and Zhand and Teng [13] studied an SIRS system with time delay.
Under certain conditions they proved the permanence of the disease and stability. Motivated
by the above works the present analysis aims to establish some conditions on the positivity,
boundness of solution and permanence of the epidemic. By using methods in [8] we obtain
explicit formula of the eventual lower bound of infectious individuals and the total size of
the epidemic. Applying the Lyapunov functional, we give some sufficient conditions for
local and global stabilities of the deterministic model governed by (1) and of its stochastic
version, which is obtained by random perturbation of the deterministic model.

The organization of this paper is as follows. In the next Section we give the equilibrium
points of the model. In Section 3 we establish the positivity and we give the sufficient
conditions of the ultimate boundedness of system (1). In Section 4 we give the sufficient
and necessary conditions for the local and global stability of the disease-free and endemic
equilibria. In Section 5 the stochastic stability of the disease-free and endemic equilibria
is proved. In Section 6 numerical simulations are performed to complement the analytical
results. Finally in Section 7 a brief discussion of the main results and some ideas for future

research are given.
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2 The Equilibrium Points

The equilibria of (1) are the solutions of the system

b—BSI —diS + 3R =0
BSI — (da +v1) I +72R =0 (2)
Y1l = (ds +v2 +v3) R =0.

It is evident that (2) has two solutions, Ey = (b/d;,0,0) which called the disease-free
equilibrium point and another solution, E* = (S*, I*, R*), where

1 72 )

S*=—.|do+y1——"—""],
B < 2T T e +s

773

I = BS*—) b—di5*),

( ds+v2+73 ( 157)
* 1 *
ds+72+ 73
. e .o Bb Y172 .. -
E~ is positive if and only if 5> > d3 + 1 — ——————. Under the last condition £* is

! ds+ 72+ 73

called the endemic-disease point.

3 Positivity, Boundedness and Permanence

3.1 Positivity and boundedness of the solution

The application of the classical theory of Ordinary Differential Equations implies that
for every set of initial data, (So, Iy, Ro), there exists a unique solution, (S (¢),I (t), R (t)),
defined in the maximal open interval (=7, T') with T > 0.

Proposition 3.1. Let (S, I, R) be the solution of (1).
() IfSo >0, Iy > 0and Ry > 0, then S (t) > 0, I (t) > 0and R (t) > 0 for every t €
[0,T).
b
(ii) The solution (S, I, R) is defined in [0,00) and limsupN (t) < R where N (t) =
t—o0 1
S(t) + I(t) + R(t).

Proof. We firstly prove (i). To do this we suppose that there exists tg € (0,7") such that
S (to) =0, S (tg) < 0and S (t) > 0fort € [0,t9). Then I (t) > 0 fort € [0,t]. If
this be not the case, there exists t; € [0, to] such that I (¢;) = 0, I' (1) < O0and I (t) >
0 fort € [0, 1) . Integration of the third equation of (1) leads to

R (t) = Ryoexp [~ (d3 + 72 +73) 1]

t
+’yl/ exp|[—(ds +y2+v3) (t —7)]I(r)dr >0 for ¢t € [0,].
0
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Then I' (t;) = 42R (t;) > 0. This is a contradiction. Hence R () > 0 for every ¢ €
[0, 0] . Therefore S" (t5) = b + v3R (to) > 0, but this leads to a contradiction to the
supposition that S (to) < 0, which completes the proof of (i).

For (ii) we note that N =b—dS—dol —dsR < b—d;N. By integrating the last
inequality we obtain

b
N(t) < o (1 —e ") forevery t € [0,T)
2b
< —.
-

The solution (S,I,R) is bounded in the interval [0,7). Therefore N (t) <
< O

d—bl (1 —e~*) forevery t € [0, 00). Finally limsupN (¢) chl'
t—o00

Remark Following the same method used to demonstrate Proposition 3.1, we see that
system (1) with the initial conditions Sy > 0, Iy > 0 and Ry > 0 has a nonnegative solution

defined in all R and the set Q2 — {(S,I,R)/s >0,1>0, R>0andS+I+R< d%}
is invariant by (1).

