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Keywords: Order statistics, permanent, joint distributions, cambins random variable.

1 Introduction moments of order statistics ofnid random variables
using permanents. Recently, Cramer etldl.derived the
expressions for the distribution and density functions by

yser's method and the distribution of maxima and
minima based on permanents.

The joint probability density functiorpdf) and marginal
pdf of order statistics of independent but not necessaril
identically distributed ifinid) random variables was
derived by Vaughan and Venablgés[by means of
permanents. In addition, Balakrishndh[and Bapat and A multivariate generalization of classical order
Beg[3] obtained the jointpdf and distribution function statistics for random samples from a continuous
(df) of order statistics ofinnid random variables by multivariate distribution was defined by Corléy].
means of permanents. In the first of two papers,Guilbaudfl? expressed the probability of the functions of
Balasubramanian et a] obtained the distribution of innid random vectors as a linear combination of
single order statistic in terms of distribution functiorfs o probabilities of the functions of independent and
the minimum and maximum order statistics of someidentically distributedi{d) random vectors and thus also
subsets of{X1, Xy, ..., Xn} whereX’s are innid random  for order statistics of random variables. Expressions for
variables. Later, Balasubramanian et Gl.peneralized generalized joint densities of order statisticsiofrandom
their previous results in4] to the case of the joint variables in terms of Radon-Nikodym derivatives with
distribution function of several order statistics. respect to product measures basedibwere derived by
Recurrence relationships among the distribution funstion Goldie and MallerL3]. Several identities and recurrence
of order statistics arising fronmnid random variables relations forpdf anddf of order statistics ofid random
were obtained by Cao and Wegt[ Using multinomial  variables were established by numerous authors including
arguments, the pdf of;.n11 (1 <r <n-+1)was obtained Arnold et al.[l4, Balasubramanian and Bed,

by Childs and Balakrishnad] by adding another David[16], and Reiss[7]. Furthermore, Arnold et all4],
independent random variable to the origimavariables  David[16], Gan and Bain[§], and KhatrifLl9 obtained
X1,X2, ..., Xn. Also, Balasubramanian et &][established  the probability function |§f) anddf of order statistics of
the identities satisfied by distributions of order statisti iid random variables from a discrete parent. Also,
from non-independent non-identical variables throughmarginal and joint distributions of order statistics from
operator methods based on the difference and differentiahnid / iid continuous and discrete random variables /
operators. In a paper published in 1991, Bggbtained vectors are obtained in different ways by Giingor and
several recurrence relations and identities for productTuranp0,21], GungorR223,24], Gungor et al.25,
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Yizbasi and Gungdzp], Bulut et al.R7], Yuzbasi et Thus, Eq. {) is obtained.

al.[28] and Gungor and Bulug[9]. Eqg. @) in Theorem 1 can be expressed as E). (
In this study, joint distributions of order statistics of using a generalization of binomial expansion.

innid continuous random variables are obtained.
Hereafter, subscripts and superscripts are defined iTheorem 2.

fir.st plgce in which they are .used and these definitions perlAF(x1)AF (X)...AF (Xg41)]
will valid unless they are redefined. m mp—my n—my
If a1,ay,... are defined as column vectors, then matrix d+1 My
obtained by takingm, copies ofa;, m, copies ofay,... can - Fj (x1) (_1),“”4
be denoted as Z I_! W_2t mN 1 @)
2182 t-my 1
andperA denotes permanent of a square matrix A, which nr,t Ty l I_! Fy XW] I_! FT| Xw-1),

is defined as similar to determinants except that all terms

in expansion have a positive sign. where Y, _t_m,, denotes sum over all(" W 1)
Let Xy, Xo, ... ane|nn|d continuous random variables subsetsr = {T1,T2, rtme}, T = {Tlsza---vaN t}

andXyn < Xoin < ... < Xnin be order statistics obtained by ¢ Ut = {J i o } andtNT =0

arranging th@X’s in increasing order of magnitude. &]) M1 2 M- 2 72 JiT

is matrix obtained from A by taking rows whose indices pygof. Eq. (1) can be expressed as

are ins.

