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Abstract: In this article, we introduce the notion of statistically pre-Cauchy double sequence of fuzzy numbers. Then we present a
characterization of the class of bounded statistically pre-Cauchy double sequences of fuzzy numbers with the help of Orlicz function.
Further, we present a characterization of the class of bounded statistically convergent double sequences of fuzzy numbers and linked
with Cesàro summability.
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1. Introduction
Fuzzy set theory, compared to other mathematical
theories, is perhaps the most easily adaptable theory to
practice. The main reason is that a fuzzy set has the
property of relativity, variability, and inexactness in the
definition of its elements. Instead of defining an entity in
calculus by assuming that its role is exactly known, we
can use fuzzy sets to define the same entity by allowing
possible deviations and inexactness in its role. This
representation suits well the uncertainties encountered in
practical life, which make fuzzy sets a valuable
mathematical tool. The concepts of fuzzy sets and fuzzy
set operations were first introduced by Zadeh [28] and
subsequently several authors have discussed various
aspects of the theory and applications of fuzzy sets such
as fuzzy topological spaces, similarity relations and fuzzy
orderings, fuzzy measures of fuzzy events, fuzzy
mathematical programming. Matloka [20] introduced
bounded and convergent sequences of fuzzy numbers and
studied their some properties. Later on sequences of fuzzy
numbers have been discussed by Diamond and Kloeden
[11], Dutta [8, 9] and many others.
A fuzzy number is a fuzzy set on the real axis, i.e., a
mapping u : R → [0, 1]which satisfies the following four
conditions:
(i) u is normal, i.e., there exist an x0 ∈ R such that
u (x0 ) = 1.
∗ Corresponding

(ii) u is fuzzy convex,
i.e. u [λ x + (1 − λ ) y] ≥ min {u (x) , u (y)} for all x, y ∈
R and for all λ ∈ [0, 1].
(iii) u is upper semi-continuous.
(iv) The set [u]0 = {x ∈ R : u (x) > 0} is compact,
where {x ∈ R : u (x) > 0} denotes the closure of the set
{x ∈ R : u (x) > 0} in the usual topology of R.
We denote the set of all fuzzy numbers on R by E1 and
called it as the space of fuzzy numbers. λ -level set [u]λ of
u ∈ E 1 is defined by

{t ∈ R : u (t) ≥ λ } , (0 < λ ≤ 1) ,
[u]λ =
{t ∈ R : u (t) > λ }, (λ = 0) .
The set [u]λ is a closed, bounded and non-empty interval
for each λ ∈ [0, 1] which is defined by
[u]λ =[u− (λ ) , u+ (λ )]. R can be embedded in E1 , since
each r ∈ R can be regarded as a fuzzy number

1, t = r,
r̄ (t) =
0, t 6= r.
Let W be the set of all closed bounded intervals A of
real numbers such that A = [A1 , A2 ]. Define the relation d
on W as follows:
d (A, B) = max {|A1 − B1 | , |A2 − B2 |} .
It is well known that (W, d) is a complete metric space
(See Diamond and Kloeden [10]).
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A fuzzy double sequence is a double infinite array of
fuzzy real numbers. We denote a fuzzy double sequence by
(amn ), where amn are fuzzy real numbers for each m, n ∈ N.
The initial works on double sequences of real or complex
terms is found in Bromwich [2]. Hardy [14] introduced
the notion of regular convergence for double sequences of
real or complex terms. The works on double sequence was
further investigated by Basarir and Solancan [3], Moricz
[22], Tripathy [27] and many others.
Let ak1 k2 ∈ 2 wF , set of all double sequences of
fuzzy numbers. Then the expression ∑k1 ∑k1 ak1 k2 is called

a series corresponding to the double sequence ak1 k2 of
n
fuzzy number. Denote Smn = ∑m
k1 =1 ∑k2 =1 ak1 k2 for
allm, n ∈ N. If the sequence (Smn )converges to a fuzzy
number u, then we say that the series ∑k1 ∑k1 ak1 k2
converges to u and write ∑k1 ∑k1 ak1 k2 = u.
Statistically convergence is a generalization of the
usual notation of convergence that parallels the usual
theory of convergence. The concept of statistical
convergence was first introduced by Fast [12] and also
independently by Buck [4] and Schoenberg [26] for real
and complex sequences. Further this concept was studied
by Salat [25], Fridy [13], Cannor [5, 6] and many others.
Connor, Fridy and Kline [7] studied the notion of
statistically pre-Cauchy sequence of scalars in
comparison with statistically convergent sequence.
A double sequence of fuzzy number (xkl ) is called
statistically convergent to L if
lim

m,n→∞

1
{( j, k) : d(x jk , L) ≥ ε , j ≤ m, k ≤ n} = 0.
mn

where the vertical bars indicate the number of elements in
the set.
A double sequence of fuzzy number(x jk ) is called
statistically pre-Cauchy if for every ε > 0 there exist
p = p(ε ) and q(ε ) such that

