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Abstract: In the present paper, we examine one- and two- dimensional fractional coupled Burger’s equations (FCBEs) by
two different schemes, namely iterative Elzaki transform scheme (IETM) and homotopy analysis Elzaki transform method
(HAETM). These schemes provide a numerical solution of one- and two- dimensional FCBEs in the terms of power series.
Several sample problems have been solved to illustrate the accuracy and efficiency of proposed schemes. In numerical
studies, we show that both proposed schemes HAETM and IETM give the same results in the case of the one-dimensional
FCBE, while in the two-dimensional FCBE, the solution gains by HAETM converge rapidly than the approximate result by
IETM.

Keywords: Iterative Elzaki transform scheme (IETM), homotopy analysis Elzaki transform method (HAETM), Elzaki
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1 Introduction

FC is the generalization of classical calculus, which studies non-integer order of derivatives. The beauty of FC is that
fractional order derivatives and integrals are non-local. The purpose of using fractional models in differential equations in
physical models due to their non-local property. This is due to the fact that the fractional-order derivatives and integrals are
capable to characterize the properties of memory effects as an essential aspect in many real-world phenomena [1-4].
Recently, numerous models such as Baleanu et al. [5] in nanotechnology, Arif et al. [6] in nanofluid, Jajarmi et al. [7] and
Khan et al. [8] in biology and Oldham [9] in electrochemistry have been modelled with the help of fractional order
derivatives.

Motivated by this fact, several researchers have been established analytical methods by using fractional order differential
operators to find the approximate solutions. Baleanu et al. [10] have been studied the wave equations and the non-linear
fractional equations and Daftardar et al. [11] respectively by using fractional variational iteration method, decomposition
method and iterative method. Recently, Baleanu et al. [12] have been analyzed two-dimensional partial differential
equations. Analytical solutions of fractional physical models have been obtained by Khan et al. [13]. Furati et al. [14]
studied on existence and uniqueness for fractional derivatives. Application of fractional derivatives in the behaviour of
immune and tumour cells is given by Ghanbari et al. [15]. Time fractional coupled equation is solved by Gomez-Aguilar
[16] by using homotopy analysis. Sontakke [17, 18] solved the Hirita-satsuma coupled Kdv, mKdv and Kawahara
equations. Several papers studies the solution of differential nonlocal systems [19-24].
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The Burger’s equation demonstrates coupling among diffusion and convection processes. This equation designates the
structure of shock waves, acoustic transmission, and traffic flow. Abazari [25] gave the numerical solution of the Burger’s
and coupled Burger’s equation. Also in last few years, numerous researches have been studied and analyzed one- and two-
dimensional FCBEs with many analytical schemes such as the Sumudu decomposition method (SDM) by Ahmed et al.
[26], VIM by Biazar et al. [27], Adomain decomposition method (ADM) by Alharbi et al. [28], Dehghan et al. [29] and
Gorguis [30], ¢-HATM by Singh et al. [31] and Elzaki homotopy perturbation method by Suleman et al. [32].

The main objective of this work is to extend the application of the homotopy Elzaki transform method (HETM) and
iteration Elzaki transform method (IETM) to derive explicit analytical approximate solutions of the FCBE with time- and
space-Caputo fractional derivatives for the following two models:

i One-dimensional FCBE

o _ 0% I
at%i  9p? ap op '
iy _ 9% 29 a(wd) )
a5i  ap? ap ap
1i. Two-dimensional FCBE
) 2 2
a w(par) n w(p’o_ ‘L') aw(par) n 19(/),0' ‘L') 6a>(pa‘r) _ % [6 a;(;z,o,r) + a w(p,a,r)]
fj 2 2
b} 19(po‘1') + w(p’o_ T) 619(po‘1') + 19(/),0' T) 619(/)0'1') _ % [6 196(:)2,20,‘[) + i) 19(/),0',1')] - (2)

The factors {; and §;, where 0 < {;,¢; < 1,j = 1,2,.., stand for the order of the fractional time and space derivative,
respectively. R represents the Reynolds number.

