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Abstract: This work presents a novel method for haptic rendering contact force and surface properties for virtual objects using the
Conformal Geometric Algebra orthogonal decomposition approach. The mathematical representation of geometric primitives along
with collision algorithms based on its mathematical properties is presented. The orthogonal decomposition of contactand interaction
forces is achieved using the same framework and dynamic properties in both subspaces are rendered simultaneously. Comparing with
vector calculus, the Conformal Geometric Algebra (CGA) approach provides an easier and more intuitive way to deal with haptic
rendering problems due to its inner properties and a simplerrepresentation of geometric objects and linear transformation. The results
of the evaluation of the method using a 3 DOF haptic device arepresented.
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1 Introduction

Haptic rendering is a computational process by which
desired kinesthetic or tactile stimuli are imposed on the
user within a human-machine interaction system [2]. In
other words, haptic rendering techniques provide different
ways to represent object’s physical attributes like shape,
elasticity, texture, and so on [16]. This representation is
just as the visual rendering of virtual objects, there exist
many different visual rendering techniques in order to
generate by computational calculus an image so the user
eyes could perceive and then interpret as a 3D sphere, a
building, or a nice character. In the same way the haptic
rendering process generates by computational calculus a
force-response model so a haptic device provides the user
with a kinesthetic or tactile stimuli that the user interprets
as touching or grabbing a virtual or remote object.

The main steps in haptic rendering algorithms are:
Collision detection, Force-response and Control
algorithms. The collision detection algorithms provide
information about contacts occurring between the user
and the virtual object. Force-response algorithms provides
a way to establish a force interaction between the user and
the virtual object. The control algorithms are the tool by
which the force calculated in the previous algorithms is

exerted on the user by the real electromechanical haptic
device.

Many different approaches have been proposed, from
Ideal Haptic Interface Point (IHIP) where the algorithm
checks to see if the end point of the haptic device is inside
a virtual object, then a virtual point is calculated at the
collision point and the penetration depth is calculated by
the difference between this point and the current position
of the haptic device [16]. Another approach presented in
[17] is based in computing collision and contact force
over virtual objects defined by implicit functions. Using
orthogonal decomposition for decomposing the haptic
device dynamics is an approach presented in [18] for
suturing task.

The algorithms mentioned above along others use
different kind of mathematical framework for collision
detection, force-response calculation and control
algorithms, e.g. for collision detection and implicit
function is evaluated then the force-response model is
calculated using vector algebra and control algorithm
takes use of linear algebra. In this work a new approach
based in Geometric Algebra is presented that applies the
same mathematical framework to collision detection and
force-response modelling while keeping the algorithm
intuitive straight forward and enabling the haptic

∗ Corresponding author e-mail:gsepulvedac@ipn.mx

c© 2015 NSP
Natural Sciences Publishing Cor.

http://dx.doi.org/10.12785/amis/090116
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rendering simultaneously normal and tangent properties
for virtual objects.

In [1] the basic concept of a hapting rendering
algorithm based on Geometric Algebra framework is
presented, but it lacks a methodology for implementation
using Geometric Algebra concepts, also a practical
implementation and experimental results are not
presented.

2 Geometric Algebra

Clifford and Grassman algebras was the base for
developing Geometric Algebra in 1984 by David
Hestenes [4]. Geometric Algebra (GA) unify, simplify
and generalize many areas of the mathematics involving
geometric concepts [5]. A brief history of GA is
presented in [6] and its applications in Special Relativity
and Quantum Mechanics. The applications of GA
concepts are wide, from electromagnetism in antennas
[7], visual computing [8], parallel graphic computing [9],
features extraction [10] and robotics [11].

2.1 Geometric Algebra Basics

The basic concepts of GA are found in [5], [4], [6], [12],
among others. In this section just the necessary concepts
needed for haptic rendering and collision algorithms
development are presented.