It is obvious that, if x = (x
jk ) is bounded, then for an
Orlicz function M, M d x jk , 0̄ is bounded for each j and
k.
The Cesàro means (also called Cesàro averages) of a
sequence (an ) are the terms of the sequence (cn ), where
cn = 1n ∑ni=1 ai is the arithmetic mean of the first n
elements of (an ). This concept is named after Ernesto
Cesàro. It is known that, if (an ) converges to l than (cn )
also converges to the same limit l(Hardy [15]). This
means that the operation of taking Cesàro means
preserves convergent sequences and their limits. This is
the basis for taking Cesàro means as a summability
method in the theory of divergent series. If the sequence
of the Cesàro means is convergent, the series is said to be
Cesàro summable. There are certainly many examples for
which the sequence of Cesàro means converges, but the
original sequence does not. For example, the sequence
(an ) = (−1)n which is Cesàro sum- mable to 0. Cesàro
means are often used in applied mathematics and in
particular to Fourier series (Katznelson [16]). For details
about Cesàro summable spaces of scalar sequences, one
may refer to Maddox [19]. For some recent works on
statistical convergence as summability method and its
applications, one may refer to Alotaibi and Mursaleen [1]
and Mohiuddin and Aiyub [23]. The investigation of this
paper will further encourage to study statistical
convergence via summability techniques and applications
in fuzzy setting.
Throughout the paper, 2 wF denote the set of all
double
sequences
of
fuzzy
numbers
and
x = (x jk ) ∈2 wF be an element.
By 2 wFSC , we denote the space of strongly Cesàro
sum- mable double sequences of fuzzy numbers, where
FSC
2w


1
= {x = x jk ∈2 wF : lim
m,n mn

1
{( j, k) : d(x jk , x pq ) ≥ ε , j ≤ m, k ≤ n} = 0.
lim
m,n→∞ m2 n2
A double sequence of fuzzy number(x jk ) is said to be
bounded if sup d x jk , 0̄ < ∞ and we denote the class of
jk

such sequences by 2 ℓF .
An Orlicz Function is a function M : [0, ∞) → [0, ∞)
which is continuous, non decreasing and convex with
M(0) = 0, M(x) > 0 for x > 0and M(x) → ∞ as x → ∞.
Lindesstrauss and Tzafriri [18] used the idea of Orlicz
sequence space and introduced the sequence space ℓM as
follows:
 
|xk |
< ∞,
ℓM = {x = (xk ) ∈ w : ∑∞
k=1 M
ρ
for some ρ > 0}.
For double sequence of fuzzy numbers, we can define
Orlicz space as


d (xk j ,0̄)
∞
F = {x = (x ) ∈ wF : ∞
M
ℓ
< ∞,
∑
∑
2 M
2
jk
k=1 j=1
ρ
for some ρ > 0}.
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m

n

∑ ∑ d(x jk , L) = 0,

j=1 k=1

for some L}.

2. Main Results
In this section, we the help of Orlicz function we present
a characterization of the class of bounded statistically
pre-Cauchy double sequences of fuzzy numbers. Then we
present a characterization of the class of bounded
statistically convergent double sequences of fuzzy
numbers. Further, we link Cesro summability with
statistical convergence.
Proposition 2.1. Let x ∈2 wF ∩2 ℓF and U be an Orlicz
function. Then the following statement holds:
“x is statistically pre-Cauchy
if and only if

d(x jk ,x pq )
1
= 0 for some ρ > 0”.
lim m2 n2 ∑ j,p≤m ∑k,q≤n U
ρ
m,n


d(x jk ,x pq )
=0
Proof. Suppose lim m21n2 ∑ j,p≤m ∑k,q≤n U
ρ
for some ρ > 0.

m,n
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For each ε > 0, ρ > 0 and m, n ∈ N, we have


d(x jk , x pq )
1
∑ ∑U
m2 n2 j,p≤m
ρ
k,q≤n
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Lemma 2.1. Let x ∈2 wF ∩2 ℓF and U be an Orlicz
function. Then we have
1 m n
lim 2 2 ∑ ∑ d(x jk , x pq ) = 0
m,n m n
j=1 k=1
if and only if

1
= 2 2
m n
+

1
m2 n2
1
m2 n2

≥
≥ U(ε )