3.2 Permanence of the Epidemic

Lemma 3.1. Let (S, I, R) be the solution of system (1). If there exists a sequence (t,,) such
that tn, — 00, S (tn) = 1, I (t,) — 0 and R (t,) = 0, then | = F-.

Proof. Wehave 0 <[ < %. Suppose that 0 < [ < chl' Since S (t,) — I, I (t,) — 0and
R (t,) — 0, it follows that (1,0,0) € W (Sp, Io, Rg) which is the set of W — limit.
Consider (S,I,R), the solution of (1) with the initial condition (I,0,0). Therefore
(S(t),1(t),R(t)) € W (So, Iy, Ry) for every t because the set € W (Sy, Iy, Ry) is in-
variant by (1). It is easy to verify that S(¢) = % + (l - chl) e “land I (t) = R(t) =
Oforeveryt € R. Since 0 < < d—bl, contrary to the positivity of S in all R (Remark 2),
we have S(t) < 0 fort — —oo. O

Proposition 3.2. Let (S, I, R) be the solution of (1) such that g—f >do+71 — ﬁ.

Then I, > 0. If I is bounded below by the real positive number m, then R, > %

Proof. Suppose that I, = 0. We have in this case two possibilities: tlim I(t) =20
— 00
or 0 = liminf] (¢) < limsup/ (¢). When lim I (t) = 0, on account of the proof of
t—oo t—00 t—o0

Proposition 3.1 we have R (t) B 0 and S (t) 3 %. Then for e sufficiently small and
e} o0
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t sufficiently large S (¢t) > ,Tbl (1—¢) and

I' = BSI—(da+m)I+%R
b
> {5%(1_8)_(d2+%)]1+ﬁ’2R
b Y172 Y2 /
= 1Bl —e) = (et )| T+ I- R
{6071( )~ (& %)] dz + 72 + 73 dz +v2 + 73

Therefore for ¢ sufficiently large

!
Yo b Y172
I+———R| >|f—(1—-¢)—(d2 + + ——| L 4
(14 g2 ) > |9 =9 - (@) @

dy d3z +7v2 +73
Since g—f >dy 4+ 71 — %7 we can choose ¢ sufficiently small such that
b
B (1—¢) = (dp+m) + — 0

dy ds+v2+73

!/
Then for ¢ sufficiently large (I + mft) > 0. However, I + mR > 0 and

(I + ”72.130 — 0. This is a contradiction in this case. If 0 = liminfl (¢) <

3t+y2+73 t00 t—00

limsup (t), then there exists a sequence (), such that I (t,) — Oand I’ (t,)=0.
n— oo

t—o00

From the second equation of (1) veR (t,) = (d2 +v1) I (tn) — BS (¢n) I (t,) . Since
(S (tn)),, is bounded, it follows that R (t,) = 0 and litrginfR (t) =0 (R(t) > 0).

Therefore 1it]rr_1> gf [I (t) + z;722=; R (t)| = 0. Hence there exists a sequence, denoted
also (t,,),,, such that
Y2 ’ 72 ’
I(t,)+ —R(t,) — OandI'(t,)+ —"R (tn) =0.
(tn) ds+72+73 ) 2 (tn) ds+ 72 +73 (tn)

We have [ (t,) — Oand R(t,) — 0since (S (ty)),, is bounded. There exists, then,
n—oo n—oo
a subsequence, denoted also (t,,),,, such that (S (t,)),, is convergent and by using Lemma
1 we deduce that S (¢,) — d—bl. Applying the inequality (4) we get, for n sufficiently
n—oo

large,
72 /
0 = I'(ty)+—"——R(t
(tn) + e B ()
b Y172 }
> —(1—¢)—(ds + + —11I(t,) >0.
|:Bd1( g) = (da + 1) A (tn)

