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Abstract: The hyper-Zagreb index of a connected gr&ahdenoted byHM(G), is defined aHM(G) = 5 [dg(u) +dg(v)]2
uweE(G)

wheredg(z) is the degree of a vertezin G. In this paper, we study the hyper-Zagreb index of four oj@na on graphs.
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1 Introduction Shirdel et al.l5 introduced a new Zagreb index of a
graphG named hyper-Zagreb index and is defined as:

In this paper, we are concerned with simple connected _ 2

graphs. LetG be such a graph with vertex s&t(G), HM(G) _UV€%<G>(dG(u)+dG(V)) :

[V(G)| = n, and edge seE(G), |E(G)| = m. As usual,n

is order andm is size ofG. If u andv are two adjacent Let G be a graph with vertex s&t(G) and edge set

vertices of G, then the edge connecting them will be E(G), there are four related graphs as follows:

denoted byuv. The degree of a vertew € V(G) is the e Subdivison graph S= S(G) [11]; V(S) = V(G) UE(G)

number of vertices adjacenttoand is denoted bgig(w).  and the vertex o corresponding to the edge of G is

Linegraph L = L(G); V(L) = E(G) and two vertices of.  inserted in the edgev of G;

are adjacent if the corresponding edgesadre incident e Semitotal-point graph T, = To(G) [14]; V(T2) =V(G) U

with a common vertex. We refer td ] for unexplained E(G) andE(T;) = E(S)UE(G);

terminology and notation. e Semitotal-line graph Ty = T1(G) [14]; V(T1) = V(G) U
E(G) andE(T;y) = E(S)UE(L);

A graphical invariant is a number related to a graph,® Total graph T = T(G) [4]; V(T) = V(G) UE(G) and

in other words, it is a fixed number under graph E(T)=E(SUE(G)UE(L).

automorphisms. In chemical graph theory, thes

invariants are also called the topological indices. The fir - °

and second Zagreb indices are defined as G

DR R SR U A VAV AN A VA VAN
ueVv(G) uvek(G)

5(G) TG

respectively. The first Zagreb index can also expressed

" AVaVANVAVAVAN
Mi(G)= 3 [dg(u)+ds(V)]-

uweE(G) 11 (G) T(G)
The vertex-degree-based graph invariant
FG) = 5 dsvP= 3 [ds(u)2+ds(v)? Figure 1: GraplG and itsS(G), T»(G), T1(G) andT (G).
veV(G) uveE(G)

In Fig. 1. The vertices of transformation grap8&),
was encountered inlp]. Recently there has been some T»(G), T1(G), T(G) corresponding to the vertices of the
interest toF, called “forgotten topological index9. parent graplG, are indicated by circles. The vertices of
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these graphs corresponding to the edges of the paremroof. By definition of hyper-Zagreb index, we have

graphG are indicated by squares. HM(G1 +5Gy)
For a given graplG;, its vertex and edge sets will be _ d +d 2
denoted byV(Gj) and E(G;), respectively, and their (ul,vl)(uz,vZ)eE<Gl+st>[ rsea(t ) o)

cardinalities byn; andmy, respectively, where= 1, 2.
o P Y = Z Z [dGl+SGZ(u7vl) + dG1+st(u7V2)]2
The Cartesian produ@; x G, of graphsG; and G, UV cE(G)

has the vertex se¥(G; x Gp) = V(G1) x V(Gp) and T ; [do,+5G, (UL, V) + Aoy 456, (U2, V)]
(u,v1)(Up,v2) is an edge ofG; x G, if and only if VEV(Gp) up€R(S(Gr))

[uu = u and vivo» € E(Gy)] or [vi = v, and =Ath .

