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Abstract: In this paper, we review local and non-local fractal derivatives. Fractal calculus is formulated for the cases of functions
supported on fractal Cantor-like sets, fractal curves, and fractal Cantor tartan. Scale properties of the suggested fractal functions and
derivatives are given. Some examples and graphs are given for more details.
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1 Introduction

Fractal geometry includes objects and shapes with self-similarity, fractional dimension, and scale-invariant properties [1,
2,3,4,5,6,7,8,9]. Analysis on fractals was suggested by many researchers using probability, fractional calculus,
harmonic analysis, and fractional spaces [10,11,12,13,14,15,16,17,18,19,20,21]. Fractal calculus was formulated in
seminal papers by Gangal; it is a generalization of standard calculus which is algorithmic and simple for use in
applications [22,23,24,25,26,27]. Fractal calculus has found many applications in physics [28,29,30,31,32,33,34,35,
36,37,38]. In this paper, we summarize fractal calculus and its applications in the last decades.

2 Fractal calculus

In this section, we give a brief summary of fractal calculus which involves functions defined on thin Cantor-like sets,
fractal curves, and fractal Cantor tartan.

2.1 Fractal calculus for thin fractal Cantor sets

We present the steps which construct middle-a Cantor set [39]. First, remove interval of length 0 < a < I from the middle
of the J/ = [0, 1]. By doing the same procedures we find middle-a Cantor set as follows:

Step 1.
Ct =105~ @)U (1 +a), 1], n
Step 2.
€3 = 0,301 o] UL( — ), 501~ @ UL (14 @)+ 5 (14 @)+ 50—~ @)] U [ (1+a)(1+ 50— a), 1]
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Then, we have after m steps
=G )
m=1

which is called middle-a Cantor set (thin Cantor-like set).
The Hausdorff dimension of middle-a Cantor set is defined by

log(2)
Dy (CY) = , 3

H(C") log(2) —log(1 —a) ©)
which is base of Hausdorff measure [2,39].
In Figure 1, we show the processes that established the middle-a Cantor set.
The flag function is defined by [22,23],

1 if C*°NJ#0
F(C*)) = 4
(D) {O otherwise., ®

where J = [by,b;]. Let Qo) = {b1 =t9,t1,1,...,t, = by} be a subdivision of J. Then, Y*[C®, Q] is defined in [28,22,
23] by '

reCt, Q=Y I'(a+1)(ti —t;-1)*A(C*, [ti-1,1]), (%)
i=1

where 0 < ax < 1.
The mass function .Z*(C®,by,b,) is given in [22,23] by

ME(CO by, by) = lim AE(C*,by,by) = i inf  Tr¥c*,qQ] |, 6
(C%,b1,by) lim §(C%,by,by) 513})(0[;,]‘;2?1Q§5 [ Q]) (6)

here, it is taken infimum over all subdivisions Q of [by,b,] satisfying |Q| := max;<;<,(t;i —t;_1) < 8.
The integral staircase function of the fractal sets is defined in [22,23] by

AME(C%19,1) i >0
Saa 1) = e - 7
celt) {///O‘(C“,to,t) otherwise, @)
where 7 is an arbitrary real and fixed number.
In Figure 2, we plot Eq.(20) middle-a Cantor set by letting a = 1/2.
The y-dimension of C* N [by,bs] is
dimy(C* N [by,by]) = inf{a : .#*(C*,by,by) =0}
=sup{a: .#*(C® by,by) =} 8)
In Figure 3, we obtain y-dimension in view of Eq.(8).
For a middle-a Cantor set fractal, the characteristic function is defined by
1 a.
=, t€C
a(a,t) =<4 Llat+l) ’ 9
Xen(a1) { 0, Otherwise ©)
In Figure 4, we have plotted characteristic function for the middle-a Cantor set by choosing a = 1/2.
C%*-limit of A(t) : C* — R is defined by
t,z€C" and [z—t|< 8= |h(z)—I| <€, (10)
if [ exists, namely
[ =C%-lim h(r). (11)
z—t
C%*-continuity of A(t) is defined by
h(z) = C%-lim h(z). (12)
—t
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Fig. 1: Cantor-like set with a = 1/2
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Fig. 2: Staircase function corresponding to Cantor-like set with a = 1/2
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Fig. 3: The y-dimension gives @ = 0.5 to Cantor-like set with a = 1/2
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Fig. 4: Characteristic function for Cantor-like set with a = 1/2

C“-Differentiation of A(¢) on a-perfect set, is defined by [22,23,28],

o limo MA=hE) e o ca
Dgah(t) = ¢ Z*)ltlmsga (Z)fsga ()’ ifzeC ’ (13)
0, otherwise.

