
Appl. Math. Inf. Sci.12, No. 6, 1117-1126 (2018) 1117

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/120606

Ostrowski Type Inequalities for Functions Whose
Second Derivatives are Convex Generalized.
Yenny Rangel-Oliveros and Miguel Vivas-Cortez∗

Facultad de Ciencias Exactas y Naturales, Pontificia Universidad Católica del Ecuador (PUCE), Escuela de Ciencias Fı́sicas y
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1 Introduction

The Ostrowski’s inequality was introduced by Alexander
Ostrowski in [1], and with the passing of the years,
generalizations on the same, involving derivatives of the
function under study, have taken place.

Ostrowski’s Inequality. Let f : I ⊂ [0,+∞) → R be a
differentiable function onint(I), such that f ′ ∈ L[a,b],
wherea,b∈ I with a< b. If | f ′(x)| ≤ M for all x∈ [a,b],
then the inequality:

∣

∣

∣

∣

f (x)− 1
b−a

∫ b

a
f (t)dt

∣

∣

∣

∣

≤ M(b−a)

[

1
4
+

(x− a+b
2 )2

(b−a)2

]

,

(1)
holds for allx∈ [a,b]. Recently, several generalizations of
the Ostrowski integral inequality are considered by many
authors; for instance covering the following concepts:
functions of bounded variation, Lipschitzian, monotonic,
absolutely continuous andn times differentiable
mappings with error estimates with some special means
together with some numerical quadrature rules. For recent
results and generalizations concerning Ostrowski’s
inequality, we refer the reader to the recent papers [1,2,3,
26,27]. The convex functions play a significant role in
many fields, for example in biological system, economy,
optimization and so on [13,24]. And many important
inequalities are established for these classes of functions.
Also the evolution of the concept of convexity has had a
great impact in the community of investigators. In recent

years, for example, generalized concepts such as
s-convexity (see[8]), h-convexity (see [25,28]),
m-convexity (see [6,11]), MT- convexity (see[17]) and
others, as well as combinations of these new concepts
have been introduced.

The role of convex sets, convex functions and their
generalizations are important in applied mathematics
specially in nonlinear programming and optimization
theory. For example in economics, convexity plays a
fundamental role in equilibrium and duality theory. The
convexity of sets and functions have been the object of
many studies in recent years. But in many new problems
encountered in applied mathematics, the notion of
convexity is not enough to reach favorite results and
hence it is necessary to extend the notion of convexity to
the new generalized notions. Recently, several extensions
have been considered for the classical convex functions
such that some of these new concepts are based on
extension of the domain of a convex function (a convex
set) to a generalized form and some of them are new
definitions that there is no generalization on the domain
but on the form of the definition. Some new generalized
concepts in this point of view are pseudo-convex
functions [18], quasi-convex functions [4], invex
functions [14], preinvex functions [20], B-vex functions
[16], B-preinvex functions [7] and E-convex functions
[29].
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2 Preliminaries

This section contains definitions and properties of
generalized convexity. Recall that a real-valued function
f defined in a real intervalJ is said to be convex if for all
x,y∈ J and for anyt ∈ [0,1] the inequality

f (tx+(1− t)y)≤ t f (x)+ (1− t) f (y) (2)

holds. If inequality (2) is strict when we say thatf is
strictly convex, and if inequality (2) is reversed the
function f is said to be concave. In [15] Hudzik H. and
Maligranda L. introduced the following generalized
concept.

Definition 1.Let 0< s≤ 1. The function f: I ⊂ R→ R is
called a s-convex function in first sense if

f (tx+(1− t)y)≤ ts f (x)+ (1− ts) f (y) (3)

holds for all x,y∈ I and t∈ [0,1].

Besides in [12], Gordji M. E., Delavar M. R., De la Sen
M. introduced the definitionϕ− convex function, where
ϕ : R×R→R be a bifunction except for special case.

Definition 2.A function f : I ⊂ R → R is called convex
with respect toϕ (brieflyϕ− convex), if

f (tx+(1− t)y)≤ f (y)+ tϕ( f (x), f (y)), (4)

for all x,y∈ I and t∈ [0,1].

In fact above definition geometrically says that if a
function is ϕ−convex on I, then it’s graph between any
x,y ∈ I is on or under the path starting from(y, f (y)) and
ending at(x, f (y)+ϕ( f (x), f (y))). If f (x) should be the
end point of the path for everyx,y ∈ I , then we have
ϕ(x,y) = x− y and the function reduces to a convex one.
Note that by takingx= y in (4) we gettϕ( f (x), f (x)) ≥ 0
for anyx∈ I andt ∈ [0,1] which implies that

ϕ( f (x), f (x)) ≥ 0

for anyx∈ I . Also if we taket = 1 in (4) we get

f (x)− f (y) ≤ ϕ( f (x), f (y))

for anyx,y∈ I . If f : I →R is a convex function and
ϕ : I × I →R is an arbitrary bifunction that satisfies

ϕ(x,y)≥ x− y

for anyx,y∈ I , then

f (tx+(1− t)y) ≤ f (y)+ t[ f (x)− f (y)]

≤ f (y)+ tϕ( f (x), f (y)),

showing thatf is ϕ−convex.
With this, we introduce the notion ofs− ϕ-convex

functions as a generalization ofs−convex functions in
first sense combined with the definition2.

Definition 3.Let 0 < s≤ 1. A function f : I ⊂ R → R is
called s− ϕ−convex with respect to bifunctionϕ : R×
R→ R (brieflyϕ−convex), if

f (tx+(1− t)y)≤ f (y)+ tsϕ( f (x), f (y)) (5)

for all x,y∈ I and t∈ [0,1].

