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Abstract: In this paper, we used the Optimal Homotopy Asymptotic Method (OHAM) td fire approximate solution of seventh
order linear and nonlinear boundary value problems. The approxiseéiion using OHAM is compared with Variational Iteration
Method (VIM) and exact solutions, an excellent agreement has besmaed. The approximate solution of the equations is obtained in
terms of convergent series. Low absolute error indicates that OHAKestiwe for solving high order linear and nonlinear boundary
value problems.
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1 Introduction Nicoles [LO]. Islam et al. [L1] studied third grade fluid
model, Idrees et al.1f], Haq et al. 2], and Mabood et
Consider the seventh-order boundary value problem.  al. [14] provided the approximate solution of eight, sixth
and fifth-order boundary value problems via OHAM.
u? = f(t,ut)), a<t<b
u(i) =A u(i) = Bj (A) . L.
20123 =012 2 Basic Principles of OHAM

Several numerical and semi-analytical methods haveThe basic principles of OHAM as expounded by Marinca

: : and Nicolae 10]. Consider the following differential
been developed for solving high order boundary valuee uation and boundary condition:
problems. For instance, Caglar et dl} &s well as Siddiqi q y '
and Ghazalad] and Jalil et al. 8] have applied spline dv
functions, the finite difference method by Khadi,[the L((v(x)) +9(x) +N(v(x)) =0, B (\4 dx) =0 (1)
Adomian Decomposition Method was used by Wazwaz
[5], Aslam and Tauseef6] considered an lteration whereL, N are linear and nonlinear operatorsdenote
Method based on decomposition procedure for theindependent variable(x) is an unknown functiong(x) is
solution of fifth order boundary value problem while a known function andB is a boundary operator. An

Shaowei J] used Homotopy Perturbation Method. equation known as a deformation equation is constructed:
Siddigi et al. B] utilized Variational Iteration Method
(VIM) for approximate solution of seventh-order (1= @L(@(Xa)+9(x)]=H(@)[L(o(xa)+

boundary value problem. In this paper, the Optimal 9(x) +N(o(x,9))] 2
Homotopy Asymptotic Method is used to investigate av
seventh-order boundary value problem. In recent years, a B <V, dx) =0

lot of attention has been devoted to the study of Optimal
Homotopy Asymptotic Method to investigate various where 0< g < 1 is an embedding parametéd,(q) is
scientific models Marinca et al9] and Marinca and auxiliary function such thaH(q) # 0 for g # 0 and
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H(0) =0, ¢(x,q) is an unknown function. Fay=0 and the auxiliary constant€;,C,.... In case of convergence
g = 1 obviously, (x,0) = vp(X) and @(x,1) = v(X) atqg=1, one has
respectively. Hence, ag increases from 0 to 1 the

m
solution @(x,q) varies from the initial approximation V(x,Cy,...,Cn) = Vo(X)+ Zvi(x,cl,...,cm) (10)
Vo(X) to the solutionv(x), wherevp(x) is obtained from i=
Eq. (2) forq=0. Substituting Eq. (10) into Eq. (1), the general problem
dvo results in the following residual:
L((vo(9) +9(x)=0, B (VO’ ax ) = @) RxCL,Ca,....Cm) = LF(X,C1,C, ... ,.Cin)) +9(X)

+N(¥(x,C1,C,...,.Cm) (1)

If R= 0, thenvV'will be the exact solution. For nonlinear
K problems, generally this will not be the case. For
- kzlq Cx ) determiningCi(i = 1,2,...,m), a andb are chosen such
a that the optimum values fo€; are obtained, using the
whereG;, i € N are constants which are to be determined. method of least squares:
For solution, ¢(x,q,Ci) is expanded in Taylor's series

We choose the auxiliary functidd (qg) of the form:

. b
aboutq and given: J(C1,Cy,...,Cn) = / R%(x,C1,Cp,...,Cn)dx  (12)
Ja
@(%,0,G) =Vo(x) + ¥ W(x,C)d, =123~ (5)  whereR=L(%)+g(x)+N(V) is the residual and,
K=1
Substituting Egs. (4) and (5) into Eq. (2), and equating the ﬂ — ﬂ N ﬂ -0 (13)
coefficients of the like powers afequal to zero, gives the 0C  9C 0Cnm

linear equations as described below:

The zeroth order problem is given by Eg. (3), and the first
and second order problems are given by the Egs. (6) an
(7) respectively:

With these constants, one can get the approximate solution
81‘ order m.

L(vi(x)) =CiNo(vo(X)), B <V1, ng) -0 (6) 3 Examples

Here we present linear and nonlinear examples.

( ( X)) — L(v1(x)) = C2No(vo(X))
“—(Vl(x)) + Nl(VO(X)avl(X))} (7) 31 Exarnp|e 1
dv, Consider the seventh-order linear boundary value problem
B Vo,— | = 0 g
dx [8]. 4y
The general governing equation fau(x) is given by: P 7¢" (14)
L(vk(x)) — L(w-1(x)) = CkNo(vo(X)) with boundary conditions:
u(0) =1, UM (0) =0, U (0) = -1, U (0) = -2,
- ZC' (Vi () + Nii (Vo ), u(1) =0, u(1) = —e u(1) = ~2e
The analytic solution of Eq. (14) is(X) = €/(1—X)
vi(X),...,k-1(X)))] (8)  Applying the proposed method (OHAM) on Eq. (14), we
obtain
Zeroth order problem:
a(w8) <0 kor2
X u(x) =0 (15)

whereNm(vo(x), v1(X),V2(X), ..., Vm(X)) is the coefficient of

g™ in the expansion oR(¢(x,q,Ci)) about the embeding Wit bounda(trg/ conditions

parameteq. up(0) =1, u?)( 0)=0, Uo ( )__1 ué)(O):—z,
(2)
oaa) = tottory) Dty @)= e w0 =