C%*-integral of h(r) on [by,b] is denoted by fbblz h(t)dZ.t and approximately given by [22,23,28]

by n
| he)ate = Y 05 (1))~ Sa(tj-1)) (14
1 i=1

2.2 Fractal calculus for Cantor tartan fractals

In this subsection, we review calculus on the Cantor tartan, which is defined by [29]

T=TUT C[0,1]
T = C" x [0, 1], T = [0,1] X Cu,

where C* C [0,1] is a middle-a Cantor set. We consider intersections of the Cantor tartan T with a box I = [by,bs] x
[c1,¢2], b1y b2, 1, 2 € R [29]. In Figures 5 and 6, we show pre-fractal Cantor tartan with different dimensions.
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Fig. 5: Cantor tartan with dimension 1.63

Fig. 6: Cantor tartan with dimension 1.43

The flag function for the Cantor tartan is denoted by Q(%,1), and defined by

1, if SNI#0,
Q 1) = 1
(%.0) {O, otherwise. {as)

A subdivision of the box I = [by,bs] X [c1,¢3] is defined by

P, bl xler,ea] = 101 = X0,X1,X2, ., X0 = b2 }
X{Cl:yanlayZa“'aym:CZ}a (16)

where X denotes the Cartesian product [29].

Mass functions for T and a subdivision Py, ;]| as above such that, and for any 0 < @ < 1,0 < 8 < 1 are defined by

c1,02]

=

TP (T, Py byl lercn]) = Y Y D (@+ DE(B+ 1) (xi —xi-1)* (v = yj-1)P O(F, [ximp,xi] x [yj—1,y]). (A7)
j=li=1

In view of the mass function Eq.(17) and Cantor tartan T one can define

A’a7ﬁ (Tvb] ;bl ;Cl 562) = hm lnf Ga7ﬁ (T7P[bl,b2]><[cl,cz]) Y (18)

80 | Ploy by)xfey ) 1PI<E
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where |P| is defined by

[Pl = max (i —xi1) X () = ¥j-1). (19)
The integral staircase function Sg’ﬁ (x,y) for T is defined by
l“*ﬁ(‘l bo,co,x,y), if  x>bgy, y>co;
Sa,ﬁ _ s Y0500 ) e ) fetl i 20
T (%)) {—ka’ﬁ(‘l,bo,co,x,y), otherwise, (20

where ag, co are real numbers and fixed numbers [29]. In Figures 7 and 8, we have plotted integral staircase functions for
different ¥ [29].

(xy)

a8
Se

Fig. 7: For Cantor tartan with dimension 1.63

(xy)

a8
Se

Fig. 8: For Cantor tartan with dimension 1.43

The integral staircase function of ¥ is continuous and monotonically increasing in term of each variables x, y [29].
The p-dimension of TN ([by,b3] X [c1,¢3]) is defined by