Remark 1.
i) If we takes= 1 in (5), then we have the definition of
ϕ-convex function.
ii) If we takeϕ(x,y) = x− y in (5), then the definition of
s−ϕ−convex function is reduced to the definition ofs-
convex function on the first sense.

Example 1.Let f (x) = x2, then f is convex and1
2-ϕ-

convex withϕ(u,v) = 2u+ v, indeed

f (tx+(1− t)y) = (tx+(1− t)y)2

= t2x2+2t(1− t)xy+(1− t)2y2

≤ y2+ tx2+2txy

= y2+ t
1
2

[

t
1
2 x2+2t

1
2 xy
]

.

On the other hand;

0< t < 1 =⇒ 0< t
1
2 < 1

=⇒ t
1
2 x2+2t

1
2 xy≤ x2+2xy≤ x2+ x2+ y2

.

Hence,

f (tx+(1− t)y) ≤ y2+ t
1
2
[

2x2+ y2]

= f (y)+ t
1
2 ϕ( f (x), f (y)).

Example 2.Let f (x) = xn and 0< s≤ 1, then f is convex
and s-ϕ-convex with

ϕ(u,v) =
n

∑
k=1

(

n
k

)

v1− k
n

(

u
1
n − v

1
n

)n
,

indeed

f (tx+(1− t)y) = f (y+ t(x− y)) = (y+ t(x− y))n

= yn+
n

∑
k=1

(

n
k

)

yn−k (t(x− y))n

= yn+ ts

[

n

∑
k=1

(

n
k

)

tn−syn−k (x− y)n
]

≤ yn+ ts

[

n

∑
k=1

(

n
k

)

(yn)
n−k

n

(

(xn)
1
n − (yn)

1
n

)n
]

.

The following results ares− ϕ−convex versions of
some basic theorems and propositions related to
ϕ−convex functions.

Definition 4.The functionϕ is said to be
(i) nonnegatively homogeneous ifϕ(γx,γy) = γϕ(x,y) for
all x,y∈ R and all γ ≥ 0.
(ii) additive if ϕ(x1,y1)+ϕ(x2,y2) = ϕ(x1 + x2,y1 + y2)
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for all x1,x2,y1,y2 ∈ R.
(iii) nonnegatively linear it satisfies conditions (i) and (ii).
(iv) nondecreasing in first variable if x≤ y implies that
ϕ(x,z)≤ ϕ(y,z), for all x,y,z∈R.
(v) nonnegatively sublinear in first variable if
ϕ(γx+ y,z) ≤ γϕ(x,z) + ϕ(y,z), for all x,y,z ∈ R and
γ ≥ 0.

The proof of Propositions1, 2 and Theorem1 is
straightforward.

Proposition 1.Let 0 < s ≤ 1. Consider s− ϕ−convex
function f : I ⊂ R → R such thatϕ is nonnegatively
homogeneous. Then for anyγ ≥ 0, the function
γ f : I ⊂ R→ R is s−ϕ−convex.

Proposition 2.Let 0< s≤ 1. Consider two s−ϕ−convex
functions f,g : I ⊂ R → R such thatϕ is additive. Then
f +g : I ⊂ R→ R is s−ϕ−convex.

Theorem 1.Let 0 < s ≤ 1. Consider s− ϕ−convex
functions fi : I ⊂ R → R for i = 1, ...,n such thatϕ is
nonnegatively linear. Then forγi ≥ 0, i = 1, ...,n, the
function f= ∑n

i=1 γi fi : I ⊂R→R is s−ϕ−convex.

The class ofs− ϕ−convex functions with special
conditions are closed under Sup operation.

Theorem 2.Let 0 < s ≤ 1. Suppose that
{ f j : I → R, j ∈ J} is a nonempty collection of
s−ϕ−convex functions such that
(a) there existα ∈ [0,∞] and β ∈ [−1,∞] such that
ϕ(x,y) = αx+βy for all x,y∈ R,

(b) For each x∈ I, supj∈J f j(x) exists inR.
Then the function f : I → R defined by
f (x) = supj∈J f j (x) for each x∈ I, is s−ϕ−convex.

Proof.For anyx,y∈ I andλ ∈ [0,1], we can drive following
relations

f (tx+(1− t)y) = supj∈J f j (tx+(1− t)y)

≤ supj∈J{ f j (y)+ tsϕ( f j(x), f j (y))}
= supj∈J{ f j (y)+ ts(α f j(x)+β f j (y))}
≤ (1+β ts)supj∈J{ f j (y)}+αtssupj∈J{ f j(x)}
= (1+β ts) f (y)+αts f (x)

= f (y)+ ts(β f (y)+α f (x))

= f (y)+ tsϕ( f (x), f (y)).

The proof is complete.

Proposition 3.Let 0 < s ≤ 1. If f : I ⊂ R → R is
s−ϕ−convex and attains a local minimun at x0 ∈ I, then
ϕ( f (x), f (x0))≥ 0, for any x∈ I.

Proof.Suppose thatf has a local minimun atx0 ∈ I . For
any x ∈ I we can findt > 0 sufficiently small such that
tx+(1− t)x0 ∈ Nr(x0). Therefore we get

f (x0)≤ f (tx+(1− t)x0)≤ f (x0)+ tsϕ( f (x), f (x0))

This implies that

tsϕ( f (x), f (x0))≥ 0,

the proof is complete.