This is also a contradiction.
We now turn to prove the second result. If I is bounded below by m > 0, then R’ =
vl = (ds+v2 +73) R > y1m — (d3 + 72 + v3) R. Integrating the above inequality we
get
yim Y1im
Rt)> —————+ | Rp——— |exp|[— (ds + 72 +73) t].
()_d3+72+73 ( 0 d3+72+73> P~ (dat 12+ )]

The result follows when ¢ tends towards oo. ]



Qualitative Behaviour of a Model of an SIRS Epidemic 225

i Bb _ o niv2
Theorem 3.1. Let (S, I, R) be the solution of (1) such that o > d2+m d3+;2173.
Then litm infl (t) > Ae=(@+PA where \ and A satisfy
—00

b ( —(d1+8A) Y172
1= e @) 5 dy 4y = P24y 4y 435, 5
IEY: L RCR (5)
Proof. Since g—f >dy+ 71 — %, there exist A sufficiently small and A sufficiently

large such that (5) is satisfied. Firstly we claim that there exists ¢y > O such that I (tp) > A.
If this be not the case, I () < A for every ¢ > 0. Then

S ' =b—BSI —diS+v3R>b— (d + \3) S.

Integrating the above inequality we obtain for every ¢ > 0 that

) e*(ler)\ﬁ)t

b
S(t) > + (S0 —
0= G35 ( O A+ A8
Therefore forevery t > A S (t) > ﬁ (1 — e~ (a+ A} = G4 Combining the second

and third equations in (1) we see that for every ¢t > A

Y172
dz +v2 + 73

~ (ps® -4 W)I
(ﬁ (2+71)+d3—|—72—|—73

/
72
I+—R = ST — (do + I+
( AT ) B (d2 4+ 1)

where 12 = }I;EI (t) . By Proposition 3.1 we have I > 0. Since

Y1772
SA — (dy + +
P (d2 +7) d3+72+ 73
. we deduce that I(t) + 2= R (ttl: oo, which contradicts the fact that
(I + m}{) is bounded (Proposition 3.1). Hence there exists ¢ty > 0 such that

I(tg) > X and we cannot have I (t) < A for large ¢. Therefore we have two possi-
bilities: I (t) > A forlarge t or I oscillates about A\. We claim in the second case that
I(t) > de (DA If T oscillates about A such that I (t1) = I (tz) = Aand I (t) < X
fort € (t1,t2), we have I’ = BST — (da+v1) I + 2R > — (d2 + 1) I. Tt follows
by the integration of the previous inequality on [t1,ts] that T (t) > T (t;)e (2Tt >
Rie~(d2t7)(t2=t) If 5 —t; < A, then I (t) > e (H+PA for every t € [ty,to]. If
this be not the case, we have I (t) > Xe™(“*#A in [t;,¢; + h]. We claim that the above
inequality remains true in the interval [t + h, t5]. If this be not the case, there exist 7} and
T5 such that [Ty , T3] C [t + h, t2] and

I(Ty) = I(Ty) = e (@H+AA
I(t) < e (@+BA fort € (Ty,T3)
Il(Tl) <0<I/(T2).
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Using Proposition 2 we have

I'(Tv) = BS(T)I(Th)—(d2+7)I(T1)+7R(T1)
> [BS% = (da + )] A NFON 4y R(Th)
_ M TA
> [BSA — (g + )] Ne(BtAA L 72T
18 (d2+7)] da + 72 + 73
Since 0 < A = inf (t) < T(t) < e (h+BA fort € [Ty, Ty], it follows that
I'(Ty) > (BSA = (dy + +W>1A>o.
(1) 2 (855~ (a4 o)+ 202
This contradicts the fact that I’ (T} ) < 0. Therefore I () > e~ (“1+)A for ¢ sufficiently
large. This completes the proof of the Theorem. O

4 Deterministic Stability

4.1 The local stability of the disease-free point

Theorem 4.1. The disease-free point, (%, 0, 0), is locally asymptotically stable for (1) if
and only if g—f <dg+71— 7%1}31%.
Proof. Letu = (uq,uz,ug) = (S — d%, I, R). By (1) the t-derivative of w is
u, =—f (ul + %) up — diuy + y3us
UIQ =p (Ul + chl) ug — (do + 1) uz + Y2us (6)
uy = yrug — (ds + v2 + 73) us.