dlez({Zﬁ ([b],bz] X [C],Cz])) = inf{max{a,ﬁ} : la’ﬁ(i,bl,bg,cl,q) = 0}
= sup{max{o,f} : %P (%,b1,by,c1,c) = oo} (21)
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The Hausdorff dimension for standard fractals is equal to »-dimension, namely
dimy () = max{dimg (T} ),dimy (1)} = 1 + dimy (C*),
where dimg is Hausdorff dimension [29].
If g(x,y) be a bounded function on ¥, then one can define
Mg, %, 1]= sup g(x,y), if TNI#0.=0, otherwise, (22)
(xy)exna
and similarly
mlg,T,I]= inf g(x,y), if TNI#0.=0, otherwise. (23)
(xy)exnl
The upper U%P_sum and lower L*#-sum for g(x,y) over the subdivision P are defined by
U*P g, TP = Z ZM &, [xio1,x] X [yj-1,¥5]] (S%’ﬁ (xi,y7) — S%’ﬁ (Xi—1,yj-1 )) ;
j=li=
L*Pg. 5P = Y, Zm &% i) x vy (5% () = 52 (i) ). (24)
j=li=
The function g(x,y) is called F*P-integrable on the Cantor tartan ¥ if we have
(e1,¢2) B 1 B
/(b b) (x y dFXdFy% Z ( -xHyj) Sg’ (xifla)’jfl)) . (25)
1,92 =1

2.3 Fractal calculus for fractal curves

The fractal C is called parameterized, if there exists a function v(z) : [ag,dp] — C which is continuous one to one and onto

C [26,35].
The mass function for C is defined by

A%(C,a,d) =lim Ay = lim  inf Z Cla+1)|v(tio) —v(@)|%,

0—0 0—=0{P q;:[P|<8} ;=

where Py, y{a =19, ...,tn = d} C [ag,do] is subdivision and |.| is the Euclidean norm on R* [26,35].

The staircase function for fractal curves C is defined by

arn ) YH(Cq0,t) 1> qo,
Se(n) = {Ya(cvt,%) 1 < qo,

where g € [ag,dp] is arbitrary and fixed point.

In Figures 9 and 10, we plot staircase functions for the Koch and the Cesaro curves [26,35].

The y-dimension of fractal curve is defined by

dimy(C) = inf{et : A%(C,a,d) =0} =sup{o: A%(C,a,d) = oo}.

The similarity dimension of fractal Koch curves is given by
B log(4)
log[2(14cos®)]’
where ¥ is angle of the iteration for generating Koch curves [26].

Fractal derivative of function g(0) at 8 € C is defined by

. B g(0")—g(0)
Des(6)=C= Jim, k(on—k(6)’

(26)

27)

(28)

(29)

(30)
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()

Fig. 9: Koch curve with fractal dimension 1.2 and corresponding staircase functions in red

Fig. 10: Cesaro curve with fractal dimension 1.79 in blue and corresponding staircase functions in red

where K(0) = S%(v=1(6)),0 € C.
F-limit of g is defined by

0'cC and |6/-0|<d=g(0)—I<e¢, 31
if [ exists [26,35]. Then we can write
[=C— lim g(0"). (32)
6'—0

A segment B(t,1,) of fractal curve is defined by

B(t1,0) = {v(¢') :1" € [, 0]} (33)
It follows that
M[gaB(tlth)] = Ssup g(e)v (34)
963([1,{2)
B(t;,1p)] = inf 0). 35
m[gv (la 2)] GGé%I,IZ)g( ) ( )

The upper and the lower fractal sum for the function g over the subdivision P are defined by