Proposition 4.Let 0 < s≤ 1. Any s−ϕ−convex function
f : [a,b]→R with respect to a bifunctionϕ bounded from
above on f([a,b])× f ([a,b]), has lower and upper bounds.
That is, there are m> 0 and M> 0 such that m≤ f (x) ≤
M, for all x∈ [a,b].

Proof.Suppose thatMϕ is upper bound ofϕ on f ([a,b])×
f ([a,b]). Consider anyx = ta+(1− t)b∈ [a,b] with t ∈
[0,1]. In fact, we have

f (x) = f (ta+(1− t)b) ≤ f (b)+ tsϕ( f (a), f (b))

≤ max{ f (b), f (b)+ϕ( f (a), f (b))}
≤ max{ f (b), f (b)+Mϕ}.

Now setM = max{ f (b), f (b)+Mϕ}. For lower bound of
f consider an arbitrary point in the forma+b

2 − t in [a,b],
then

f

(

a+b
2

)

= f

(

a+b
4

+
t
2
+

a+b
4

− t
2

)

= f

(

1
2

(

a+b
2

+ t

)

+
1
2

(

a+b
2

− t

))

≤ f

(

a+b
2

− t

)

+
1
2sϕ( f

(

a+b
2

+ t

)

, f

(

a+b
2

− t

)

)

≤ f

(

a+b
2

− t

)

+KMϕ ,

whereK is an upper bound of12s on [0,1]. Now consider

m= f

(

a+b
2

)

−KMϕ , and the statement is proved.

Definition 5.A function f : [a,b] → R is said to satisfy a
Hölder condition, or isα-Hölder continuous on[a,b],
when there are nonnegative real constants K,α such that

| f (x)− f (y)| ≤ K|x− y|α , (6)

for all x,y∈ [a,b].

Lemma 1.Suppose that f: I → R is an s− ϕ−convex
function andϕ is bounded from above on f(I)× f (I).
Then f satisfies the Ḧolder condition on any closed
interval [a,b] contained in I◦, the interior of I. Hence, f is
uniformly continuous on[a,b] and continuous on I◦.

Proof.Let Mϕ be the upper bound ofϕ on f (I)× f (I).
Consider closed interval[a,b] in I◦ and chooseε > 0 such
that [a− ε,b+ ε] belongs to I . Suppose thatx,y are
distinct points of [a,b]. Set z = y + ε

|y−x| (y − x) and

t = |y−x|
ε+|y−x| . So it is not hard to see thatz∈ [a− ε,b+ ε]

andy= tz+(1− t)x. Then

f (y) = f (tz+(1− t)x)

≤ f (x)+ tsϕ( f (z), f (x))

≤ f (x)+ tsMϕ .

This implies that

f (y)− f (x) ≤ tsMϕ =
|y− x|s

(ε + |y− x|)sMϕ

≤ |y− x|s
εs Mϕ ,
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if K =
Mϕ
εs then

( f (y)− f (x))≤ K|y− x|s.

Also if we change the place ofx,y in above argument we
have f (x) − f (y) ≤ K|y − x|s. Therefore
| f (x) − f (y)| ≤ K|y − x|s. Hence f is s-Hölder
continuous, and as consequencef is uniformly
continuous on[a,b] ⊂ I◦. Finally since[a,b] is arbitrary
on I◦, then f is continuous onI◦.

Corollary 1.Suppose that f: I → R is an s-ϕ-convex
function andϕ is bounded from above on f(I)× f (I),
then f is integrable on f(I)× f (I).

Corollary 2.Any s-ϕ-convex function f , with bifunctionϕ
bounded on a subset I⊂R admits a uniformly continuous
extention toR, which is Ḧolder continuous with constant
C and exponentα. The largest such extension is:

f ∗(x) = inf
y∈R

{ f (y)+C|x− y|α}.

Proof.It’s inmediate since alls−ϕ−convex function is a
Hölder contiuous function.

The next result establishes an Ostrowski type
inequality fors−ϕ−convex functions.

Corollary 3.Suppose that f : [a,b] → R is an
s−ϕ−convex function. Then for all x∈ [a,b] we have the
inequality
∣

∣

∣

∣

f (x)− 1
b−a

∫ b

a
f (t)dt

∣

∣

∣

∣

≤ K
s+1

(

(

b− x
b−a

)s+1

+

(

x−a
b−a

)s+1
)

(b−a)s
.

Proof.It’s inmediate since alls−ϕ−convex function is a
Hölder contiuous function and by theorem 3 in [10].

3 Main Results

In this section, we give some integral approximation of
f ∈C2([a,b]) such thatf

′′ ∈ L([a,b]) using the following
lemma as the main tool (see [9]).

Lemma 2.Let f : [a,b] → R be a differentiable mapping
such that f

′
is absolutely continuous on[a,b]. Then for all

x∈ [a,b] we have the identity

∫ b

a
f (t)dt =

2

∑
k=0

[

(b− x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

+

∫ b

a
K2(x, t) f

′′
(t)dt,

where the kernel K2 : [a,b]2 → R is given by

K2(x, t) =











(t−a)2

2! if t ∈ [a,x]

(t−b)2

2! if t ∈ (x,b]

with x∈ [a,b].

Theorem 3.Let f : I → R be twice differentiable mapping
on [a,b] such that f

′′ ∈ L([a,b]) and0 < s≤ 1. If | f ′′ | is
s-ϕ-convex, then the following inequality
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2

(

1
3

∣

∣

∣ f
′′
(a)
∣

∣

∣+
Aϕ (x)

s+3

)

+
(b−x)3

2

[

1
3
| f ′′

(x)|+
2

∑
k=0

(

2
k

)

(−1)k
Bϕ (x)

k+s+1

]

,

holds for all x ∈ [a,b], where

Aϕ(x) = ϕ
(∣

∣

∣ f
′′
(a)
∣

∣

∣ ,

∣

∣

∣ f
′′
(x)
∣

∣

∣

)

and

Bϕ(x) = ϕ
(∣

∣

∣
f
′′
(x)
∣

∣

∣
,

∣

∣

∣
f
′′
(b)
∣

∣

∣

)

.