Linearising the system (6) at the point (0,0, 0) we obtain v = Mu, where

—d _%f V3
M = 0 %f = (d2 +71) V2
0 M —(d3+v2+3)
The matrix M has three eigenvalues,
A= —d;
Ao =% |2 —(da+m)—(ds+12+73) + VA
A =3 |G = (d2+m) = (ds +72+73) - VA

with

b 2
A= [5—(d2+71)—(d3+72+73) + 47172.
1

The disease-free point ( 2, 0,0 ) is locally asymptotically stable if and only if the real parts
p a4, y asymp y y p

Y172 O

. . .. . Bb
of the eigenvalues are negative. This is equivalent to o < do +7v1 — P
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4.2 The global stability of the disease-free point

Theorem 4.2. If S—f < ds+ 7 — dsl;ﬁ’ then the disease-free point, (d—bl,0,0), is

globally asymptotically stable.
In order to prove the above theorem we need the following results.

Lemma 4.1. ( [1]1]) Let D be a bounded interval in R and g : (tg,00) x R — R be
a bounded and uniformly continuous function. Furthermore let © : (tp,00) — R be a
solution of ' = g (t, x), which is defined on the whole interval (to, 00) . Then
(i) liminfg (t,7+) < 0 < limsupyg (¢, o) and

t—oo t—oo
(ii) liminfg (t,2>°) <0 < limsupg (¢, 2>°),

t—o0 t— 00

where £°° = lim supz (t) and xo = liminfx (¢).
t— 00 t—o0

Proof. From the second equation of (1) we have I’ (t) = g (¢, I (t)), where g (t,I) =
BS () I(t) — (da+71)I(t) + 2R (t). Using (i¢) of Lemma 2 we deduce that

0 < limsupg (¢, I°)

t—o00
or
0 <limsup [BS (t) I — (d2 +71) I + 2R (t)]

t—o00
and hence

Applying Lemma 2 to (1) we get

B!
R < ———J=. 7
T dst 2t @)
Therefore 0 < 55T — (dg 4+ v1) I + %I 0. Use of the previous inequality
and the fact that S < N*° < chl lead to

Bb Y172
0< |22~ (dy+m)+-—102 | e,
T ldy (d2+m) ds +v2+73
+v2+73

obtain R = 0 = lim R (¢). It remains to show that lim S (¢) = di. To do this it is
t—00 t—o0 1

enough to see that S, > %. Applying (i) of Lemma 2 to the equation of (1) we obtain
(b—BSocl —d1Sec +73R) . < 0. Then b — BSoI™ — d1So + 13Rs < 0. Since
I = R, = 0, it follows that b — d1 S, < 0. O]

However, Z—f —(d2+m) + 7255, < 0. Hence I =0 = flim I (t) and by (7) we
L— 00
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4.3 The stability of the endemic point

Theorem 4.3. If % > do+v1— %, then the endemic point is locally asymptotically

stable. Moreover there exists an explicit attractive region A for the solution of (1), that is,
Sor any initial condition (Sy, I, Ro) such that (So — S*,Ip — I*, Ry — R*) € A we have

lim (S(t) — S*) = lim (I(¢t) — I*) = lim (R(t) — R*) = 0.

t—o0 t—o0 t—o0

Proof. Let vy =85 —S* ,vo=1—-1I",v3=R— R*andv = (v1,v2,v3). By (1) the
t-derivatives of vq, v and v3 are

v] = —(di + BI*) v1 — Bviva — S 2 + Y303
vy = — (da + 71 — BS*) va + Buive + BI* v1 + Y203 (8)
vg = 71v2 — (d3 4+ 72 + 73) V3.