n—1
U%[g,C.P] = ) MIg,B(ti,ti1)][SE(ti1) — SE(11)], (36)
i=0
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n—1
L%g,C.P| = Y m[g,B(t;,1i1)][SE(tis1) — SE1)]. (37)
i=0
Integral of the function g on fractal curve is defined by
Gd"‘G:/ 6)d%6 — sup L%[g,C,P :/ 6)d%6 — inf U%[g,C.,P]. (38)
Jop 2000 = [ s(0)a S Les CP= | £(0)dgo = jof Uls.C.P
3 Nonlocal fractal calculus for thin Cantor fractal sets
In this section, we present a review on nonlocal fractal [31].
A function A(S%(x)) € €cap, p € R if we have
dp>p=
h(S¢a(x)) = S¢a(x)"DEah(S¢a (x)) = S¢a (x)h1 (S¢a (x)), (39)
where
hi(S&a(x)) € €5 la,b].
Then,
h(S¢a(x)) € ¢ pla,b],
if and only if
(DEa)"h(S¢a(x)) € Gcap, neEN. (40)
Subsequently, the fractal left-sided Riemann-Liouville integral order € is defined by
1 < h(t)
jgh = / daat, 41
a<’ x ()C) 1—&%(8) Ja (Sga (X) *Sga(t))a7£ C ( )
where S (x) > S%(a).
Remark 1. In Eq.(41) by choosing € = @, one can obtain fractal integral of /(x).
The fractal left-sided Riemann-Liouville derivative of order € is defined by
a7y h(x)
1 x h(t)
= Daa n/ daat' 42
& ), SEm - saw) e “
For a h(x) € C*[a,b], na — o0 < € < an, the fractal left-sided Caputo derivative of order € is defined by
CZih(x)
1 x D&.)"h(t
= ra [ et (43)
(=€) Jo (SE () — SE(n)) "@rera
Remark 2. We can obtain the standard fractional derivatives by choosing o = 1 [31].
3.1 Scale properties of the fractal functions
A function h(S% (x)) is fractal homogenous of degree-not or invariant under fractal rescalings if we have
h(SE () = p'h(S% (), 3 n, ¥ u. (44)
For the function /(S& (x)) on triadic Cantor set (a = 1/3) if we choose m =1 and u = 1/3",n=1,2,..., then
h(S& ! e “h(SE 45
(58 (55) = (57)*h(SE (). 45)
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Scale change of the local fractal derivative and fractal homogenous function /(Sg. (x)) are given by
DEh($% (1)) = W CDER(S% (x).
Scale change for the staircase function S, (x), implies that gives
x = ux = S (ux) = p*Sg (x).
In view of Eq. (42), a = 0, and scale change x — ux, we get
075 (h(S¢a (1x))) = 1% 0 Zjic (h(Sga (1x))),

which is called scale change on the non-local fractal derivatives [31].
Some important formulas:

I TER) = hx)— ) (58 (b) — S8 (1)),

(D)7 h(x)) (52, (a))

jSC@S i
r{j+a)

(88 (x) = S¢a (@)’

2”: D) h(x))(s%(v))

eC
cﬂbx@b JJFOC)

(58 (b) = S¢a(x))’.
j=1

Example 1. Consider function (x) = x* and f(x) = S& (x) not S%(x). Then we have

re) s

DOSh(x) —
0D h(x) res)” -

where (DY is fractional Riemann-Liouville derivative.

I5a(3) oo (15
I—E/‘% (Z.S)SCU‘ (‘x) Y

02 f(x) =

where 0@8‘5 is called fractal Riemann-Liouville derivative. In Figure 11, we plot Eq.(53) and Eq.(52).

Example 2. Let us consider function /(x) = x* and f(x) = S& (x) not S%(x). Then we have

()I)(C)'S]’l(x): F(S) x2.5

ras)y -’
where /%7 is fractional Riemann-Liouville integral.
I (3)
0.5 _ _ct .

where OJXO'S is called fractal Riemann-Liouville integral. In Figure 12, we plot Eq.(55) and Eq.(54).
Example 3. Consider fractal differential equation on the fractal Cesaro curve as follows:

D&g(x)=3, a=1.79.

Using the fractal integral, we obtain

which is the solution of Eq.(56).
In Figure 13, we plot Eq.(57).

Remark 3. The green lines in Figures 9 and 10 indicate the solution for the case of standard calculus, namely o = 1.

(46)

(47)

(48)

(49)

(50)

(1)

(52)

(53)

(54)

(35)

(56)

(57)
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Fig. 11: Graph of y(x) = x? in (red), £(x) = S% (x) not S¥(x) in (black), oD%y(x) in (green), and ¢ 2> f(x) in (blue).
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Fig. 12: Graph of g(x) = x? in (red), f(x) = SZ (x) not S%(x) in (black), oI g(x) in (green) and (.#2 f(x), in (blue)

Fig. 13: Graph of the solution Eq.(56)
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4 Conclusion

In this paper, we give a summary of fractal calculus. Fractal calculus has been adapted to fractal sets, fractal curves, and
Cantor tartan. Non-local fractal calculus was formulated which leads to local fractal calculus. The given results enable the
recovery of results in standard calculus. We believe that research in this direction will find many applications in physics,
chemistry, and engineering.
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