Proof.From Lemma2, properties of modulus, making the
changes of variablesu = (1− t)a+ tx in the first integral
andu= (1− t)x+ tb in the second integral we have that,
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤
∫ x

a

(u−a)2

2

∣

∣

∣
f
′′
(u)
∣

∣

∣
du+

∫ b

x

(b−u)2

2

∣

∣

∣
f
′′
(u)
∣

∣

∣
du

=
(x−a)3

2

∫ 1

0
t2
∣

∣

∣
f
′′
((1− t)a+ tx)

∣

∣

∣
dt

+
(b−x)3

2

∫ 1

0
(1− t)2

∣

∣

∣
f
′′
((1− t)x+ tb)

∣

∣

∣
dt.

Since| f ′′ | is s-ϕ-convex, (5) gives
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2

∫ 1

0
t2
(∣

∣

∣ f
′′
(a)
∣

∣

∣+ tsϕ
(

| f ′′
(a)|, | f ′′

(x)|
))

dt

+
(b−x)3

2

∫ 1

0
(1− t)2

(∣

∣

∣
f
′′
(x)
∣

∣

∣
+ tsϕ

(

| f ′′
(x)|, | f ′′

(b)|
))

dt

=
(x−a)3

2

(

1
3

∣

∣

∣
f
′′
(a)
∣

∣

∣
+

Aϕ (x)

s+3

)

+
(b−x)3

2

[

1
3
| f ′′

(x)|+
2

∑
k=0

(

2
k

)

(−1)k
Bϕ (x)

s+k+1

]

,

which is the desired result. The proof is completed.

Remark 2. If in Theorem3 we choosex = a+b
2 , then

we have
∣

∣

∣

∣

∫ b

a
f (t)dt− (b−a) f

(

a+b

2

)

− (b−a)3

4!
f ′′
(

a+b

2

)
∣

∣

∣

∣

≤ (b−a)3

16

[

1
3

∣

∣

∣
f
′′
(a)
∣

∣

∣
+

Aϕ (
a+b

2 )

s+3
+

1
3

∣

∣

∣

∣

f
′′
(

a+b
2

)∣

∣

∣

∣

+
2

∑
k=0

(

2
k

)

(−1)k Bϕ (
a+b

2 )

k+s+1

]

,
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Corollary 4.Let f : I →R be twice differentiable mapping
on [a,b] such that f

′′ ∈ L([a,b]) and0 < s≤ 1. If | f ′′ | is
s-convex in the first sense, we have the following estimate
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ s
6(s+3)

| f ′′
(a)|+ (b−x)3

2
| f ′′

(b)|
2

∑
k=0

(

2
k

)

(−1)k

k+s+1
+

[

(x−a)3

2(s+3)
+

(b−x)3

2

(

1
3
−

2

∑
k=0

(

2
k

)

(−1)k

k+s+1

)]

| f ′′
(x)|.

Proof.Takingϕ(u,v) = u− v in Theorem3.

Corollary 5.Let f : I →R be twice differentiable mapping
on [a,b] such that f

′′ ∈ L([a,b]). If | f ′′ | is ϕ-convex, then
the following inequality
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2

(

1
3

∣

∣

∣
f
′′
(a)
∣

∣

∣
+

1
4

ϕ
(

| f ′′
(a)|, | f ′′

(x)|
)

)

+
(b−x)3

2

[

1
3
| f ′′

(x)|+ 1
12

ϕ
(

| f ′′
(x)|, | f ′′

(b)|
)

]

holds for all x∈ [a,b].

Proof.Takings= 1 in Theorem3.

Corollary 6.Let f : I →R be twice differentiable mapping
on [a,b] such that f

′′ ∈ L([a,b]). If | f ′′ | is convex, we have
the following estimate
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ 1
24

(

(x−a)3| f ′′
(a)|+(b−x)3| f ′′

(b)|
)

+
1
8

(

(x−a)3+(b−x)3
)

| f ′′
(x)|.

Proof.Takings= 1 in Corollary4.

Theorem 4.Let f : I → R be twice differentiable mapping
on [a,b] such that f

′′ ∈ L([a,b]), 0 < s≤ 1 and let q> 1
with 1

p +
1
q = 1. If | f ′′ |q is s-ϕ-convex, then the following

inequality
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2(s+1)
1
q (2p+1)

1
p

(

(s+1)| f ′′
(a)|q+Aϕ (x)

)
1
q

+
(b−x)3

2(s+1)
1
q (2p+1)

1
p

(

(s+1)| f ′′
(x)|q+Bϕ (x)

) 1
q
,

holds for all x ∈ [a,b], where

Aϕ(x) = ϕ
(∣

∣

∣ f
′′
(a)
∣

∣

∣

q
,

∣

∣

∣ f
′′
(x)
∣

∣

∣

q)

and

Bϕ(x) = ϕ
(∣

∣

∣ f
′′
(x)
∣

∣

∣

q
,

∣

∣

∣ f
′′
(b)
∣

∣

∣

q)

.