Uil € E(Gy)]. In the recent paperd], Eliasi and Taeri ~ WhereAq, A, are the sums of the above terms, in order.
introduced four new operations on graphs as follows: A=y > ldg,(u)+dg,(v1) +dg, (u) +da, (V)
LetF € {ST,,T1,T}. The F-sum 0fG; andG,, denoted ueV(G1) 1v2€E(Gy)

by Gi+r Gy, is a graph with the set of vertices - ; 1403, (U) + (dg, (V1) + dg, (v2))2

V(G1 +F G2) = (V(G1) UE(Gy)) x V(Gz) and two ueVTGy) vivo4E(Gy)

vertices(uz,up) and (vq,v2) of Gy +¢ G, are adjacent if + 4dg, (U)(dg, (v1) + da, (v2))]

and only if [u = vi € V(G1) and upvz € E(Gy)] or
[up =2 € V(Gy) anduyvy € E(F(Gy))].
Thus, they obtained four new operations @s+s G,

= 4sz1(Gl) +niH M(Gz) + 8m1|\/|1(62).

Gy +1, G2, G1+7, G2 and Gy +71 G, and studied the Az = ; [ds/,)(U1) +dsg, ) (Uz) + dg, (V)]
Wiener indices of these graphs. 16],[ Deng et al. gave VeV (Ge) i eE(S(Gy))
the expressions for first and second Zagreb indices of — [(dS(Gl)(ul)+ds(Gl)(U2))2+dé2(V)
these new graphs. VeV (Gy) Uy cE(S(Gy))

+ 2dg, (V) (dgg,)(U1) +dgg,) (U2))]
= MHM(S(Gy)) +2m My (Gp) +4mpeMy (S(G1)).

1 2 3 4 e s
= G‘fl Z & Note thatM1(S(G1)) = M1(G1) +4my andHM(S(Gy)) =
(er) (£, (9.7 () (far) (9o AMy(Gy) +F(Gy) + 8my.
A = (4”2 + 4m2)M1(G1) + 2m1M1(G2) +noF (Gl)
(1, a,HrEHl Gl @) + 8nomy 4 16mymp.
(1, s (s 2.9) 3.9)] 4,5 Adding A; andA;, we get the desired resuilil
Theorem 2.2. Let G; andG; be the graphs. Then
e, s W g, s (e, s) S, s g, S
A el e v S5 HM(G1 +1,G2) = 8(5mp+ N2)My(Gy) + 22myMy (Gy)
Gl LR ) (er)  (f,7) (g.7m) +nHM(Gz) + 4pHM(Gy) + 4npF(G1) + 8muny +
v v . ‘ 16m1mz.
a,r) e B IS S Proof. By definition of hyper-Zagreb index, we have
a,s (1, s (2;=s (3, s (4, s) HM(G]_ +T2 GZ)
PUAVANG M - Aoy, (U1, V1) + G, (U V)
oA Gl o Gl (ug,v1) (Uz,v2) €E(G1+1,G2)
) = Z [dG1+TZGz(u7Vl) +dG1+T2Gz(u7V2H2
Figure 2: Graph&; andG; andG; +¢ Go. ueV(Gy) Viv2€E(Gy)

[dG1+TZGZ (ulv V) + dGl+T2G2 (Uz, V)]Z'

+
In this paper, we study the hyper-Zagreb index of ve\gez)uluzeE;Tz(Gl))
G1+sGz, G147, G2, G147, G2 and Gy +71 Gz. Readers  Note thatE (T,(Gy)) = E(G1) UE(S(Gy)).
interested in more information on computing topological v (G, 4+, G,)

indices of graph operations can be referred 1@ [3,5,
12,13 = S 1061 11,Go (U V1) + g, 11,6, (U, V2) P
! ueV(Gy) viv2€E(Gy)

+ ; ; [dG1+TZGZ (ulv V) + dGl+T2G2 (Uz, V)]Z
veV Gz) Uiup€E TZ(G;[))

ug, eV (Gy)

+ 0y ;
VeV (Gy) Ui €E(T2(Gy))
UL €V (G1), €V (T2(G1))\V(G1)