In present study, we gain the analytical and numerical solutions of one- and two-dimensional FCBEs by using two different
approaches, namely the iterative Elzaki transform method (IETM) and homotopy Elzaki transform method (HETM). The
IETM is an elegant coupling of the NIM and Elzaki transform and the HAETM is an elegant combination of the HAM and
Elzaki transform. Numerical comparisons with graphical representation of both suggested approaches with the exact
solutions are given to illustrate the efficiency and the accuracy of the proposed approaches. The results prove that both
proposed approaches are very effective and simple.

The rest of this paper has been organized as follows: In Section 2, Some preliminary definitions and properties related to
fractional order Caputo derivative and the Elzaki transform are given. In Section 3, we describe the procedures of HAETM
and IETM. In Section 4, two numerical problems are provided to illustrate the feasibility of proposed methods. Finally,
Section 5 concludes the output of the whole paper.

2 Preliminaries

Definition 2.1 The fractional derivative of u € C2; in Caputo [33] sense has been defined as:

*u(t)
pors ,(=SEN,

Diun= T . e 3)
INGEE)) u® )dv, s—1<{<s,s€EN.

rs—¢

where s is the smallest integer that exceeds {.
Some basic arithmetic properties of the Caputo’s fractional derivative are given as:
Df C =0, (Cis aconstant),
D{(8f() + Bg() = 8§ Df f(D) + B Df g(2),
where ¢ and £ are constants, and
Ol c S Z - 1'
DTS = Ir(c+1)z¢¢
S L >7 —
rg=¢+1 "’ ¢=¢-1
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Definition 2.2 Fractional integral of a function u(t) € C,(n = —1) with order { > 0, preliminary introduced by Riemann-
Liouville and expressed [34, 35] as:

JFu@ == i@ -w u@de,

“4)

Jou() = u(o).
Definition 2.3: The Elzaki transform (ET) or modified Sumudu transform definition for the function f(t) is given as:
E[f(D]=T®m) =p fooof(‘[) e?dr, 7>0.
The ET is a very efficient and strong scheme to solve the integral equation that the Sumudu transform method cannot
match.
The Elzaki transform of D¢ u(x, 1) is given as follows [36, 37, 38]:

E[D¢u(x,7)] = o) _ SZEp2=S (0, 1), s—1<{<s,s€eN. %)

p{
3Basic idea of HAETM and IETM

We consider a general non-linear time fractional differential equation and Applying two analytical methods, namely the
IETM and the HAETM, to obtain series solution.

{CDE w(p,7) = h(p,7) + Rlw(p,1)] + N[w(p, 7)), ©
w(p,0) = ¥(p).

where 0 < ¢ < 1.
3.1 Homotopy analysis Elzaki transform method (HAETM):
Taking the Elzaki transform (ET) on both sides of (6), we get:
E[w] = x(p,p) + p°[E[Rw(p, )] + E[Nw(p,D)]], (7
where,
x(p.p) = p*w(p,0) + p*E[h(p, D).
On simplifying, (7) reduces to:
E[w] = p* i p2 ™ (p, 0) + p¢[E[Rw(p, )] + E[Nw(p,T)] = E[h(p,7)]] = 0, (8)
Next, a non-linear operator defines as:
Nlo(p, 7 0)] = Elo(p,7;9)] =
e Xy PP W (p) + pé[E[Re(p, T; )] + E[N@(p,T; )] — Elh(p, D], ©
here q € [0,1] and @(p, T; q) represents a real function.
We build a homotopy as:
(1= @)E[p(p,7;9)] = wo(p,7) = hqH (p, D)N[9(p, T 9)], (10)
where E represents the Elzaki transform, ¢ € [0,1] be embedding parameter, # and H (p, T) are nonzero auxiliary parameter

and auxiliary function, respectively. w,(p, T) is the initial guess of w(p, 7). Apparently, when ¢ = 0 and q = 1; the result
holds:

(P, 1;0) =we(p, 1), @11 =w(p1), (11)
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When q upsurges from 0 to 1, ¢(p, T) differs from initial guess wq,(p, T) to the solution w(p, 7). It is expanding about g by

Taylor’s theorem:
@(p,75q) = wo + X321 ¢° we(p, 1),
where

1 9%(p,1;q)
w{’(pl T) = z aqt’ 0’
! 4=

with properly choice of initial guess wq(p, T), i and H(p, T) series (12) converges at ¢ = 1 and we get:

w(P' T) = Wy + Z?:l (i)[(p, T)!