Proof.From Lemma2, properties of modulus, and Hölder’s
inequality, we have

∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤
∫ x

a

(u−a)2

2

∣

∣

∣
f
′′
(u)
∣

∣

∣
du+

∫ b

x

(b−u)2

2

∣

∣

∣
f
′′
(u)
∣

∣

∣
du

=
(x−a)3

2

∫ 1

0
t2
∣

∣

∣
f
′′
((1− t)a+ tx)

∣

∣

∣
dt

+
(b−x)3

2

∫ 1

0
(1− t)2

∣

∣

∣
f
′′
((1− t)x+ tb)

∣

∣

∣
dt

≤ (x−a)3

2

(

∫ 1

0
t2pdt

)
1
p
(

∫ 1

0

∣

∣

∣
f
′′
((1− t)a+ tx)

∣

∣

∣

q
dt

)
1
q

+
(b−x)3

2

(

∫ 1

0
(1− t)2pdt

)
1
p
(

∫ 1

0

∣

∣

∣
f
′′
((1− t)x+ tb)

∣

∣

∣

q
dt

)
1
q

=
(x−a)3

2(2p+1)
1
p

(

∫ 1

0

∣

∣

∣ f
′′
((1− t)a+ tx)

∣

∣

∣

q
dt

)
1
q

+
(b−x)3

2(2p+1)
1
p

(

∫ 1

0

∣

∣

∣
f
′′
((1− t)x+ tb)

∣

∣

∣

q
dt

)
1
q

.

Since| f ′′ |q is s-ϕ-convex, we deduce

∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2(2p+1)
1
p

(

∫ 1

0

(

| f ′′
(a)|q+ tsϕ

(

| f ′′
(a)|q, | f ′′

(x)|q
))

dt

)
1
q

+
(b−x)3

2(2p+1)
1
p

(

∫ 1

0

(

| f ′′
(x)|q+ tsϕ

(

| f ′′
(x)|q, | f ′′

(b)|q
))

dt

)
1
q

=
(x−a)3

2(s+1)
1
q (2p+1)

1
p

(

(s+1)| f ′′
(a)|q+ϕ

(

| f ′′
(a)|q, | f ′′

(x)|q
)) 1

q

+
(b−x)3

2(s+1)
1
q (2p+1)

1
p

(

(s+1)| f ′′
(x)|q+ϕ

(

| f ′′
(x)|q, | f ′′

(b)|q
))

1
q
.

Remark 3. If in Theorem4 we choosex = a+b
2 , then

we have

∣

∣

∣

∣

∫ b

a
f (t)dt− (b−a) f

(

a+b
2

)

− (b−a)3

4!
f ′′
(

a+b
2

)∣

∣

∣

∣

≤ (b−a)3

32(s+1)
1
q (2p+1)

1
p





(

(s+1)| f ′′ (a)|q+Aϕ (
a+b

2
)

)
1
q
+

(

(s+1)| f ′′ ( a+b

2
)|q+Bϕ (

a+b

2
)

)
1
q



 ,

Corollary 7.Let f : I →R be twice differentiable mapping
on [a,b] such that f

′′ ∈ L([a,b]), 0 < s≤ 1 and let q> 1
with 1

p +
1
q = 1. If | f ′′ |q is s-convex in the first sense, then
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the following inequality holds

∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2(s+1)
1
q (2p+1)

1
p

(

s| f ′′
(a)|q+ | f ′′

(x)|q
) 1

q

+
(b−x)3

2(s+1)
1
q (2p+1)

1
p

(

s| f ′′
(x)|q+ | f ′′

(b)|q
) 1

q
. (7)

Proof.Takingϕ(u,v) = u− v in Theorem4.

Corollary 8.Let f : I →R be twice differentiable mapping
on [a,b] such that f

′′ ∈ L([a,b]), 0 < s≤ 1 and let q> 1
with 1

p +
1
q = 1. If | f ′′ |q is s-convex in the first sense, then

the following inequality holds.

∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2(s+1)
1
q (2p+1)

1
p

(

s| f ′′
(a)|+ | f ′′

(x)|
)

+
(b−x)3

2(s+1)
1
q (2p+1)

1
p

(

s| f ′′
(x)|+ | f ′′

(b)|
)

.

Proof.Takingϕ(u,v) = u− v in Theorem4, we obtain (7).
Then using the following algebraic inequality for alla,b≥
0, and 0≤ α ≤ 1 we have(a+b)α ≤ aα +bα , we get the
desired result.

Theorem 5.Let f : I → R be twice differentiable mapping
on [a,b] such that f

′′ ∈ L([a,b]), 0< s≤ 1 and let q> 1.
If | f ′′ |q is s-ϕ-convex, then the following inequality

∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ 3
1
q (x−a)3

6

(

1
3

∣

∣

∣ f
′′
(a)
∣

∣

∣

q
+

Aϕ(x)

s+3

)
1
q

+
3

1
q (b−x)3

6

(

1
3

∣

∣

∣ f
′′
(x)
∣

∣

∣

q
+Bϕ (x)

2

∑
k=0

(

2
k

)

(−1)k

s+k+1

) 1
q

,

holds for all x ∈ [a,b], where

Aϕ(x) = ϕ
(∣

∣

∣ f
′′
(a)
∣

∣

∣

q
,

∣

∣

∣ f
′′
(x)
∣

∣

∣

q)

and

Bϕ(x) = ϕ
(∣

∣

∣ f
′′
(x)
∣

∣

∣

q
,

∣

∣

∣ f
′′
(b)
∣

∣

∣

q)

.