2 Main results
[dG1+T262(u17V)

Theorem 2.1. Let G; and G, be the graphs. Then 5
HM(G1 +sG2) = 4(np + 2mp)M1(Gy) + 10m My (Gy) + + dg, 4,6, (U2, V)]
anM(Gz) +n2F(G1) + 8nomy + 16mymp. =B;+By+B3
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whereB;, B, andBs are the sums of the above terms, in Partition the edge seE(T1(G;)) into E(S(G;)) and

order. E(L(G1)).
Bi= ) > [207,6)(U) +de,(V1) +da, (v2)]? HM(G; +1, Gp)
UEV(G]_) V]_VZEE(Gz) 2
= [dG, 1+, G, (U, V1) +dg, 11, G, (U, V2)]
= [4dGl(u) +dGZ(V1) +dGZ (VZ)]Z UE\;G]_) V]_VZEZE(Gz) ' Tl ? ' Tl :
ueV(Gy) vivoeE(Gy)
+ [d, 1,6, (U1,V)
= [16d(231(u) + (dg, (V1) +dg, (VZ))Z VE\;Gz) UluzeE%-l(Gl)) s
ueV(Gy) ViV €E(Gy) u1€V(Gy),U2eV (T1(G1))\V(Ga)
+ 8dg, (u)(dg, (V1) + dg,(V2))] + doy 47,6, (U2, V)]?
= 16mpM1(G1) + iHM(Gz) + 16miM1(Gy). + ; [dG1+T1G2(UlaV)
veV Gz) uiueE Tl(Gl))

ug,U€V (T (G1))\V(Gy)

By = [2dG, (V) + dry(ay) (Un) 2
PR E% o 2% 2(G1 + oy 4,6, (U2, V)]
ug,Uz€V(Gy) =C+C+C3
+ de<Gl)(“2)]2 whereC,, C, andCs; are the sums of the above terms, in
= 5 S [2dc, (V) +2dg, (Un) + 2dg, (Up)]? order.
VeV (Gz) Uil €E(Gy) , , CL= z Z [ZdTl(Gl)(u) —|—dG2(V1) +dG2 (VZ)]Z
= [4d(32 (V) + 4(dG1(U1) + dGl(Uz)) ueV(Gy) v1V2€E(Gy)
veV(Gy) uupeE(Gy) _ [ZdGl(u) —|—dG2(V1) +dG2 (VZ)]Z
+ 8dGZ (V) (dGl(Ul) + dGl(uz))] ueV(Gy) vivoeE(Gy)
= 4mM1(G2) + 4npHM(G1) + 16mpM1(Gy). _ [4d(231(u) + (dGz(Vl) + d02 (VZ))Z
[ ( ) ( ) UEV(G]_) V]_VZEE(Gz)
BS = dT G Ul +dG2 \"
veV(Gy) U1U2€E;|—2(Gl)) (% + 40, (U)(de, (V1) + dey (v2))]
UV (G1),U2€V(T2(G1))\V(G1) = 4mpM1(G1) + i HM(G2) + 8mM1(Gy).
+ dy(cy) (U2))
- [2dg, (u1) +da, (V) + 2.
VG%GZ) U1l €E(To(Gy)) ' ‘ C = z z [dTl(Gl) () + dGz (V)
U1€V(Gy), €V (T2(G1))\V(G1) vev(Gy) U UpeE(T1(Gy))
The quantity g, (u1) +dg, (V) +2 appearsig, (u; ) times. UEV(Gr) 2V (Ta(G1))\V(Gr)
Hence, + dr, 6y (U2)]?
Bz = z de, (u)[4dE, (u) + dg,(v) + 4 =3y > [dg, (1) + dg, (V)
veV(Gy) ueV(Gy) veV(Gy) V(Gu%uzelf/(('r_%(%))))\v(e )
u e NV IS
+ 4dg, (V) + 4dg, (U)(da, (V) + 2)] ' ) preET '
— 4noF(Gy) + 2muMy (Gp) + 8Mun, + 16mumy + On ey (L))
+ 8mMpMy(Gy) + 8naMy (Gy).
Adding By, B> andB3, we get the desired resulil _ z z (2 (up) + 2. (v)
Theorem 2.3. Let G; and Gy be the graphs. Then Vel G,) UneE T (Gy)) C1 G2
HM(G(l +)T1 Gz) = 16m2(M1§(31) + 10m1l\(/11(§32) + U1EV(G1),UzeV (Ty(G1))\V/(Gy)
MHM(G, + AnoHM (G, + noF (Gy + 2
2d d d
| 5 (O, (W) + 206, (W) + dgy (wi))2). T 29es (U)o (V) + Iy ey (12)
wiw;j €E(Gq),wjwieE(Gy) + 2dT1(Gl) (Uz) (dGl(Ul) + dGZ (V))]
Proof. By definition of hyper-Zagreb index, we have
HM(G1 +7, Gp)
- [dg,41,G, (U1, V1) + Aoy 4,6, (2 V)2 = Y de, (W)[dE, (u) +d&, (V) + 2dg, (U)da, (V)]
(uz,v1)(Uz,v2) €E(G1tT, G2) VeV (Gp) ueV(Gy)
= z z [dGl+T1Gz(u7Vl) + dGl+Tle(u7V2)]2 + z z [d'lz'l(Gl) (U2)
ueV(Gy) va1voeE(Gy) VEV(62> U]_UZEE(T]_(G]_))
u1€V(Gy),uz€V(T1(G1))\V(G1)
+ [dGl T Gz(ul>v) +dGl T Gz(u27v)]2~
ooy " 20k, ) (U2) (0o (U1) + s (V).
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Note that for w € V(Ti(G1))\V(G1), whereD1,D;, D3 andD4 are the sums of the above terms,