Let Gn denote the algebra ofn-dimensions which is a
graded-linear space. This algebra is an extension of the
inner product spaceℜn. First it is an associative algebra,
that is, a vector space with a defined product, called
geometric product, that satisfies the following properties
P1-P6, for all scalarsa andA,B,C∈ Gn:

P1: A(B+C) = AB + AC, (B+C)A = BA + CA.
P2: (aA)B = A(aB) = a(AB).
P3: (AB)C = A(BC).
P4: 1A = A1 = A

The members ofGn are calledmultivectors, this members
are a new mathematical entity capable of representing
geometric objects. This could be interpreted by the
following sentences: in simple algebra, a literala could
represent any amount or a given or unknown quantity, in
the same way different membersA,B,C ∈ Gn could
represent a geometric objects like points, vector, lines,
planes, circles and spheres. Two more properties are
needed to construct the Geometric Algebra [5], [13]:

P5: The geometric product is linked to the algebraic
structure ofℜn by

uu= u ·u= ‖u‖2
,∀u∈ ℜn (1)

P6: Every orthonormal basis forℜn determines a
standard basisfor the vector spaceGn

If u andv are orthogonal, then the non-commutative
property arise as follows:

vu=−uv,u⊥ v (2)

This geometric product of orthogonal basis are so
calledn-vectors, and spans the standard basis for a given
GA. Most geometric CGA-elements consist of the
independent base elements that have the same number of
base vectors. Ablade Bfor a k-dimensional subspaces of
ℜn is a product of an orthogonal basis for the subspace:
B= b1b2 · · ·bk, and is called a blade ofgrade k.

One of the most important features of this
mathematical approach to the field of haptics derives in
the following capabilities:

*It is possible to represent geometric objects inℜn with
members ofGn.

*Geometric Algebra represents geometric operations on
these objects with algebraic operations.

*Coordinates are not used in these representation

In the approach presented in this work it is specify the
geometric algebraGn of then dimensional space byGp,q,r ,
where p, q and r stand for the number of basis vectors
which squares to 1, -1, 0 respectively and fulfilsn= p+
q+ r.

Denoting ei as the basis vectori in GA Gp,q,r , the
geometric product of two basis vectors is defined as:

eiej =











1 f or i = j ∈ 1, . . . , p
−1 f or i = j ∈ p+1, . . . , p+q
0 f or i = j ∈ p+q+1, . . ., p+q+ r

ei ∧ej f or i 6= j

(3)

The standard basis for the entire algebra is denoted by:

{1},{ei},{ei∧ej},{ei∧ej ∧ek}, . . . ,{ei∧ej ∧ek∧. . .∧en}
(4)

with i 6= j 6= k.
The inner and outer product of vector algebra are

related to the geometric product as follows:

uv= u ·v+u∧v (5)

The geometric product of two vectors is the sum of
a scalar and a bivector. There is no formulation in vector
algebra that the inner and outer product are part of a whole:
the geometric product is an associative product in which
nonzero vector have an inverse.

3 Conformal Geometric Algebra

Geometric AlgebraGn,1,0 = Gn,1 is a powerful GA for
Euclidean geometry. This model also unifies Euclidean,
hyperbolic and elliptic geometries. The Conformal
Geometric Algebra (CGA) extendsℜd (the common
cartesian space) with vectore+ ande−, orthogonal toℜd
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and satisfyinge2
+ = 1,e2

− =−1. The basise+,e− are used
to generate the more useful basis:

e0 =
1√
2
(e−−e+) (6)

e∞ =
1√
2
(e−+e+) (7)

Then based on (3) it leads to:

e2
0 = e2

∞ = 0 (8)

e0 ·e∞ =−1 (9)

The basic geometric elements are classified in 4 types:

1.Rounds: includes points, point pairs, circles, spheres
andn-spheres.

2.Flats: a flat is a round containing the point at infinity
e∞ and represents, lines, planes and hyper-planes.

3.Free blades: this are elements without position. This
elements have noe0 in its formula and can be
considered as ”directions”.

4.Tangent blades: this elements have noe∞ component
and can be considered as ”tangent subspaces”.

The geometric properties ofℜ3 could be treated with
CGA G4,1, in this work this approach is used without
losing generality. The vectorse1,e2,e3 are orthonormal
vectors in Euclidian spaceℜ3.

3.1 Point

In CGA a point can be represented by a round or a flat,
or it can be seen as a sphere with radius 0. The conformal
model representation of a point at the end of vectorp∈ ℜ3

is:

pc := p+e0+
1
2

p2e∞ ∈ G4,1 (10)

The flat pointF corresponding to the same point is:

F = (p+e0)∧e∞ (11)

Note that the vector is normalized and the coefficient
of e0 is 1, the multivectorp is null, this is:p2 = p · p= 0
and more generally

p ·q=−1
2
(p−q)2 (12)

Round points and flat points could be multiply by an
arbitrary scalar non-zero factor and it represents the same
point.