Proof.From Lemma2, properties of modulus, and power
mean inequality, we have

∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤
∫ x

a

(u−a)2

2

∣

∣

∣ f
′′
(u)
∣

∣

∣du+
∫ b

x

(b−u)2

2

∣

∣

∣ f
′′
(u)
∣

∣

∣du

=
(x−a)3

2

∫ 1

0
t2
∣

∣

∣
f
′′
((1− t)a+ tx)

∣

∣

∣
dt

+
(b−x)3

2

∫ 1

0
(1− t)2

∣

∣

∣
f
′′
((1− t)x+ tb)

∣

∣

∣
dt

≤ (x−a)3

2

(

∫ 1

0
t2dt

)1− 1
q
(

∫ 1

0
t2
∣

∣

∣
f
′′
((1− t)a+ tx)

∣

∣

∣

q
dt

)
1
q

+
(b−x)3

2

(

∫ 1

0
(1− t)2dt

)1− 1
q
(

∫ 1

0
(1− t)2

∣

∣

∣ f
′′
((1− t)x+ tb)

∣

∣

∣

q
dt

)
1
q

=
3

1
q (x−a)3

6

(

∫ 1

0
t2
∣

∣

∣
f
′′
((1− t)a+ tx)

∣

∣

∣

q
dt

)
1
q

+
3

1
q (b−x)3

6

(

∫ 1

0
(1− t)2

∣

∣

∣
f
′′
((1− t)x+ tb)

∣

∣

∣

q
dt

)
1
q
.

Since| f ′′ |q is s-ϕ-convex, we deduce
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ 3
1
q (x−a)3

6

(

∣

∣

∣ f
′′
(a)
∣

∣

∣

q∫ 1

0
t2dt+Aϕ (x)

∫ 1

0
t2+sdt

)
1
q

+
3

1
q (b−x)3

6

(

∣

∣

∣
f
′′
(x)
∣

∣

∣

q∫ 1

0
(1− t)2dt+Bϕ (x)

∫ 1

0
ts(1− t)2dt

)
1
q

=
3

1
q (x−a)3

6

(

1
3

∣

∣

∣
f
′′
(a)
∣

∣

∣

q
+

Aϕ (x)

s+3

)
1
q

+
3

1
q (b−x)3

6

(

1
3

∣

∣

∣
f
′′
(x)
∣

∣

∣

q
+Bϕ (x)

2

∑
k=0

(

2
k

)

(−1)k

k+s+1

) 1
q

.

The proof is completed.

Remark 4. If in Theorem5 we choosex = a+b
2 , then we

have
∣

∣

∣

∣

∫ b

a
f (t)dt− (b−a) f

(

a+b

2

)

− (b−a)3

4!
f ′′
(

a+b

2

)∣

∣

∣

∣

≤ 3
1
q (b−a)3

48




(

1
3

∣

∣

∣
f
′′
(a)
∣

∣

∣

q
+

Aϕ (
a+b

2 )

s+3

)
1
q

+

(

1
3

∣

∣

∣

∣

f
′′
(

a+b
2

)∣

∣

∣

∣

q

+Bϕ

(

a+b
2

) 2

∑
k=0

(

2
k

)

(−1)k

s+k+1

)
1
q


 ,

Corollary 9.Let f : I →R be twice differentiable mapping
on [a,b] such that f

′′ ∈ L([a,b]),and let q> 1. If | f ′′ |q is
ϕ-convex, then the following inequality
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ 3
1
q (x−a)3

6

(

1
3

∣

∣

∣
f
′′
(a)
∣

∣

∣

q
+

1
4

ϕ
(∣

∣

∣
f
′′
(a)
∣

∣

∣

q
,

∣

∣

∣
f
′′
(x)
∣

∣

∣

q)
)

1
q

+
(b−x)3

6

(

∣

∣

∣
f
′′
(x)
∣

∣

∣

q
+

1
4

ϕ
(∣

∣

∣
f
′′
(x)
∣

∣

∣

q
,

∣

∣

∣
f
′′
(b)
∣

∣

∣

q)
) 1

q

,

holds for all x∈ [a,b].
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Corollary 10.Let f : I → R be twice differentiable
mapping on[a,b] such that f

′′ ∈ L([a,b]), 0 < s≤ 1 and
let q> 1. If | f ′′ |q is s-convex in the first sense, then the
following inequality
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ 3
1
q (x−a)3

6(s+3)
1
q

( s
3

∣

∣

∣
f
′′
(a)
∣

∣

∣

q
+
∣

∣

∣
f
′′
(x)
∣

∣

∣

q) 1
q
+

3
1
q (b−x)3

6

(

1
3

∣

∣

∣
f
′′
(x)
∣

∣

∣

q
+
[∣

∣

∣
f
′′
(b)
∣

∣

∣

q
−
∣

∣

∣
f
′′
(x)
∣

∣

∣

q] 2

∑
k=0

(

2
k

)

(−1)k

k+s+1

) 1
q

,

holds for all x∈ [a,b].

Proof.Takingϕ(u,v) = u− v in Theorem5.

Theorem 6.Let f : I → R be twice differentiable mapping
on [a,b] such that f

′′ ∈ L([a,b]), 0< s≤ 1 and let q> 1.
If | f ′′ |q is s-ϕ-convex, then the following inequality
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2

(

1
2q+1

∣

∣

∣
f
′′
(a)
∣

∣

∣

q
+

Aϕ (x)

2q+s+1

)
1
q

+
(b−x)3

2

(

1
2q+1

∣

∣

∣
f
′′
(x)
∣

∣

∣

q
+

2q

∑
k=0

(

2q
k

)

(−1)k

k+s+1
Bϕ (x)

)
1
q

,

holds for all x ∈ [a,b], where

Aϕ(x) = ϕ
(∣

∣

∣ f
′′
(a)
∣

∣

∣

q
,

∣

∣

∣ f
′′
(x)
∣

∣

∣

q)

and

Bϕ(x) = ϕ
(∣

∣

∣ f
′′
(x)
∣

∣

∣

q
,

∣

∣

∣ f
′′
(b)
∣

∣

∣

q)

.

