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Abstract: In this paper, we propose a mathematical model of a prey-diseased predator model with refuge in prey system. In other
words, a prey-predator model with an infectious disease in the prey population is formulated. This model is constituted by a system
of three nonlinear ordinary differential equations of first order, which describe the interaction between the infected prey, non-infected
prey and predator. The equilibria of the system are derived and the stability analyses of the disease-free and the endemic equilibria are

conducted.
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1 Introduction

The interactions of prey and predator species have been
studied by many scientists, engineers and researchers
since Lotka-Volterra model [1]. Similarly, the interactions
among infected, susceptible and recovered population are
becoming an interesting and important research work
since Kermack-Kendrick work [2]. Nowadays, the
dynamic systems involving diseased species in the
eco-epidemiology research is playing an important role.
Anderson and May were first introduced in [3] the
combination of these two systems, and the term
“eco-epidemiology” is used for the first time by
Chattopadhyay and Arino in [4] for such type of models.
In [5], the authors proposed and analyzed a mathematical
model dealing with two species of prey-predator system,
in which the prey population was divided as immature
and mature prey population. It has a refuge capability as a
defensive property against the predation. Many
researchers and engineers have been studying various
dynamics systems involving the prey and predator with
different effects of biological factors, see, for
example [6-10], and various mathematical models have
been created in epidemiology using different types of
incidence rates and diseases.

The aim of this paper is to propose a mathematical
model of a prey-diseased predator model with refuge in

prey system. In detail, in the proposed prey-predator
model, an infectious disease is considered in the
population of the prey and it is assumed that there is
harvesting from the predator. In this model, there are
three first-order nonlinear ordinary differential equations,
these equations describe the interaction between the
species infected prey, non-infected prey and predator. The
disease-free and the endemic equilibria of the system are
derived and the stability analyses of the two equilibria are
conducted. Numerical simulations are presented to justify
analytical results. The rest of the paper is arranged as
follows. In Section 2, we present the formulation of
mathematical model, Section 3 computes the disease-free
equilibrium and endemic equilibrium points of the
proposed model, Section 4 discusses the stability analyses
of disease-free equilibrium and endemic equilibrium of
the model, and finally Section 5 gives the conclusion.

2 Mathematical Model Formulation

The proposed model studies a prey-predator system
involving infected disease in prey. We assumed that there
is harvesting from the predator and a defensive property
against predation. In this model, we make some
hypotheses.
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2.1 Assumptions

eThe population density of prey is divided into two
parts namely, the susceptible population density at
time ¢ given by X(r) and the infected population
density at time ¢ denoted by I(¢), and the population
density of predator at time 7 is given by Y (7).

eThe predator population consumes both prey
populations according to modified Holling type-II
functional response for the predation [11] with half
saturation constant b > 0 and maximum attack rates
a; > 0 and a; > 0 for susceptible prey and infected
prey respectively. Since there is a vulnerability of
infected prey relative to susceptible prey the
vulnerability constant rate 6 > 0 is used in the
functional response. Moreover the constants
e; € (0,1) and e; € (0,1) are the conversion rates
from susceptible and infected preys to predator
respectively.

eThe disease causes a death in the infected population
that is represented by diseased death rate d > 0.

eThe prey and predator populations growth rates are
o > 0 and o > 0 respectively.

eThere is a type of protection of prey population from
the predation by predator, which is represented by a
constant prey’s refuge rate p € (0,1) that leaves (1 —
p)X of prey available to be hunted by the predator.

eLet 3 > 0 be the rate of infection.

Under the above assumptions, the dynamics of the prey-
predator model can be described as follows.

170.¢ — X (elal(l —p)Y +exax(1 —p)]) R

dr b+(1—p)Y+6(1—p)

dY a(1—p)Xy

— =0y —pYI 2
a gy re-pi SER
al a(1 —p)XI
dtiﬁYIerJr(lfp)YJrG(l—p)I ar, )

with the non-negative initial conditions X (0) > 0,Y(0) >
0,1(0) > 0.