Consider the functional

1
i (v) = 5 w102 + wavs + w3vi + wy (v1 + vo + v3)2

The first derivative of V; along the trajectory of a solution of (8) is

Vi = —[Bwivs+ (di+ BI")wy + dywy] v

— [dowy + (do + 71 — BS™) wa — Bwavy] v3
— [(d3 + 72 + 73) w3 + dzwa] v}

— [BS™ w1 + (di + da) wy — BI™ wa] v1va
=

ll

(d1 4 d3) wy — y3w1] vivs

(da + ds) wa — yows — y1ws] vavs. 4.9
Choose w1y, wsy and wy such that 5™ w1y + (dy + do)wy — fI*wy = 0 and (dy + ds)wy —
3wy = 0. Then wy = kwy, where k = —+ (dl,y%d?’BS* +di + dg) . The relation in (9)

BI*
can be expressed in terms of the previous variables as

Vi=— (B wive + (di + BI™ ) wi + diwy) U% — [dowy — Pwavy] U% + P (vg,v3),
where
P (vg,v3) = — (d2 +v1 — BS*)wavs — [(d2 + d3) wy — Yows — y1w3] v2v3

— [(ds + 72 +73) w3 + dzwa] V3.
P(vq,v3) is negative if the discriminant

§ = [(do + d3) wy — yows — yrws)® — 4(dz+y — BS*) wy
X [(d3 + v2 + 73) w3 + dzwy]
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. . . _ /G — M2 i
is negative. Since ds + 1 — 8S Tt e obviously have

6 <0 ifandonlyif [(dy+ ds)ws —yows —yiws]® < 4 (dy + 1 — BS*)
Xws [(dz +v2 + 73) w3 + dzwy]
if and only if {71%3 — (do +d3 — 72]?)} i <4k
x [Wﬂz%ﬁ +ds (d2 + 71 — 55*)}
if and only if Q (—d) <0

waq

2

w w. w.

Q=) =1 (3) — 271 (do +ds +72k) = 4+ (ds+d3 —2k)’
Wy W4
—dkds (dy + 71 — BS*).

The discriminant of @ (’w“—Z) is

&' = 47 (da+ds +12k)* =77 (do + d3 — 12k)” + drTkds (do + 71 — BS¥)
493k [y2 (d2 + d3) + d3 (d2 +y1 — BS™)].

Let w and w’ be the roots of ) (%i) such that w’ < w and w > 0. We choose w3 and wy
such that max (0, w’) < 22 < w. In this case, § < 0, we have also P (va,v3) < 0. Set

__ dowy __ doy _
N = Buw, T Bk A2 T B w:

If

(Bl Juntdiws _ g, 4 gre 4 5(511:813) and @ = min (a1, ag).

vy < aand vy > —a, then V4 < 0. (10)

Let |v| = max (|v1], |vs|,|vs]), # = min V; (v) and

|[v]=a
A= {veR¥|v] <a,Vi(v) <0}. We claim that, if v(0) € A, then |v(t)] <
a for every ¢. If this be not the case, there exists 7 > 0 such that |v (7)| = « and

|v(t)] < aforeveryt € [0,7). (11)

Then the definition of # implies that V; (v (7)) > 6 since |v(7)] = «. Now com-
bining (10) with (11) we obtain %Vl(v(t)) < 0. Then Vi (v (t)) is decreasing and
Vi(v(t)) < Vi(v(0)) forallt € [0,7), but V; (v (t)) is continuous and therefore
Vi(v(r)) < Vi(v(0)). Hence V; (v(0)) > 6 since v (0) € A. This is a contradic-
tion. Finally, if v (0) € A, we have V; < 0. Therefore V; is a Lyapunov functional and this
completes the proof of the Theorem. O