dry () (U2) = dg, (U) +dg, (W) whereu, = uw € E(Gy). in order.
C, = nF(G 2mM1 (G 4mpM4 (G
2 = MF(G1) +2m My (Gy) +4mpMy(Ga) D= Y S (206, (U) + da, (V) + da, (V)2
+ Z z [(dGl(U) UEV(Gl)V1V2€E(Gz)
VEV(Gz) U1U2€E<T1(G1)) 2
WEV (Gy) i€V (T1(G))\V(Gy) = [4dg, (u) +dg, (V1) + dg, (V2)]
+ dg, (W))2 +2(dg, (u) +dg, (W))dg, (u1) ueV(Gy) viv2€E(G2)

+ 2(dg, (u) +dg, (W))dg, (V)] 16mpMy (Gy) +niHM(Gy) + 16mM (Gy).

=mF (Gl) + 2m1M1(G2) +4FT}2M1(G1) + 2noH M(Gl)

+ 2mp[F(Gy) +2M2(Gy)] + 8mpMy (Gy) D2= ) S [2de, (V) +dr (g, (Un) + dr (g, (W)
= F (Gy) + 2 My (Gy) + 4nHM(Gy) + 12mpMy (Gy). P ey
= ; [2dG, (v) + 2dg, (u1) + 2dg, (up)]?
Cs = ; ; [d61+T1G2(u17V) VeV (Gy) U €E(Gy)

) e Gy = 4mMy(Gy) + 4nHM(Gy) + 16mpMy (Gy).

+ dG1+T1G2(U27V)}2
D3 = [dr(g,)(U1) +dg, (V)

_ 2 (G1)
L3 e e ) I () + e,

Vv u ufé”vzfmeiﬁ \1\>/)(G1) u€V(Gy),Up€V (T (G1))\V(G1)

' 2
— gl 3 A, (W) + dos, () + i, () + Or(ey) (U2)]
WiWiGE(Gl),WjWkGE(Gl) — [ZdGl(Ul) + dGz (V)

+ dg, (W)]2]. veV(Gy) U1 €E(T (Gy))

WEV(Gy),u2eV(T(G1))\V(G1)

AddingC;, C, andCgs, we get the desired resulil
b2 s + drgy) (U2))?