3 Equilibrium Points of the Model

In this section, we find the disease-free equilibrium and
endemic equilibrium points of the proposed model.

3.1 Disease-free Equilibrium

The Disease-free equilibrium point can be calculated by
substituting / = 0 in the system of (1)-(3). Now, from (1),

we have
1-p)Y
ax_ (Gal=pY\y
b+(1—p)Y

Solving above equation, we get X = 0 or
- ab
r= (1=p)(eta;—ay)* Now from (2), we have
ai(l—p)Xy
0y +-——-"—— =0
b+ (1-p)y
ope b

Solving this equation, we get Y =0 or X = T=p) (e —era)”

Hence, the disease vanishes in the population at the point

Dy = (Xo,Y0,10)

o (Xzelb (X]b
B <(1 —p)(ou—eiar)’ (1—p)(erar — 051)’0) '
4)

3.2 Endemic Equilibrium

Expand (3) and notice that each variable is non-negative,
we have

rpy b+ -p)Y +0(1-p)l') +ax(l—p)X*

—d(b+ (1= )Y +6(1—p)I*)) =0, ©)

from this equation, we get I* = 0 which corresponds to
disease-free equilibrium or

_db+d(1-p)Y* —ar(1-p)X* —pY*b— (1 —p)Y*ZA

r BY6(1_p)—do(l—p)

(0)
Notice that (5) is true for two values of I*, i.e., I" =0
which corresponds to the disease-free equilibrium and (6)
that gives the population of the infective when the
infection invaded the ecosystem.
Substituting /* = 0 into (1) and (2), we have

(X]X*b+OC](17p)X*Y*7€|al(1fp)X*Y*:0 (7)

Y b+ Y 3 (1—p)+ai (1 —p)X*Y* =0. (8)
Given that X* and Y* are non-negative then from (7), we
have

o b
= — 9
e ©)

where N = (1 — p)(oy — ejay). Putting (9) into (8), we get

Y*

b(are, —2
x» = 2bl@a —20) (10)
alN

Now putting (9) and (10) into (6), we get
F=2 an
where

I =b(N*a3d — Nay o bB + Najayd(1 — p)

—afbB(1—p) —Nayaron(1 - p)(are; —2a1))
I; =Na;6(1 — p)(a1bp —Na1d).
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Hence, the endemic equilibrium point D* = (X*,Y*,I*) is
given by (9),(10) and (11), i.e.,

D" = ( T,D;,D;),

where
D,{ :Oczb(alel — 2062)
alN
ab
D; Sy
N
Dy —Don,
D3,
N=(1-p)(on—eiar),
where

D§n :b(NQQ%d*Nalale +Na|(x1d(1 7p)
— ofbB(1— p) — Nayay 05 (1 — p)(are; —2011))
D3, =Na0(1 — p)(a1bB — Nad).

4 Stability Analysis

In this section, we discuss the local stability analysis of
disease-free equilibrium and endemic equilibrium of the
model.

4.1 Stability Analysis of Disease-free
Equilibrium

To perform the local stability of the system around
disease-free equilibrium, the Jacobian matrix of the
model is derived and evaluated at disease-free
equilibrium. The result is obtained as

0 Ji2 J13
Jpre = | J21 J22 J23 |, (12)
0 0 J33
where
= ~eai(1-p)Xo  erai(l — p)*Xo¥o
b+(1-pYo  (b+(1-p)¥)*’
Jis = 762612(1 —p)X() e1a19(1 —p)2X0Y0
b+(1-pYo  (b+(1-p)Yo)*
I ai(1—-p)Yo
2=
bﬁL(l*p)Yo
1—p)X 1 — p)2XoY,
oy — oyt 0 =P)X0 - ar(1—p)"Xo 0
b+(1-p)Yo (b+(1-p)Y)
a10(1 — p)*XoYy
Dy = PV 2000 gy,
5= (- phr P
ax(1—p)Xo
Tz =BYy+ 2 P20 4
313 =PBY b= )T

The disease-free equilibrium is locally asymptotically
stable if all the eigenvalues of Eq. (12) are less than zero.
If row reduced matrix operation is applied to Eq. (12)
then

Ja1 Jaz I3

0 JipJi13 | . 13)
0 0 J33

JpFE =

The eigenvalues of Eq. (13) are A} =J12, Ay =Ja1, A3 =
J33. Hence, the disease-free equilibrium of the model is
locally asymptotically stable if A} < 0,4, < 0 and A3 < 0.