In this study, df and pdf of Xrl:n,sz:n,--.,er:n per[AF(xl)AF(xz) AF(Xd11)]
(I<ri<rp<..<rg<nd=12,.. )areglveg}srlrz}zor m(ljl =M
notational convenience we writgh; , i
- 7r3 1 rp—1 tErm e Z% 2 _Z r!FJI X1) |_|2 I:J| (Xw) — Fi|(XW—1)]'
and th ..... fa,ty instead Oon}j rd---Zmz rzzml rys l=my_1+1
—1 rp—1: 3)
)2y St Stem and Y0 .. Yior, Yiior,in the . (
exdpressmnzs beiow, respecuvéjlyd e It can be written as
My
[Fh (xw) —Fj, (wal)]
2 |dentities leading to distribution and ':"””:Jl o
probability density functions =y (-pm™ |—! Fo Ow)) |—! Fo (%),
t=My-1 nr—t My-—1 !
Identities in the following theorems are used to obtaintjoin (4)
df andpdf of order statistics ofnnid continuous random and using Eqg.4) in Eq. 3), Eq. () is obtained.
variables. It can be written as CilECPmdy..}mzml or

We now express three theorems to estabti$hof

- e , ! n—my)! instead o in Theorem 1 and Theorem
order statistics oifnnid continuous random variables. ( ) zpmd pIy

2. Here, y py mm denotes sum over alin!
Theorem 1. permutations (ji, j2, ...,jn) of (1,2,...,n) for which
4+l ma J1 < )2 < .o < s Jm1+1<1mh+21< < Jmps ey
PErAF(X1)AF(X2)...AF (Xg11)] :Z [ ] 4F0w), Jmgr <lmgez <o <o C= Sal(my — my-1)!]
m mp—my n—my Well=m, 1+1 and zpmd denotes sum over all permutations
WREreéx; < Xz < ... < Xd, AF(Xw) = (AF1(Xw),AF2(Xw), Realize tha mcludeq n
,AFn(x))’ is column vectorxy € R, Sp denotes sum D cPing....mpmy My (mp—my)! (n—mmg !

! i P i terms, whiles p includesn! terms.
o - a(l)l g permutatloAnFs(él, )Jz’mléhz) ())f (|1:,2(,.“7n§, Theorem 2 can be expressed as E§) (sing
My = U, M1 = N, AR (Xw) = Fj(Xw) = Fj(Xw-1)s  axpansion of permanent.
Fj, (o) = 0 andFj; (xg+1) = 1. p p

: . . . Theorem 3.
Proof. Using expansion of permanent, it can be written
PerAF (x1)AF(X2)...AF (Xg11)]

perAF(x1)AF(X2)...AF (Xg+1)] mo mp-my n—my

m Mp-m n—my n,...,Mg,Mp d d My My
=S AFj, (%)...AFj,, (X0)AF,, ., (%) AFj,, (% = —1) T2 (M~ tw) ( e )