3.2 Point pair, circle and sphere

Point pair, circles, spheres and hyperspheres are rounds
with grade 2, 3, 4 and above respectively. A point pair is a
sphere in 1D, which means the set of points in a line
having the same distance to a point called center. Point

pair also represents a line segment fromP to Q, see fig.1.
The CGA representation of a point pair is:

B2 := P∧Q (13)

Fig. 1: CGA representation of a Point Pair, also the
representation of 1D sphere.P and Q are at the same distance
r from the centerC

The CGA representation of a circle, sphere and
hypersphere are presented below:

C := P∧Q∧R (14)

B3 := P∧Q∧R∧S (15)

Bn := P∧Q∧R∧S∧·· ·∧N (16)

3.3 Line plane and hyperplane

A straight line in CGA is represented by a 3 dimensional
blade:

L := P∧Q∧e∞,P,Q∈ G4,1 (17)

whereP,Q are round points along the line.
The flats in CGA represents planes and hyperplanes.

A 3D-plane is a blade with grade 4, and generally adD-
hyperplane has a graded+1.

Π := P∧Q∧S∧e∞,P,Q,S∈ G4,1 (18)

whereP,Q,Sare round points.
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An example of a representation of geometric objects
in ℜ3 using CGA is presented in Figure2, e1,e2,e3 stands
for the orthonormal basis, the points arep1 = e1 + e0 +
1
2e∞, p2 = e2+e0+

1
2e∞, p3 = e3+e0+

1
2e∞, p4 =−e1+

e0+
1
2e∞. The line is definedL = p2∧ p4∧e∞, the circle is

definedB2= p1∧ p2∧ p3 and the sphereB3= p1∧ p2∧
p3∧ p4.

Fig. 2: CGA visual representation of aℜ3 space. The lineL
passes through pointsp2 and p4, the circleB2 passes through
points p1, p2, p3, and the sphereB3 passes through points
p1, p2, p3, p4.

An excellent tool for introducing and visual
understanding CGA isGAViewer[15]. It is an application
specialized in visualizing 3D objects represented by
CGA. Figure2 was made using this tool.

3.4 CGA Pseudoscalar and Dual

An important member of CGA is thepseudoscalar Iand
is defined by:

I = e1e2 · · ·en (19)

Note that I−1 = en · · ·e2e1 and in CGA model the
productII −1 = 1. This pseudo scalar is used to calculate
the dual of a blade in CGA. Given a bladeB its dualB∗ is
given by:

B∗ = BI−1 (20)

The dualB∗ in CGA represents the same geometric
object, ifB has grader in ad−dimensionalCGA, then the

dualB∗ has graded− r. An example of this is the duality
between a plane inℜ3 and its normal vector, the space is
3-dimensional, the plane is 2-dimensional and the normal
vector is 1-dimensional.

3.5 Parametric Representation of Sphere and
Plane

The particular case of representing a 3D sphere and plane
in Conformal Geometric Algebra could be understand as
an equivalent to the conventional algebra formulation
using the dualB∗

3 andΠ ∗. It is presented in [5] the dual
representation of the sphere and plane as:

B∗
3 := CB−

1
2

ρ2e∞ (21)

Π ∗ := n+(p ·n)e∞ (22)

where CB,ρ stands for the sphere center and radius
respectively, andn, p stand for the normal of the plane
and a point on the plane respectively.

3.6 Orthogonal Decomposition

Due that the CGA model represents geometric operations
in ℜ3 with algebraic operations inG4,1, the orthogonal
decomposition of a vectora with respect to a bladeB is
given by the following operations:

a = a‖+a⊥ (23)

a‖ = (a ·B)B−1 (24)

a⊥ = (a∧B)B−1 (25)

where a‖,a⊥ represents the normal and tangent
component of vectora respect to the bladeB, note thatB
could represent a vector, plane, sphere, or any blade in
CGA, see Figure6. This simple procedure for orthogonal
decomposition has no analogy in the normal vector
algebra, except whenB is another vector inℜ3.

4 Haptic Rendering

Haptic devices provides a tool in virtual reality systems to
interact with 3D virtual environments using user’s touch,
tactile and kinesthetic capabilities.