Proof.From Lemma2, properties of modulus, and power
mean inequality, we have
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤
∫ x

a

(u−a)2

2

∣

∣

∣ f
′′
(u)
∣

∣

∣du+
∫ b

x

(b−u)2

2

∣

∣

∣ f
′′
(u)
∣

∣

∣du

=
(x−a)3

2

∫ 1

0
t2
∣

∣

∣
f
′′
((1− t)a+ tx)

∣

∣

∣
dt

+
(b−x)3

2

∫ 1

0
(1− t)2

∣

∣

∣ f
′′
((1− t)x+ tb)

∣

∣

∣dt

≤ (x−a)3

2

(

∫ 1

0
dt

)1− 1
q
(

∫ 1

0
t2q
∣

∣

∣ f
′′
((1− t)a+ tx)

∣

∣

∣

q
dt

)
1
q

+
(b−x)3

2

(

∫ 1

0
dt

)1− 1
q
(

∫ 1

0
(1− t)2q

∣

∣

∣
f
′′
((1− t)x+ tb)

∣

∣

∣

q
dt

)
1
q

=
(x−a)3

2

(

∫ 1

0
t2q
∣

∣

∣
f
′′
((1− t)a+ tx)

∣

∣

∣

q
dt

)
1
q

+
(b−x)3

2

(

∫ 1

0
(1− t)2q

∣

∣

∣
f
′′
((1− t)x+ tb)

∣

∣

∣

q
dt

)
1
q

.

Since| f ′′ |q is s-ϕ-convex, we deduce
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2

(

∣

∣

∣
f
′′
(a)
∣

∣

∣

q∫ 1

0
t2qdt+Aϕ (x)

∫ 1

0
t2q+sdt

)
1
q

+
(b−x)3

2

(

∣

∣

∣
f
′′
(x)
∣

∣

∣

q∫ 1

0
(1− t)2qdt+Bϕ (x)

∫ 1

0
ts(1− t)2qdt

)
1
q

=
(x−a)3

2

(

1
2q+1

∣

∣

∣
f
′′
(a)
∣

∣

∣

q
+

Aϕ(x)

2q+s+1

)
1
q

+
(b−x)3

2

(

1
2q+1

∣

∣

∣
f
′′
(x)
∣

∣

∣

q
+

2q

∑
k=0

(

2q
k

)

(−1)k

k+s+1
Bϕ(x)

)
1
q

.

Which in the desired result.

Remark 5. If in Theorem6 we choosex = a+b
2 , then

we have
∣

∣

∣

∣

∣

∫ b

a
f (t)dt− (b−a) f

(

a+b

2

)

− (b−a)3

4!
f ′′
(

a+b

2

)

∣

∣

∣

∣

∣

≤ (b−a)3

16

(

1
2q+1

∣

∣ f ′′(a)
∣

∣

q
+

Aϕ
(

a+b
2

)

2q+s+1

)
1
q

+
(b−a)3

16

(

1
2q+1

∣

∣

∣

∣

f ′′
(

a+b
2

)∣

∣

∣

∣

q

+
2q

∑
k=0

(

2q
k

)

(−1)k

k+s+1
Bϕ

(

a+b
2

)

)
1
q

.

Corollary 11.Let f : I → R be twice differentiable
mapping on[a,b] such that f

′′ ∈ L([a,b]), and let q> 1. If
| f ′′ |q is ϕ-convex, then the following inequality
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2

(

1
2q+1

∣

∣

∣
f
′′
(a)
∣

∣

∣

q
+

Aϕ(x)

2(q+1)

)
1
q

+
(b−x)3

2

(

1
2q+1

∣

∣

∣ f
′′
(x)
∣

∣

∣

q
+

Bϕ (x)

2(2q+1)(q+1)

)
1
q

,

holds for all x ∈ [a,b], where

Aϕ(x) = ϕ
(∣

∣

∣ f
′′
(a)
∣

∣

∣

q
,

∣

∣

∣ f
′′
(x)
∣

∣

∣

q)

and

Bϕ(x) = ϕ
(∣

∣

∣ f
′′
(x)
∣

∣

∣

q
,

∣

∣

∣ f
′′
(b)
∣

∣

∣

q)

.

Corollary 12.Let f : I → R be twice differentiable
mapping on[a,b] such that f

′′ ∈ L([a,b]), 0 < s≤ 1 and
let q> 1. If | f ′′ |q is s-convex in the first sense, then the
following inequality
∣

∣

∣

∣

∣

∫ b

a
f (t)dt−

2

∑
k=0

[

(b−x)k+1+(−1)k(x−a)k+1

(k+1)!

]

f (k)(x)

∣

∣

∣

∣

∣

≤ (x−a)3

2





1
2q+1

∣

∣

∣
f
′′
(a)
∣

∣

∣

q
+

∣

∣

∣
f
′′
(x)
∣

∣

∣

q
−
∣

∣

∣
f
′′
(a)
∣

∣

∣

q

2q+s+1





1
q

+
(b−x)3

2

(

1
2q+1

∣

∣

∣
f
′′
(x)
∣

∣

∣

q
+Cf ,s,q

) 1
q

,
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holds for all x ∈ [a,b], where

Cf ,s,q = ∑2q
k=0

(

2q
k

)

(−1)k

k+s+1

(∣

∣

∣
f
′′
(b)
∣

∣

∣

q
−
∣

∣

∣
f
′′
(x)
∣

∣

∣

q)

.