Z Jl( 1) Jml( 1) Jmﬁl( 2) sz( 2) td,.Zztl( ) W|:|1 tw—l’nN

~AF L (Xdg1) - AFj (Xd+1) d Ny

md+1 n

my : Z (tg —mg)! > [ ns! HF%(XW),
_Z r!AFn x))( [] AF; ) |_| AFj (Xa+1)- o faflrnf-a =11
| m1+1 I=my+1 (5)
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where Y sy Moy denotes sum oveUf,’v;llsN for Theorem 4 can be expressed as follows.
which sy,Nsy, = 0 for v # v, s = U\(/j\/:l Sw, Theorem 5.
s C {L2.nh sy = {S S SME 0 pedAR()f()AF()f (xa). f(xa)AF
N, = M1 — My_1 —tw+tw_1 andtp = my. P [ rl(—ll) (1l)r2_r(1_21)_ (12)'” S_Xd) rg?dﬂ)]
Proof ri—-1 d+1 rw—1 L
' =Y\ [me0) [T 5 v
perAF(x1)AF(X2)...AF (X441)] W=2t=Tw-1
mo mp-my n—my t—rw-1 rw—1—t d
' Fr () Fr Ow-1) | [ Firw Oow)
d T W W Jrw )
= i g (— 1)2%1 My41—tw) |—| <mrv+1—|'n/v> nrizrwl< |I:! ! ) |I:! f Wl:ll
=y t1=m w=1 - (7)
tg— my)! wherey, __, , denotes sum over a(IW w- 1) subsets
. 4 —mg)!
ns:nZderd T = {Tl,Tz,...,Tt—rW,l}, = {Tl,rz,...,rrw_l_t} of
pef F(x) F(x) .. Fx) ][s/) TUT/:{jrw,l-&-laer,1+27---aer—1} andtN T =0
Mp—ty+My Mg—My—tp+t3  N—Mg_1—tg+g—1
n,...,Ms,Mp d Proof. Eqg. (6) can be expressed as
= (_1)ZL1("M+14W) l (W+1—W)1
tg .2, wet \ =My perAF (x)f (x1)AF (x2)f (x2)...f (Xq)AF (Xg11)]
ri—1 1 rp—ri—-1 1 1 n—r,
. Z (td—md)! Z 1 . 2—T d
Ns=N—Tg+my Ny NysrNsy 1 r- d+1 rw—1
= Z r! Fji (xa) (Fji () — Fjy (w-1))
d I= W=2l=ry_1+1
[] per F(xw) I[sw/.)-
w=1 My41—My—1—twHw—1

Thus, the proof is completed.

We express three theorems to obtaidf of order
statistics ofinnid continuous random variables.

Let us consider EqJlj in Theorem 1. We establish the

d
. Dl fjrw (XW).
B 8)

By similar expansion of Eq4), Eq. ©) can be written as

rw—1

following theorem using expansion of permanent. | M [Fj, (kw) — Fj (%w—1)]
=ry_1+1
Theorem 4. rw—1 i t—u_1 fw—1-t
= (=)™ { Fr (% )] Fry (Xw-1),
PerAF ) f(X3)AF ()X f(X6)AF (1) 2 e, | L F0) ] [T Fels
ri—-1 1 rp—ry—-1 1 n—rqg 9)
d+1 rw—1 d (6) and using Eq.9) in Eq. 8), Eq. (7) is obtained.
—Z [ [1 AF; XW‘| |'| fir, (w), We can Write[)*lszrd ..... ipry O (N—Ta)! 5 instead
w=1l= M'w— 1+1 w=1

of $p in Theorem 4 and Theorem 5. Hergoprd

|
where xi < Xo < .. < Xav f0tw) = (f10%w), f2(Xw), ?fg"tes )S“’?of"ev:lhai(':"h p9rm‘itat!°”5<(117127<’1n) of
., fn(xw))" is column vectorp = 0 andrq 1 = n+ 1. ; 1 I2 Jri-1,
JI’1+1< JI’1+2< < Jrp-1 -'-1er+l< er+2< - < Jny
. . . _ d _
Proof. Using expansion of permanent, it can be written D = [Ty 3[(fw —fw-1—1)!] ' and3p,_denotes sum over
all permutationg j1, j2, ..., jry) Of (1,2,...,n).
. d . -
perlAF (x1)f (x0)AF (%) (%2)...F(Xa) AF (Xa11)] The following theorem can be written using
n-1 1 rn-11 1 n—Td expansion of permanent.

= ZAFjl (Xl)...AFjrrl(Xl) fjfl (X;]_)Alzjrl+1 (Xz)...

Theorem 6.