Theorem 2.4. Let G; and G, be the graphs. Then
HM(Gy +7 G2) = 48mMi(G1) + 22mM;y(Gy) +
10nHM(G1) + mHM(G) +  4nR(Gp)  +

| > [da, (W) + 2dG, (Wj) + da, (Wi )]?]. — 402 (uy)+d& (v

wiwj €E(Gy),wjweE(Gy) VE\%GZ) uluzeEz(T(Gl)) [ Gl( 1) Gz( )
Proof. By definition of hyper-Zagreb index, we have u1eV(Gy),uzeV (T(G1))\V(Gy)

HM(G1 +71Gp) ) + 4dGl (Ul)dgz (V) + d%(Gl) (Uz) + 2dT(G1) (Uz) (2d(31 (Ul)
= [dG,++6, (U1, V1) +dg, 416, (U2, V2)]

(U1,V1)(U2,V2)Z€E(61+TG2) ’ ’ T dG2 (V))]
= z z [dGl+TGz(U7Vl) + dG1+TG2(u>V2)]2

UGV(Gl)V1V2€E(Gz)
+ ; [dGy 476, (U1, V) + dg, 46, (U, V)] = S d, (u)[4dg, () +d&, (V) + 4dg, (U)dg, (V)]

VeV (G;) uz€E(T(Gy)) veV(Gy) ueV(Gy)
Note thatE (T (G;)) = E(G1) UE(S(G1)) UE(L(Gy)). i Z [d%(el) (Up)

HM(G1 +7 G2) veV(Gy) Uyt eETT (Gy))

V(G1),u€V(T(G1))\V(Gy)

= (Ao, 476, (U, V1) + dg, 46, (U, V2) ]2 e

ue\;Gl)vlvzezE(Gz) e n + 207 (G, (Uz)(2dg, (U1) + dg, (V))]-

2
+ VeVZG - eEZ(T(G ))[dGﬁTGz(“l’V) e, (VT Note  that  for  w e V(T(G1)\V(Gy),
eV (G dr () (U2) = dg, (U) + dg, (W) whereu, = uw € E(Gy).
+ Z Z [d, +76, (U1, V) D3 = 4mF (Gy) +2m My (Gz) +8mpMy(Gy)
VTG £ (G
vevie) ulev(thj)l,LijzzeeV((T((Gll))))\V(Gl) + > [(dg, (u) +dg, (W))?
5 veV Gz) U1U2€E(T(Gl))

+ dGl+TGz (U2,V)] u1€V(G1), €V (T(G1))\V(G1)
+ [doy 1,6 (Us,V) + 4(dg, (U) +dg, (W))dg, (u1) +2(dg, (U)

veVGy)  wUpeE(T(Gr)) + de, (W))da, (V)]

ug,u2€V (To(G1))\V(Gy) = 4mF (Gy) +2mMy (Gy) + 8mpMy (Gy) + 2mHM(Gy)

+ oy 47,6, (U2, V)] + 4np[F (Gy) + 2M(Gy)] + 8m,My (Gy)
= Dl + D2 + D3 + D4 = 4ﬂ2F(Gl) + 2m1M1(Gg) + 167T\2M1(Gl) + 6n2HM(Gl).
(@© 2017 NSP
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D4 =
VEV(Gz)

[dGﬁTGz (Uz,Vv)
U U€E(T(Gy))
g, Up€V(T(G1))\V(Gy)

+ do, 116, (Uz2,V)]?

[dr(Gy) (1) +dr(g)) (UZ)]Z
veV(Gy)  uiueE(T(Gy))

ug, UV (T(G1))\V(Gy)

| [dGl (W) + dGl (Wi )

wiwj €E(Gy),WjwieE(Gy)
+ dg, (W) + o, (W) ]

Adding D1, D2, D3 andDy, we get the desired resullil
Applying the above four theorems to the gra@s=
P andG; = Py, we have

(VHM(PR +sPy) = 136rq— 138 — 1500+ 124,94 > 2;
@iy HM (P +1, Py) = 416rq — 33& — 5763+ 388,r,q > 2;
([ HM(R 47, Py)

192rq— 154 — 2349+ 156if r =3, 9> 2;
{ 256rq— 154r — 4289+ 156if r > 3, q> 2;
(VHM (P +71 Py)

488q— 354 — 6960+ 420if r =3, > 2;
{ 552rq — 354 — 8909+ 420ifr >3, q> 2.
3 Conclusion

In this paper, we have studied the hyper Zagreb index of

new four sums of graphs. Also we apply our results to
compute the hyper Zagreb index Bf+-sPy, P +1, Py,
B +7, Py andPR +1 Py. For further research, one can study
the other topological indices of these new operations.
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