S Stochastic Stability

In this Section we discuss the stochastic stability of the following model

dX = f(X)dt + g(X)dB, (12)
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where ¢ = (91,92,93), 9i ,4 = 1,2,3, are locally Lipchitz functions, B is three-

dimensional brownian motion (see [4] or the references given therein) and

b—pBSI—diS+ R
f(X)=| BSI—(d2+m)I+ 7R
Y1l — (ds +v2 +73)
We denote by L the differential operator associated with (12), defined for a nonnegative
function, V (t,z) € C12 (R x R™), by
ov av 1 [gT o*v }

_ 2 T Y -
WV =ar+t gy t31m|9 5z

T 2 2
where % — (8V oV 3V) and o'V _ ( o°V )“7 Z,] =1,2,3, “7” and “Tr”
¥

dx1’ Oz’ Ox3 Ox2 Ox;0x;
mean, respectively, transposition and trace.
With the reference to the book by Afnas’ev et al [1] the following auxiliary results hold.

Theorem 5.1. Suppose that there exist a nonnegative function V (t, z) € C1?(R,R") and
two real positive continuous functions, a and b, and constant K > 0 such that, for |z| < K,
a(lz]) <V (t,z) <b(lz)).

(i) If LV <0, |z| € ]0, K|, then the trivial solution of (12) is stable in probability.
(ii) If there exists a continuous function \ : Ri — R?P positive on R, such that
LV < =X(lz]),
then the trivial solution of (12) is asymptotically stable.
The best general reference to stability and related results can be found in [6] and [7].

Proposition 5.1. Let g be a locally Lipchitz function such that supp g C ). Then the set
Q is stable by (12) .
Proof. Let u (0) € Q. Suppose by contradiction that there exists %o such that u (to) ¢ 2,

then there exists 7o such that u (t) ¢  for every ¢ € 79, o] . Since suppg C £2, it follows
that du = f (u) dt for every t € [79, o] . This is a contradiction to the invariance of 2 by
(1). O

5.1 Stability of the disease-free point

Theorem 5.2. Let g—f <dsg+— % For any locally Lipchitz function g such that

supp g C Q and
b\? 1
g1 (S,I,R) < oy (S - d> , where 501 < dy, (13)
1

b

the disease-free point ( 70 0) is globally asymptotically stable.
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Proof. Letu; =S — d—bl, us = I and uz = R. Consider the functional,

Vo (u) = §m1uf + maoug + maus,u = (ur,uz,uz) € R x RY x R},

where the constants m;, mg and mg are to be chosen in the course of the proof.

oV,

b
fT. = muup |[—B|ur +— |us —diur + ysus
ou dy

b
+mo [5 <U1 + dl) ug — (dg + 1) ug + W2U3]

+m3 [yius — (d3z + v2 + 73) us]

= —dlmluf — [(d2 + 71) ma — y1ms] ug

b
- [(ds + v+ 73) ms3 — 727712] us — fmy <u1 + d1> U1 U

b
+Bma (ul + d) U + Y3miUL U3
1

2 2
= —dimiuy — Bmiujy ug — 8 (dml - mz) Uy U2 + Y3M1UL U
1

b
- [(dz +v7 - 5d1> ma — ’Ylm3:| (%]

— [(dg + Y2 + "}/3) ms — ’}/ng] us.
‘We choose m such that %ml — mg = 0. We obtain

oVy

b
fT== = —dimui — Bmyuius — || da+71 — B+ | ma — yrws | uz
ou dy

d
— [(d3 + v2 + v3) m3 — yama] uz + B Lmauy us.
b

SinceS+I+R§% in 2, we have u; <0, O<u2§d—bland0<u3§d—bl.Hence

T
f '5'u - d1

—[(d3 + 2 +v3) m3 — yama] uz.