AFirp1 (%2)-- Ty () ARy () AF, (Ka42) PeriAF (x1)f(X0)AF (xp)f (x2)...F(0) AF (Xg.1)]
ri—1 ro—1 r—1 1 rp—n—-1 1 1 n—ry
= Z lI_!AFu Xl] fir, (1) [ [1 4Fi Xz)] _ st l(_1)7d+z$:1<rw+1ftw> ﬁ (rwu_rw—l)
|= r1+1 td,,§2,t1 h tW_rW

erZ (Xz)fhd |_| AF“ XdJrl) d nCW

: (td_rd) nwI Fl X)

I=ra+1 Ns= ;d —tg Nsy nSQZ...nsd 1W|_|l|%v C |_!L G
Thus, Eq. 6) is obtained. g w(w),
(10)
(© 2018 NSP

Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

940 N SS 2

Y. Bulut et al.: Identities leading to distributions of orde

where 3 ney Moyl denotes sum oveU\‘,’\,;l1 sy for
which s,Nsy, = 0 for v # v, s = U% sw
s C {12,..,n}, ng, = w1 — fwo1 — tw + twg,
o= 1 -1 s = UG NG = 0
w = {@& &} . G = {a" and

Ngy = w1 —Mw—1—1—ty+ty 1.
Proof.

perfAF(xy)f(x1)AF (x2)f(x2)...f(Xd ) AF (Xd+1)]

r—1 1 rp—r;—1 1 1 n—rq
- nid(—l)”*'d*td (”_ rd) ...rr{l(—l)’z’“’l’t1
tg=0 ty t1=0
rpb—rp—1
("7 per Fo) 0w Az Fix) ]
1 r—2-t 1 1 n—rq—tg+tg 1
r3—1rp,—1

(_1)*d+za/:1(rw+1*tw)
tg=rq t=rat1=r1

d
fwel—fw— 1)
: (ta —ra)!
|:W[|l < tw —Tw :| ns:n;d —tg

perl F(x1) f(x)][si/)perl F(x2) f(x2)][s2/.)
f-l-titrs 1 faofi-1-to+t; 1

.perl  F(xg)  f(xa)l[sa/.)

n—rq-1—1—-tg+tg—1 1

..... -1, 1
" - ( 1)7d+zev:1<rw+1*tw) |2| <rw+l —rw— 1)
w=1 tw — w

tq -,-Zz,tl

(tg—rg)!

Ns=N-+FTq—ty

per F(xw)

rw+1*rw—1*l*tw+tw—1

6w/ -)per[f(ﬁw)“(\;\// -

Thus, the proof is completed.

In the above theorem, the expansion of the permanent= Z
is established as the special sum which is a direct way for

innid continuous random variables.

3 Results for distribution and probability
density functions

In this section, some results related db and pdf of
Xflinvxl'zinv "'adeZn are glven

In general, distribution theory for order statistics is

complicated when random variables ameid. However,

Result 1.The above identity can be expressed as

Frl,rz.,....,rd:n(xl>x2> >Xd)

Cperla F(Xl)AF(Xz) AF(Xg11)]
my,.. S, my mp—my n—my

n,...,Mg, my d+l my
cy [l Tl aF0
my,.. e, my w=1l=m,_;+1

n,...,rrt;,mz my d+1 my oyt
= CZ rl':n X1) G
my,..., mz m w[|2t TTZ\N 1

t—my_1

nr_t le[ r! Fr ( Xw:| r!Frlxwl

Mg, My d
( 1)Zw 1 (My1—tw) |_| (rnNJfl - rn/v)
tq,.. 0, 11 w=1 tw — My

d nsw

My,...; >, My

(11)
wherex; < X < ... < Xq.

Proof. It can be written as

Fr17r27...7rd:n(xla X2, 7Xd) =

P{Xrl:n S lexl'zin S X27"'7X|'d:n S Xd} .

From Eq. @), Eqg. ) and Eq. ), Eqg. (L1) is obtained.
In Result 2,df of X;,» is obtained from Eq.X1).