∑

∑

U

j,p≤m,d(x jk ,x pq )<ε k,q≤n

∑

∑



U



d(x jk , x pq )
ρ



U



d(x jk , x pq )
ρ



j,p≤m,d(x jk ,x pq )≥ε k,q≤n

∑

d(x jk , x pq )
ρ



∑

j,p≤m,d(x jk ,x pq )≥ε k,q≤n

1
lim 2 2
m,n m n

+

1
m2 n2
1
2
m n2

∑

U

∑

∑

U

j,p≤m,d(x jk ,x pq )<δ k,q≤n

j,p≤m,d(x jk ,x pq )≥δ k,q≤n

1
≤ U(δ ) + 2 2
m n

ε B
+
2 2

∑

∑

d(x jk , x pq )
ρ



d(x jk , x pq )
ρ



∑

j,p≤m,d(x jk ,x pq )≥δ k,q≤n

U



d(x jk , x pq )
ρ





= 0.

x
1+x

Then
d(x jk, x pq )
ρ

U





d(x jk, x pq )
ρ



≤ (1 + 2A)d(x jk, x pq )

and

U



= (1 + 2A)

U(x jk, x pq )
1 + d(x jk, x pq )

(1 + 2A)d(x jk, x pq )
1 + d(x jk, 0̄) + d(x pq , 0̄)
≥

(1 + 2A)d(x jk, x pq )
1 + 2A
= d(x jk, x pq )






1
|{(
j,
k)
:
d(x
,
x
)
≥
δ
,
j
≤
m,
k
≤
n}|
jk pq
m2 n2


1
δ
,
j
≤
m,
k
≤
n}|
≤ ε +B
|{(
j,
k)
:
d(x
,
x
)
≥
jk pq
m2 n2
(1)
Since x is statistically pre-Cauchy, there exists N such that
R.H.S (1) is less than ε for all m,n ∈ N. Hence


d(x jk , x pq )
1
= 0.
lim 2 2 ∑ ∑ U
m,n m n
ρ
j,p≤m k,q≤n

≤

d(x jk , x pq )
ρ

U(x) = (1 + 2A)

≥
=

∑ ∑U

j=1 k=1



j,k

≥0
Conversely suppose that x is statistically pre-Cauchy
and that ε > 0 be such that U(δ ) < ε2 . Since x is bounded,
there exist an integer B such that U(x) < B2 for all x ≥ 0.
Note that, for each m, n ∈ N


d(x jk , x pq )
1
U
∑ ∑
m2 n2 j,p≤m
ρ
k,q≤n


n


Proof. Let A = sup d x jk , 0̄ and define

1
|{( j, k) : d(x jk , x pq ) ≥ ε , j ≤ m, k ≤ n}|
m2 n2



m

Hence lim m21n2 ∑mj=1 ∑nk=1 d(x jk , x pq ) = 0 if and only if
m,n


d(x jk ,x pq )
= 0.
lim m21n2 ∑mj=1 ∑nk=1 U
ρ
m,n

Now, we are ready to give the main result of this paper
as follows.
Theorem 2.3. Let x ∈2 wF ∩2 ℓF . Then the following
statement holds:
“x is statistically pre-Cauchy if and only if
lim m21n2 ∑mj=1 ∑nk=1 d(x jk , x pq ) = 0”.
m,n

Proof. Applying Lemma 2.1 and Proposition 2.1, we have
the desired result.
Theorem 2.4. Let x ∈2 wF ∩2 ℓF . Then the following
statement holds:
“x is statistically convergent to L if and only if
1
lim mn
∑mj=1 ∑nk=1 d(x jk , L) = 0”.
m,n

Proposition 2.2. Let x ∈2 wF ∩2 ℓF and U be an Orlicz
function. Then x is statistically convergent to L iff


d(x jk , L)
1 m n
lim
= 0.
U
∑∑
m,n mn
ρ
j=1 k=1
Proof. The proof is similar to that of Proposition 2.1.

x
Proof. If we consider U(x) = (1 + A + L) 1+x
, then the
proof is similar to that of Theorem 2.3.
In view of the above theorem and the notion of strongly
Cesàro summable double sequences, we can now link the
statistical convergence and Cesàro summability as follows:
Corollary 2.5. Letx ∈2 wF ∩2 ℓF . Then the following
statement holds:
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“x is statistically convergent to L if and only if x is
strongly Cesàro summable to L”.
or
“The class of bounded and statistically convergent
double sequences of fuzzy numbers is equivalent to the
class of strongly Cesàro summable double sequences of
fuzzy numbers”.

3. Conclusion
In this paper, we first prove that x is bounded and
statistically
pre-Cauchy
then
lim m21n2 ∑mj=1 ∑nk=1 d(x jk , x pq ) = 0 holds. Again if
m,n

lim m21n2 ∑mj=1 ∑nk=1 d(x jk , x pq ) = 0, then x is statistically
m,n

pre-Cauchy. We know that statistically convergence is a
generalization of the usual notation of convergence and
Cesàro summability does not guarantee usual
convergence (in fact the notion of Cesàro summability
was introduced to assign limit to non-convergent
sequences). In this context, the last result of this paper
assures about the existence of a class of convergence
which is equivalent with a class of Cesàro summability
for double sequences of fuzzy numbers.
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