4.2 Stability Analysis of Endemic Equilibrium

The Jacobian matrix of the system (1)-(3) evaluated at the
endemic equilibrium is obtained as

Xr Y
JeE= | XS VS I3 |, (14)
X3 Y5 I3
where
Y — erai(1—p)Y*+exar(1—p)I*
F= oy —

b+ (1—p)Y*+6(1—p)* ’
yr— era;(l—p)X*
b+ (1—p)Y*+06(1—p)I*
(e1a1(1—p)Y* +exar(1 — p)I")X*(1 —p)
(b+(1—p)Y*+6(1—p)I*)? ’
erar(1 — p)X*

i :_bJr(lfp)Y*nLQ(lfp)I*
(era1 (1 = p)Y* +erar(1 — p)I*)X*60(1 — p)
b+ (1 =p)Y*+6(1—p)I*)? ’
X = ai(1-p)¥” 7
b+(1—p)Y*+6(1—p)l*
‘ ai(l—p)X*
1 :a2+b+(1fp)Y*+9(1fp)I*’
ey
(b+(1=p)Y*+6(1—p)I*)> ’
- ar(1—p)*X*v*o __pr,

b+ =p)Y*+6(1—p)I")
Y — a(1-p)I*
ST b+ (1—pY +06(1—p)I-’
ax(1 - p)*X*I*
(b+(1—=p)Y*+0(1—p)[*)?’
a (1 —p)X*
b+ (1—p)Y*+06(1—p)I*
ax(1—p)’X*1°0
b+ =pY +6(1—p)?

Yy =pIr—

L=

The local asymptotic stability of the endemic equilibrium
can be verified in two ways. The endemic equilibrium of
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the model is locally asymptotically stable if it is shown
that det(Jgg) > 0 whenever trace(Jgg) < 0. Also, the
endemic equilibrium of the model is locally
asymptotically stable if all the eigenvalues of Eq. (14)
have negative real parts. Assuming the second method is
used to investigate the local asymptotic stability of the
endemic equilibrium of the model and suppose that the
matrix in Eq. (14) is reduced via row reduce matrix
operation then we have

Xi o I
XY X
Jee= |0 - 4 EENGE)
Y X - XT)
0 0 Heemd

Note that X*,Y* and [* are the values of X,Y and [
at the endemic equilibrium. If the characteristic equation
|[Jeg — AI| = 0 of Eq. (15) is solved then the eigenvalues
are obtained as

XYy
X*

WXL - X3
XY - XY

M=X[, A= —Yl*, Az = 1.

The endemic equilibrium of the model is locally
asymptotically stable if each of the eigenvalues are less
than zero, i.e., A} < 0,4, < 0and A3 < 0.

5 Conclusion

This paper presents a mathematical model of a
prey-diseased predator model with refuge in prey system.
This model is constituted by a system of three nonlinear
ordinary differential equations of first order, which
describe the interaction between the infected prey,
non-infected prey and predator. The equilibria of the
system are derived and the stability analyses of the
disease-free and the endemic equilibria are performed. At
the disease-free equilibrium point, the model is locally

(1-p) o (-p)%
asymptotically stable if eéa'ﬂ —P )Yo(; 0 _ E;i](l P)Yoo <0,
b+((11 p))Yo < 0 and BYy + ﬁ d < 0; and at the

endemic equilibrium, the model is locally asymptotically

. XYy
stable if X/ < 0, v — Y7 < 0 and
2
YXT X3 T .
L — I < 0, where X; ¥ are as in (14).
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