V- b
=2 < —dymiui — [(dz +71 = 3) my — 71m3} U

We choose mo and mg3 such that

<d2+71 —@Tbl) mz —yms >0 and - (dz + 72 +73) M3 —yama > 0

which are equivalent to mmg < ymsg < (d2 +v =0 %) . Hence the choice
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of wy and myg is possible since ﬁ <ds+vy — 6%. Using (13) we have

Vo | o OVe 1. [Ta% ]

v, = 22 . .
2 P A i S A neat
oV, 1
= St
< —dimuy — [(d2 +m _'Bd >m2 _’Vlm3:| Uz

1
— [(d3 + v2 4 v3) m3 — yama] uz + 201m1u1

b b
< d1—*01 myui — dy +m1 — B | ma — yims | uj
dy dy
b
4 [(ds + 72 + 73) M3 — yama] uj
By Theorem 5 the proof is complete. O

5.2 Stability of the endemic point

In this Section we use the notation of Theorems 4 and 6 and their proofs.

Lemma 5.1. Leta € R* ,b,c € R and set A = b* — 4ac. Forall z € R

—-A
ar? +br+c < —.
4a

Theorem 5.3. If g—f > dy + 1 — g2, for any locally Lipchitz function g such

that g2 (S,I,R) < M\ (S—S%)% ¢2(S,I,R) < X (I—1I*)* and ¢2(S,I,R) <
—w,Q(2s

A3 (R—R*)g, where $A1 < di, o < % and N < st JOT

any & such that max (0, w') < %’; < w, then the endemic point is asymptotically stable.
Proof. We have

vy 1 1 1
LV, = 8t1+ (w1+w4)g%+§(w2+w4)g§+§

= - [ﬁ w1V + (d1 + ﬁI* ) w1y + d11U4] ’U% — [d2w4 — ngvl] ’U%

(w3 + wy) g§

1
(w2 + w4) g5 += (w3 + wa) g3.

1 1
+P (UQ,U:J,) —0—5 (w1 +w4) g%—F* 5

2
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Using the estimations satisfied by the functions g;, g2 and g3 we obtain

LV1 S — [,B w1V + (dl + 51* ) w1 + dl’LU4] U% — [d2w4 — 511}21)1] Ug

1 1
+P (vg,v3) +§)\1 (w1 + wy) ’uf+§)\2 (we + wy) v%

1
+§)\3 (ws + wy) vg
1 " 1 9
= — |Bwivy + d1—§>\1+ﬂl w1 + dl_i/\l wy | V]
1
— |:d2’w4 — 5/\2 (w2 =+ w4) — Bw2U1:| U% + P (’UQ,’Ug)

1
+§/\3 (w3 + w4) ’Ug.

Applying Lemma 3 to the polynomial P (vs,vs) like the function of vy we give, namely
wa()

P (v2,v3) < grrasr— 35+ a Twny 3 it follows that

[ 1 1
Lv, < - 5w1v2+(dl—2)\1+BI*>w1+(d1—2)\1)w4}v%

[ 1
_ dQ’U}4 — 5)\2 (U}Q + U)4) — Bw2’01:| ’Ug

wi@ (3) p
k(do+~v1 — BS*) (w3 +wy) | >

1
+ 5)\3 (w3 +wyq) + 1

The conditions satisfied by A\; and ), lead to

ky = (dl —%)\1 +BI*)w1—|— (dl — %/\1)11)4 >0
By
and
ky — dywy — F A (wy + wy) S
Bws

Let k < min (k1,k2) . If |[v] = max (Jv1], |v2], |us]) < k, we have

1 1
Bwivy  + (dl - §>\1 + 5I*> w1 + <d1 - 2)\1) Wy

1 1
> —fpwik+ <d1 — 5/\1 +ﬁl*> wy + <d1 — 2/\1) wy >0

and dowy — %)\2 (we + wyq) — Pwavy > dowy — %)\2 (we + wyq) — Pwek > 0. It follows
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1 1
—Bwik + <d1 - 5)\1 +51*> wy + (d1 - 2)\1> w;;} v3
1 2
dowys — 5)\2 (we + wy) — Pwak | v3

wi (32) g
k(dy+~1 — BS*) (ws +wy) | >

1
5)\3 (wg 4+ wy) + 1

The condition satisfied by A3 implies that

1
5)\3 (w,?, + w4) + 4

o &,

< 0.
k (dz + 71— ﬁS*) (’LU3 —+ w4)