Result 2.

n

Fryn(x1) = m12=r1 M=ot per[F( 1)1- - ani(l)]

Fj (xa [1—Fj (xa)]
n ml lr! ! ‘| = m1+1 !
n n
= F X1
mlzr ml n ml r! s t:zml
I_!F Xl
n=n—t|

_ - nt n—m
_le (n—my)! tlz 1<t1_m1)

n—t1+m

: (tt—m)! (n—t +my)! r! Fa (x1).
ns:nzﬁml 4

m1f1

(12)

df andpdf of order statistics ofnnid continuous random
variables can be obtained easily from the identities in the
above theorems. Proof. In Eq. (11), if d = 1, Eq. (L2) is obtained.
We now obtain four expressions fdf in Result 1-2. We now obtain four expressions fpdf in Result 3-6.
In Result 1, joint df of X :n,Xrpim,..., Xegn IS In Result 3, joint pdf of X:n, Xy, ooy Xrgin IS
expressed as EqLY). expressed as EqLJ).
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Result 3.

frl,rz,...,rd:n(XLXZ, ey Xd)
— DperiAF (xy)f(x1) AF (X2)f(Xp) . (Xg)AF (Xg )]

ri—1 1 rp—rp—-1 1 1 n—ry
d+1 rw—1
W—1| rw_1+1
ri—1 d+1 ry—1 1t
rhw—1—
=DZ HFMM) (=)™
= w=2t=ry_1

t—rw_1 rwlt

m—erwl r! FT' ) I_! (- 11 |_| erW )

=D Z (_1)—d+ZL1(fw+1—tw)

d
Crw—1
w=1 tw —Tw Ns=n-FTq—ty

Naw
. z z Ng,! r!FCI XW c’W XW)
Ns; Nsy,-Ngy_q W=1Ngy

(13)
wherex; < xo < ... < Xg.

Proof. Consider

P{x1 < Xrp:n < X1+ OX1, X2 < Xrpin < Xo + 02,
ceesXd < Xrgn < Xg+ OXg | -

Dividing the above identity by]d_; dxy and then letting
O0Xq, 0Xp, ..., 0Xq tend to zero, we obtain

frironrgn(X1, X2, ., Xd). From Eq. 6), Eq. (7) and Eq.
(20), Eq. (L3) is obtained.

In Result 4 pdf of X, :n is obtained from Eq.13).

Result 4.

frin(x1) = mpef[( Df(x)1— ()]

rn-1 1 n—ry

ri—1
- ey ZMFJ' ]
[ I [1—Fj.<xl>}] fi, ()

I=ri+1

ri—1

N (rl—l——rlz [ I_! Fi (x1) 1
Li ,/:nfullFT' X1‘| fi,, (xa)

_ n 151 _
S (=D (n—ry)ty z <t1—f1) Z (ta=ro)t

n—ty+ri—1
(n—t14r1-1) r! FC1 X1) L (x1)
(14)

Ng =n—fi+r1—1

Proof. In Eq. (13), if d =1, Eq. (L4) is obtained.
In Result 5, jointpdf of X;., and Xy is expressed as
Eq. 15).

Result 5.

fl,n:n(xlaxz) =

ﬁper{f( F () - FOa)f()

2

n—-1
= F]-Z)'Z LEL (F“ X2) — F“ X1 )] fJ1 X1 fJn X2)
[— 1 nil( n—1-t . F
N (n—2)!Z t; nrft ) I 7 (

1
n 1-tq n-— 2)
<t1 -1 nszzn nslzznftl

1%%("“ ) (%),

Proof. In Eq. 13), if d =2andr; = 1,r, =n, Eq. 15 is
obtained.

Proceeding similarly, jointpdf of Xjn, Xon, ..., Xen
can be expressed as Eg6).

(15)

Result 6.
. kn. 2. %) = 1y PRI ) 10601~ F(xo)
- g{ 11,06 ]fh(xl)f;z(x»..fjk(xw
!
—ﬁz{; o7 3, e st

1 n

NG tgk(_l)nitl (t::kk) ns:nzk,tl (ot

Nqy
. z |_| znc |:|_| FCI XW :| fC/W(XW)
Ns, Ney>miNg 4 W=11gy

(16)

Proof.In Eq. (13),ifd=kandry =1,r, =2, ..., re =Kk,
Eq. (16) is obtained.
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