+ z Nm(Vo, V1, V2, ..., Vim)g" 9) L
m Uo(X) = (63— 2~ 66¢ + 24e + 114¢

It has been observed by previous researchers that the
convergence of the series (5) is greatly dependent upon —42ex° — 49 + 18x°) (16)
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Table 1: Comparison of solutions using OHAM, VIMB[. and

First order problem: :
exact solution

(M _ (7) U OHAM Exact Ab. Error Ab. Error
U (x,C1) = 7€“C1 — Ciug + Uy, ' +Cqu 17 X
1 (%C) 17T T () Solution | Solution | (VIM) (OHAM)
with boundary conditions: 0.0 1 1 0 0
u(0) =0, ul”(0) =0, u?(0) =0, uP(0) =0, 0.1 | 0.99465 | 0.99465 | 122 10°1% | 7.7 10°1¢
PG D ¢ D 0.2 | 0.97712| 0.97712| 4.44x 10716 | 3.33x 10"
:Jé(iz)lat%nuils ()=0,u7(1)=0 0.3 | 0.94490| 0.94490 | 9.99x 10716 | 1.11x 10716
0.4 | 0.89509 | 0.89509 | 4.55x 107 1% | 1.11x 10715
0.5 | 0.82436| 0.82436 | 7.32x 1015 | 555%x 1016
1 0.6 | 0.72884| 0.72884 | 1.02x 1014 | 2.22x 10716
Us(x,C1) = Seaama704 ~ 1816214400 1816214408 0.7 | 0.60412| 0.60412| 1.22x 10714 | 321x 10715
—14 14
_ 1816214408— 9081072082 — 3027024083 0.8 | 0.44510| 0.44510| 1.50x 10 - 2.24x 1oi14
0.9 | 0.24595| 0.24595| 1.06x 104 | 1.97x 10
+ 51762149498 — 19070248876¢* 1.0 0 0 0 0
— 79005450468 + 29059424736¢
+ 32086589268 — 1180538996x° o
—51480¢ + 715 + 1430+ 1716¢* T -
— 624ex — 1235(' + 45582 osf Ny
13 13 RN
+ 245¢"3 — 90ex'?)Cy (18) ol
Second order problem: b omAM  mee \\
Exact _ \\
7) _ () oz N\
u, (X,CLCZ) = 7eXC2—C2Uo—C1U1+C2UO \
\
(7) (7) \
+ul” +cuuf (19)

0.2 0.4 0.6 0.8 1.0
with boundary conditions:
_ Dy — @)y — B o) —
UZ(O) - 01 U2 (0) - Oa u2 (0) - Oa u2 (0) - Oa
W(1) =0, i’ (1) =0, u (1) =0
Its solution is a long expression, here few terms are:

Fig. 1. Comparison of the approximate solution using OHAM
with exact

uz2(x,C1,Cp) = ! d7
2899208226410496000 au_ X2 (22)
(—20294457584873472009 + ... dx’
—10056638592083C,) (20) with boundary conditions:

u(0) = u(0) = u@(0) = ud(0) =1
Using Eas. (16)3 (18) and (20), the second orderu(l) = uW(1)=u@)=e
approximate solution by OHAM fog = 1 is The analytic solution of Eq. (22) ig(x) = €

Applying the proposed method (OHAM) on Eq. (22), we
have

We used least squares method to obtain the unknowr%ero'[h order problem:

convergent constants i Substituting the values di,, ™

C, and after simplification of Eq. (21), we obtain the Uy (x)=0
second order approximate solution via OHAM. In table 1

and figure 1, we compare the approximate solutionwith boundary conditions:

obtained by OHAM with VIM and exact solutions. up(0) = ugl)(O) = ugz>(0) = ug3>(0) =1,

uo(1) = U’ (1) = uP (1) =e
Its solution is

)

G(X, Cl,Cz) = UO(X) + U1(X7 Cj_) + Uz(X, Cl,Cz) (21)

(23)

3.2 Example 2

Consider the seventh-order nonlinear boundary valuqJ(J(X) - }(6+ 6X+ 32 +x3 — 171x¢* + 63 + 261X°
problem BJ.: 6

—96ex — 106 + 3%8) (24)
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u(x)

First order problem:

U (xC) = —eCug+uy” +Casy” (25)
with boundary conditions:
1(0) = U (0) = U (0) = u(0) =0,
Ul(l) — Ug_l)(l) _ ug. )(1) -0

2.0

Its solution is a long expression,here few terms are: 1.5:—
Ul(X, Cl) = ?6e—l—x 0z 04 06 08 0"
(75452062580398764 + .... Fig. 22 Comparison of the approximate solution using OHAM

ith t
—8268x1%C, + 152163%12C,) 6) M exac

Using Egs. (24) and (26), the first order approximate
solution via OHAM forq=1is Acknowledgement

G(x,C1) = uo(X) + uz(x,Cq) 27)

The authors are grateful to the anonymous referee for a
careful checking of the details and for helpful comments

We used least squares method to obtain the “nk”OW'ihatimproved this paper.

convergent constant im Substituting the value aZ; and
after simplification of Eq. (27), we get the first order
approximate solution via OHAM. In table 2 and figure 2,
we compare the approximate solution obtained via
OHAM with VIM and exact solutions.
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