Proof.Takingϕ(u,v) = u− v in Theorem6.

4 Applications for some particular mappings

In this section we give some applications for the special
case where the functionϕ( f (x), f (y)) = f (x)− f (y), in
this case we have thatf is s-convex in the first sense.

Example 3.Let s ∈ (0,1) and p,q, r ∈ R, we define the
function f : [0,+∞)→ R as

f (t) =







p if t = 0

qts+ r if t > 0
,

we have that ifq≥ 0 andr ≤ p, then f is s-convex in the
first sense (see [15]). If we doϕ( f (x), f (y)) = f (x)− f (y),
then f is s-ϕ-convex, but is notϕ-convex becausef is not
convex.

Example 4.In the previous example ifs= 1
2, p= 1, q= 2

andr = 1 we have thatf : [0,+∞)→ R, f (t) = 2t
1
2 +1 is

1
2-ϕ-convex. Then if we defineg : [0,+∞)→R,

g(t) = 8
15t

5
2 + t2

2 , we have to g′′(t) = 2t
1
2 + 1 is

1
2-ϕ-convex in[0,+∞) with ϕ( f (x), f (y)) = f (x)− f (y).
Using Theorem3, for a,b ∈ [0,+∞) with a < b and
x∈ [a,b], we get

∣

∣

∣
16
(

b
7
2 −a

7
2

)

+35(a3−b3)
√

x+35(b2−a2)x
3
2 +21(a−b)x

5
2

∣

∣

∣

≤ 35
2

(

1+2
√

b
)

(b−x)3− 10
3

(

7
2
+
√

a+6
√

b

)

(a−x)3
.

Remark 6. In particular if we choosea= 0 andb= 1, we
have forx ∈ [0,1], we get a graphic representation of the
Example 4

Fig. 1: Graphical representation of the inequality of example 4.

Example 5.If we defineg(t) = t4
12 we have thatg′′(t) is 1

2-
ϕ- convex withϕ(u,v) = 2u+ v (see example1) and by
Theorem3, for a,b∈ R with a< b andx∈ [a,b], we have
that

∣

∣

∣

∣

b5−a5

60
− (b−a)

12
x4−

[

b2−2x(b−a)−a2

3

]

x3−
[

(b−x)3+(x−a)3

6

]

x2

∣

∣

∣

∣

≤ (x−a)3

[

x2− 5
6

a2

]

+(b−x)3

[

19
210

x2+
8

105
b2

]

.

Moreover, if choosex= a+b
2 , we obtain byRemark 2 that

∣

∣

∣

∣

b5−a5

60
− (b−a)(a+b)4

192
− (b−a)3(a+b)2

96

∣

∣

∣

∣

≤ (b−a)3

16

[

a2

3
+

9a2+2ab+b2

14
+

(a+b)2

12
+

8a2+16ab+24b2

105

]

.

Then
∣

∣

∣(a−b)5
∣

∣

∣≤ (b−a)3

7
(477a2+194ab+161b2).

Therefore

(a−b)2 ≤ 477a2+194ab+161b2

7
.

Example 6.Considerg : R→R, g(t) = et . Then we choose
s= 1 andϕ(u,v) = u− v in Corollary4, we have
∣

∣

∣

∣

∣

eb−ea−
2

∑
k=0

[

(b− x)k+1+(−1)k(x−a)k+1

(k+1)!

]

ex

∣

∣

∣

∣

∣

≤ ea

24
+

(b− x)3

24
eb+

[

(x−a)3+(b− x)3] ex

8
.

Choosinga= 0 andb= 1, we have for allx∈ [0,1]
∣

∣

∣

∣

∣

e−1−
2

∑
k=0

[

(b− x)k+1+(−1)k(x−a)k+1

(k+1)!

]

ex

∣

∣

∣

∣

∣

≤ 1
24

+
(1− x)3

24
e+
[

x3+(1− x)3] ex

8
.
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Moreover, if we choosex= 1
2, we get

∣

∣

∣

∣

∣

e−1−
2

∑
k=0

[

1+(−1)k

2k+1(k+1)!

]√
e

∣

∣

∣

∣

∣

≤ 192+e+6
√

e
4608

.

Example 7.If we define g(t) = 36
91

3
√

2 t
13
6 we have that

|g′′(t)|3 is 1
2-ϕ-convex withϕ(u,v) = u− v (see example

1) and by Theorem4, for a,b ∈ R with a < b and
x∈ [a,b], we have

∣

∣

∣

∣

∣

216
1729

[b
19
6 −a

19
6 ]− 36x

13
6

91
(b−a)+

6x
7
6

14
[(b−x)2− (x−a)2]+

x
1
6

6
[(b−x)3+(x−a)3]

∣

∣

∣

∣

∣

≤ (x−a)3

2 3√48

(

a
1
2 +2x

1
2

)
1
3
+

(b−x)3

2 3√48

(

x
1
2 +2b

1
2

)
1
3
.

5 Conclusions

In this paper we have introduced the concept of
s− ϕ−convex functions as a generalization of convex
functions, we study some properties of these functions
and we have established new Ostrowski’s inequality given
by Badreddine Meftah in [19] for s − ϕ−convex
functions. We expect that the ideas and techniques used in
this paper may inspire interested readers to explore some
new applications of these newly-introduced functions in
various fields of pure and applied sciences.
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[27] M. Tunç, Ostrowski type inequalities via h-convex functions
with applications to special means, Journal of Inequalities
and Applications, No. 326 (2013).
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