The interaction with virtual objects is achieved using
haptic rendering algorithms. Typically, a haptic rendering
algorithm is made of two parts: collision detection and
collision response [16]. The user manipulates the haptic
device in order to interact with a virtual environment next
by acquiring the position and orientation of the device a
collision within the virtual environment is calculate. After

c© 2015 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.9, No. 1, 113-124 (2015) /www.naturalspublishing.com/Journals.asp 117

the collision detection the interaction forces must be
computed in order to provide the user with a congruent
response of the interaction with the 3D objects and their
surface details. Hence, a haptic loop with frequency
above 1 KHz must be implemented, this due to the human
perception bandwidth. The haptic rendering algorithm
could provide the user with virtual object’s information
about itsObject Propertiesand Surface properties. The
object properties represents the internal static or dynamic
behavior, like hardness, stiffness, weight or shape,
internal viscosity, etc., the surface properties represents
the surface texture, tangent friction, etc. The steps of a
common haptic rendering algorithm are shown in Figure
3.

Fig. 3: Haptic rendering algorithm steps

The work in [19] presents six procedures for haptic
exploration:

H1: Contour following:global shape, exact shape
H2: Pressure:hardness
H3: Unsupported holding:weight
H4: Lateral motion:texture
H5: Static contact:temperature
H6: Enclosure:global shape, volume

One point interaction haptic device, like Novint
Falcon, Sensable Phantom or Delta, could provide H1-H4
haptic perception of virtual objects. H6 is achieved using
multipoint devices like CyberGrasp. Temperature is still a
virtual object property still not included in virtual reality
simulators.

4.1 CGA Collision Detection

The first step in haptic rendering algorithms is to detect a
collision of the 3D representation of the haptic device’s
probe calledproxy and the virtual objects. A variety of
works about 3D collision in dynamic environments has
been done [20], [17], [16], [22]. For haptic interaction an
interesting approach to collision detection is presented in
[17]. This approach is based on implicit functions that
represents the contour of virtual objects, this provides
with an easy inside-outside test for collision test.

An example using the implicit function approach is the
collision with a sphere of radiusr and center at the point
C∈ ℜ3 = he1+ ke2+ le3. Given the following sphere:

ϕ1 = (x−h)2+(y− k)2+(z− l)2− r2 (26)

The equation (26) represents the manifold of all points
X ∈ ℜ3|ϕ1 = 0, see Figure4. The evaluation of equation
(26) using the position of the proxy gives three possible
results:ϕ1 > 0 the proxy is outside the virtual object,ϕ1 =
0 the proxy is on the virtual object’s surface andϕ1 < 0
the proxy is inside the virtual object.

Using CGA representation of a sphere (equation (15))
the inside-on-outside test could be done using the position
p of the proxy in the following equation:

ϕ1CGA = p ·B∗
3 (27)

then in the same way,ϕ1CGA > 0 the proxy is outside the
virtual object,ϕ1CGA = 0 the proxy is on the virtual object’s
surface andϕ1CGA < 0 the proxy is inside the virtual object.
The same is also true for a plane. Using the magnitude
value of this operation, it could be tested inside-outside of
a point with a line, it is due to the line is a 2 dimensional
object so a point just has two possible states (in/out):

ϕ2CGA = |p ·L∗| (28)

ϕ3CGA = p ·Π ∗ (29)

It is important to denote thatB∗
3 andΠ ∗ are 4-blades

and L∗ is a 3-blade, so the sphereB∗
3 and the planeΠ ∗

subdivide the space in 3 regions (in-on-out) and the line
L∗ subdivide it in 2 (in-out).

4.2 Orthogonal Decomposition Approach

The step after the collision detection is the collision
response. In this step the interaction forces send to the
haptic device are calculated. This forces provides the user
with a stimuli that represents the objects normal and
tangent properties that stands for the haptic exploration
procedures H1-H3 and H4 respectively, see Figure5.

A complete force-response model to provide virtual
objects with normal and tangent properties
simultaneously using CGA is:

F = Fn+Ft (30)
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Fig. 4: Representation of a sphere with center at the origin. In
vector algebra the implicit function representation is given by
(26). In CGA the representation is given by (15).

whereF is the total force exerted by the haptic device,Fn
is the force-response due to normal interaction with the
virtual object (H1-H3) andFt is the force-response due to
the interaction with the object surface (H4).

4.3 CGA Normal Properties

Most of the common interaction with 3D virtual objects
could be simplified to the interaction with geometric
primitives like, points, lines, planes and spheres, eg. the
contour of a 3D virtual object cold be represented by a
triangle mesh. Then the interaction with a triangle mesh
could be reduce to interact with each of its triangles and
the interaction with a triangle could be reduce to the
interaction with a plane defined by the triangle vertex
represented in CGA by (29), see Fig6, this procedure
along with a force-response model accomplish the
contour following task (procedure H1).