Finally, when we apply Theorem 5, Theorem 7 follows. O

6 Numerical Examples

Density of removals

09

08
07 ‘,\\n\es
o5t

Deﬂs‘w o

Figure 6.1: The stochastic model and its deterministic model (black). (a) the density of the three

classes of individuals (S: blue, I: red,R: green) versus time, (b) the dynamic behaviour of
(S(t),I(t), R(t))(red ). Here b = 0.5, 8 = 0.7, d1 = 0.9, d2 = 0.7, d3 = 0.5, A =0.2, A =
0.1, A = 0.6 and we have Ry = 0.5 and E = (0.55,0,0). (For interpretation of the references to
colour in the legend of this figure the reader is referred to the electronic version of this article.)
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Figure 6.2: The stochastic model and its deterministic model (black). (a) the density of the
three classes of individuals (S: blue,/: red,R: green ) versus time, (b) the dynamic behavior of
(S(t),I(t), R(t)) (red). Here b = 0.5, 8 = 0.7, d1 = 0.1, d2 =04, ds =0.2, A =0.6, X\ =
0.5, A = 0.5 and we have Ry = 4.6 and E = (1.07,0.78,0.39). (For interpretation of the ref-
erences to colour in the legend of this figure the reader is referred to the electronic version of this
article.)

In this Section as an example of random perturbation we adopt the idea of Mukherje

in [9]. We allow the random perturbations of the variables (.S, I, R) around the disease-
Bb

free point Ey = (b/d;,0,0) if the constant Ry = W < 1 and otherwise
dz+v2+73

around the endemic positive equilibrium point E* = (S*, I*, R*) in the case when it is
asymptotically stable. We assume that the random perturbations are a type of white noise
proportional to the distance of S, I and R from values of the equilibria. So the system (12)

becomes
dS = b - BSI - dlS + ’}/3R + al(S - El)thl

dI = BST — (d2 + y1) I + y2R + 02(I — E3)dW} (12)
dR =v11 — (d3 + 72 + v3) R+ 03(R — E3)dW},

where (E1, Eo, E3) is equal to Eg or E*, 0;, i = 1,2, 3, are real positives constants, W,
W2 and W3 are standard Wiener processes independent from each other (Stroock and
Varadham [10]).

In the following we present some numerical simulations of two examples which validate the
theoretical results obtained in this paper. For simplicity we choose the initial conditions:
So =1, I = 0.01 and 0; = 0.04, 0o = 0.01, 03 = 0.1 are supposed to satisfy the
conditions of Theorem 6 and Theorem 7. The values of the other parameters are explained
in each example.

It can be seen from Figure 6(a) and Figure 6(b) that, when Ry < 1, it increases away from
the disease-free point. In this case the endemic equilibrium E* is asymptotically stable.
We can also see that the trajectory of the stochastic process remains close to the trajectory

of its deterministic analogue during a finite time interval. We should note that the path of
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stochastic process eventually leaves the trajectory and is absorbed in the equilibrium point
(Figure 1(b) and Figure 2(b)).

7 Conclusion

The dynamic behaviour of deterministic as well as the stochastic model for the spread
of an SIRS epidemic are presented in this paper. We established the same properties of
stability. The numerical results also indicate that there exist positive-stable disease-free and
endemic equilibria. Moreover for future research it should be feasible to use the stochastic
differential equation, (12), with a general diffusion term g and to find a suitable Lyapunov
functional for unconditional stability of the positive equilibrium of the model, (1), of the
SIRS epidemic. Another possible direction for future research is to consider how control
strategies may be devised. Finally, taking into account the available statistical data, we can
use the stochastic diffusion inference to estimate the parameters of the model.
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