In order to provide the virtual object with hardness
(procedure H2), a force-response model should be
executed by the haptic device. To achieve this the
variablesϕn andϕ̇n are defined as follows:

ϕplane =
x ·Π
| Π | (31)

ϕ̇plane =
ẋ ·Π
| Π | (32)

ϕsphere= | (x∧C) ·e∞ | −ρ (33)

ϕ̇sphere= | (ẋ∧C) ·e∞ | −ρ (34)

Fig. 5: Representation of virtual object’s normal (procedures H1-
H3) and tangent properties (procedure H4).

where x, ẋ stands for the position and velocity of the
proxy within the virtual environment,Π is the CGA
representation of a plane, equation (18), C,ρ stands for
the sphere center in conformal model and the sphere
radius respectively. Equation (31-34) are mathematical
representation of the interaction with a geometric plane
and sphere inℜ3 and its change over time, using CGA,
this representation is useful for haptic rendering
algorithms.

The simplest model to implement hardness to a virtual
object is to apply a linear proportional force dependant of
the depth penetration, this is called an elastic model [16],
this model is given by:

F = k | ∆x | n̂ (35)

whereF is the force exerted by the haptic device,k stands
for the elastic coefficient of the virtual object, and| ∆x |
stands for the depth penetration and ˆn is the normal
direction respect to the object’s surface.

Using CGA representation of geometric primitives a
visco-elastic force-response model could be implemented
using:

Fn = Knϕn+Bnϕ̇n (36)

whereFn stands for the force calculated for the normal
interaction,Kn andBn stands for the objects stiffness and
viscosity respectively. The sub indexn is added because
this force is exerted for an interaction in a direction
normal to the virtual object surface. The variableϕn, ϕ̇n
could be substituted by equations (31, 32) respectively for
haptic render a plane or by equations (33, 34) for a sphere
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Fig. 6: A triangle inℜ3 is defined by three pointsP,Q,R, using
this points and equation (29) it is defined the virtual object
representation of a planeΠ in CGA. The vectorV is orthogonal
decompose in its normal componentV⊥ and tangent component
V‖ respect to planeΠ .

Fig. 7: Proxy’s penetration depth used to calculate linear elastic
haptic rendering.

with dynamic properties. Note thatϕn = 0 represents the
contour of the geometric object.

The normal vector to the object surface represented in
equation (31, 33) could be calculated as follows:

n̂plane=
Π ∗

| Π | (37)

n̂sphere=
x−C

| x−C | (38)

4.4 CGA Tangent Properties

In order to haptic render surface properties for virtual
objects using the CGA representation, a tangent dynamic
respect to the object’s surface must be calculated. The
CGA representation of the tangent interaction with (31)
and (33) are given by:

ξplane= (x∧ n̂plane)n̂
∗
plane (39)

ξ̇plane= (ẋ∧ n̂plane)n̂
∗
plane (40)

ξsphere= (x∧ n̂sphere)n̂
∗
sphere (41)

ξ̇sphere= (ẋ∧ n̂sphere)n̂
∗
sphere (42)

where x, ẋ stands for the position and velocity of the
proxy within the virtual environment. The variablesξ , ξ̇ ,
represents the tangent displacement and tangent velocity
of the proxy respect to the object surface. Equations
(39-42) are used to provide the virtual object with surface
properties, procedure H4.

In order to provide the object with surface friction a
force-response model is defined as follows:

Ft = Bt ξ̇t (43)

whereFt stands for the force calculated for the tangent
interaction,Bn stands for the objects surface friction
coefficient. The sub indext is added because this force is
exerted for an interaction in a direction tangent to the
virtual object surface. The variablėξt could be substituted
by equation (40) for haptic render a plane’s surface or by
equations (42) for a sphere’s surface with linear friction.

Both the normal and tangent force-response is applied
by the haptic device while the proxy is in contact with the
virtual object, that is whileϕn < 0.

4.5 Combined algorithm

To provide virtual objects with surface texture a
combined force-response model could be applied. First
the collision calculation is modified in order to provide
the object surface with bumps and irregularities, this is
achieved by using:

ϕn−Asin(2π f | ξt |) = 0 (44)

whereA stands for the depth of the object surface bumps,
f is a variable that determines the object’s bumpiness. The
force-response model applying this behavior is as follows:

F = Kn (ϕn−Asin(2π f | ξt |))+Bnϕ̇n+Btsign(ξ̇t) (45)

The equation (45) is a force-response model that
provides the virtual object with visco-elastic behavior and
dry surface friction with bumps over objects surface.
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Fig. 8: Combined algorithm using normal and tangent variables
to haptic render bump surface objects as textured surface objects

5 Experimental Platform and Results

The experimental platform is integrated by a Laptop Asus
G53J, running at 1.73 GHz with Intel i7 processor, 8Gb
RAM and 1.5 Gb Nvidia GeForce GTX460m video card.
A Novint Falcon haptic device is used, see Figure9. The
application was built in Visual Studio 2012, with Gaigen
2.5 Test Suite [14] implementing CGA classes and
methods and Novint Falcon SDK over Visual C++.

Fig. 9: Experimental platform

Table 1: Experiments Setup

Object Normal Model Tangent Model

Plane Knϕn+Bnϕ̇n Bt ξ̇t

Sphere Knϕn+Bnϕ̇n Btsign(ξ̇t)

Plane Kn (ϕn−Asin(2π f | ξt |)) Btsign(ξ̇t)

+Bnϕ̇n

In order to test the proposed haptic rendering
algorithm, three experiments were conducted. The
information of each experiment: a) virtual object type, b)
normal force-model and c) tangent force-model are
presented in the Table1.

The interaction variables:x, ẋϕn, ϕ̇n,ξt , ξ̇t ,F and the
3D movement of the proxy for each of the three
experiments are presented in Figures10-14.

In Figure 10 and 11, it could be seen the collision
detection aroundt = 2.7secwhen the variableϕn change
from greater than zero to lower than zero, also the linear
dynamic dependence of the reaction force is presented in
10C and11C. The linear surface friction is presented in
11A and11C.

The Figures12 and13 present the dynamic behavior
during the interaction with a sphere, the force calculated
for the haptic device has the sum of both normal and
tangent interaction.

In Figure14 and15, it could be seen the interaction
with a bumped floor Fig15D shows the bumps when
moving in to directions over the textured plane.

6 Conclusion

A new haptic rendering algorithm base in Conformal
Geometric Algebra is presented with a stable interaction
on a 1KHz haptic thread. Different parts of the
methodology provide collision detection, force-response
model and virtual object surface properties,
simultaneously without multiple threads running at a
time. This new approach permits the orthogonal
decomposition of the interaction forces using simple
algebraic operations given two haptic rendering spaces,
normal and tangent. The methodology could be extended
to more complex dynamic properties for normal and
surface behaviors, depending on positions and velocities.

The preliminary results indicate that this approach is
programmer friendly and intuitive, the inner structure of
Conformal Geometric Algebra simplifies the geometric
analysis of the interaction. The experiments shows the
possibility to couple or decouple normal and tangent
dynamics.

Future work will include the introduction of
bio-mechanic models of tissue for normal interaction and
complex friction models for tangent interaction, the
extension to orientation of the haptic device probe and
multipoint interaction.
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A)

B)

C)

D)

Fig. 10: Interaction with a plane with visco-elastic properties and
surface linear friction. A) Proxy position, B) Proxy velocity, C)
ϕn, D) ϕ̇n

A)

B)

C)

D)

Fig. 11: Interaction with a plane with visco-elastic properties and
surface linear friction. A)ξt , B) ξ̇t , C) Haptic device force, D) 3D
movement
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A)

B)

C)

D)

Fig. 12: Interaction with a sphere with visco-elastic properties
and surface linear friction. A) Proxy position, B) Proxy velocity,
C) ϕn, D) ϕ̇n

A)

B)

C)

D)

Fig. 13: Interaction with a sphere with visco-elastic properties
and surface linear friction. A)ξt , B) ξ̇t , C) Haptic device force,
D) 3D movement
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A)

B)

C)

D)

Fig. 14: Interaction with a plane with visco-elastic properties and
textured surface. A) Proxy position, B) Proxy velocity, C)ϕn, D)
ϕ̇n

A)

B)

C)

D)

Fig. 15: Interaction with a plane with visco-elastic properties and
textured surface. A)ξt , B) ξ̇t , C) Haptic device force, D) 3D
movement
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