equation (14) gives one of the solution of original equation. Next, we define vectors as:

W, = {wo(p, 1), w1 (0, T, evvenennnn. ,w,(p, )},

We construe ¢t" order deformation equation by differentiating (10) £ -times w. r. t. ¢ and setting g = 0, we get:

Elw,(p,T) — kpw,_1(p,T)] = RH(p, DR, (0,-7),

taking inverse Elzaki transform of (16), we have:

we(p,7) = Kpwe_1(p, T) + RETH[H(p, DR, (w, 7)),

where
gt-1 (p,1;q9)
ER[(M) = ([_11)! I;l[l(ﬁ_lir : ]|q=0’
and
_ {0,3 <1
Ke = 1,£>1.
3.2 IETM for TFPDEs

Taking the Elzaki transform (ET) on both sides of (6) and on simplifying, we get:

Elw] = p° X p* w0 @(p, 0) + p¢[E[Rw(p, D] + E[Nw(p, D] — E[h(p, D]],

On simplifying (20), we get:
E[w] = x(p,p) + P*[E[Rw(p, D] + E[Nw(p, D]],
where
x(p.p) = p*w(p,0) + p*E[h(p, D],
applying the inverse of Elzaki transform of (21), we get:
w(p, ) = x(p,7) +E~* [sz[Rw(p. ) + Nw(p, T)]]-
By iterative method, we consider the solution in form of infinite series as:

w(p,T) = X5Zo 0 (0, T)-

Define the linear operator R as:

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

21

(22)

(23)

24)
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R(ZpZo we(p, 1)) = XiZo Rlwe(p, D],
and nonlinear operator N is immobilized as:
NEio we(p, D) = N[wo(p, D] + Lie{N Xfo[wi(p, D] — N ZiZ5[w;(p, DI}
Put the value in (24) from (25) and (26), we have:
Lirzo We(p, T)= wo(p, T)
+E [pEE[R £ [0 (p, D] + N[wy (0, D] + ZiZo{N Zioolwi (o, ] = N EiZ[wi (o, D],
Comparing the coefficients of w,(p, ), for £ = 0,1,2,3,........ to both sides of (27), we get:
wo(p,7) = ¥(p),

1(p, ) = B~ [P E[R[w, (0, D)] + Nlw, (o, D]},

0.1(p.r)= E 7 [PEE[RIwe (0, D] + {N Zo[wi (0, D] = N Z{Z[wi(p, DT} £ = 1.

Thus the series solution of (6) is:
w(p,7) = XiZowe(p, 7).

4Numerical problems

(25)

(26)

27)

(28)

(29)

In this section, two numerical problems are given to illustrate the efficiency and accuracy of HAETM and IETM,

respectively.
Example 4.1. Consider one-dimensional FCB equation as:

%w  %w dw B(an‘))

ﬁ_az—l_zwap ,0<0 <1,
22 619 % 6(a)19)0<€<1
with the initial conditions
w(p,0) = w, =sinp, 9(p,0) =9, = sinp.

The exact solution of (30), when { =& =1 is
w(p,7) =e "sinp, 9(p,7) = e "sinp.
4.1.1 Solution by using HAETM

By using the proposed scheme and (31), (30) reduced into:

dwy_;

wi(p,T) = (6 + W1 (9, 1) = (1 = ke sin p} — B~ {pFE |G + 2RI 0 22| — - (Sit ot 1)),

and

09p_;

8P ) = (e + MDps (p,7) = (1 = e sin p} — hE {p B [25 + 25489,

(30)

G

(32)

| - 2 (st o®ea)) (33)
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By solving (32) and (33), we get the iterative terms of w,(p, T) and 9,(p, T) follows as:

wo(p,T) = sinp, Uo(p, 7) = sinp,
3
. T
w(p,7) = hsmpp({ o 01(p,7) = hsml)r(ﬂl)a
h(h+1) sin pts 2 2 5+€
w,(p,T) = G + h*(1 - ZCosp)smpr(Z( 5 + h°(2sinp cosp)m,
9, ( T)_M+h2(1—2605 ) sin + h?(2sinp cos )z—+$ 34)
2P 1) =" P P F(2§+1) P P) ey
And so on.
Hence, the solution of Eq. (30) is given as:
w(p,T) = Loz we(p, T), 9(p,7) = Xilo Ve (P, D).
(35)
4.1.2 Solution by using IETM:
Taking the Elzaki transform on (30), we get:
(p[2fw a) d(w?)
E[w(p, )] = p*(p, 0) + p°F [Fo + 2022 — 242,
E[9(p, 7)] = p*9(p, 0) + p°E [_ + 219—p - "’(gf) . (36)
Taking the inverse Elzaki transform of (36), we have:
w(p,7) = w(p,0) +E- [sz [—+2 9o a(“"”]],
9(p,7) = 9(p,0) + E~ [pr [— + 219—p - "’("“”]] 37
In view of (27), we get:
wo(p,T) = sinp, Do (p, ) = sinp,
_ , ¢ 9 %
w(p,7) = TSPy 1(p,7) = smpr(fﬂ),
22 . FE+ ) C(&+E+1) [
w,(p,7)= smp(l ZCosp) F(Z{ 1) +2sin pcospm—ZsmpcospF({_H)r(g_'_l) F(2§+§+1)
. r¢+1)
e O )y TR A1)
7% AR r¢+&é+1) (ARE

9,(p, 7) =sinp(1—Zcosp)m+25mpcospm Zsm'DCOSPF((+1)F(§+1)F((+2§+1)

3
ré+1) 3 (38)

+2sinp cos :
smp p(r(f+1))2F(3§+1)

And so on.
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Finally, we have the series solution as:

w(p,T) = Xilow(p, T), 9(p, 1) = X3o0e(p, 7). (39)

(@) (b)

(a) (b)
Fig. 2: Surface of absolute error for 9(p, 7) by (a) HAETM, and (b) [ETM for -5 < p <50<t<1land{=¢=1.

Table 1: The fifth order absolute errors for w(p, 7), when =5 < p < 5.

T HAETM IETM
0.01 1.9098963E — 12 1.9098963E — 12
0.05 5.9294056E —9 5.9294056E —9
0.10 1.8818028E — 7 1.8818028E — 7
0.50 5.5141181E — 4 5.5141181E — 4
1.00 1.6348008E — 2 1.6348008E — 2

Table 2: The fifth order absolute errors for 9(p, 7), when =5 < p < 5.

T HAETM IETM
0.01 1.9098963E — 12 1.9098963E — 12
0.05 5.9294056E — 9 5.9294056E —9
0.10 1.8818028E — 7 1.8818028E — 7
0.50 5.5141181E — 4 5.5141181E — 4

1.00 1.6348008E — 2 1.6348008E — 2
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Numerical outcomes of example 4.1 are given in table 1 and 2 which represent the absolute errors for our proposed
schemes when —5 < p < 5. Figure 1 and 2 represents the Surface of absolute errors for w(p, T)and 9(p, 7) by HAETM,
and [ETM for =5 < p < 5,0 <t < 1and { = £ = 1. The numerical outcomes show that both schemes are very effective

and the absolute errors are very small at different values of t for fifth order approximations.

Example 4.2. Consider two-dimensional FCB equations as:

w w ow 1 [0%w 02w
Srres o5t =1 [Te+ T
3%y a9 89 1[029 | 829
Stes o =2[Ere ]
with the initial conditions:
3 1 3 1
(A)(pl a, O) - Z - 4(1+e(R(—P+d))) ) 19(/); a, 0) - Z + 4_(1+e(R(—p+0')))‘

The exact solution of (40), when { =& =1 is

1 1

32

3 3
w(p' g, T) 3 < (R(—4p+4o'—r))) ’ 19(:0' g, T) — 2 + 4(1+8(R(—4p+4o'—1')/32))'
4| 1+e

4.2.1 Solution by using HAETM

Using the previous mentioned discussion, we have:

wo(p,0,7) =2 —
0 P; )] - 2 4—(1+e(R(_p+‘7)))'
3 1
%0(p.0.T) =+ ey
(=7
he(R/B(=p+0))p g he(R/4(=p+0)) g8 he\B(=pF0)) g<
w,(p,0,7) = + - " Z )

3 3
R/8(-p+0) R/8(=p+0)
64(1+8( /8 p+o‘)) r(g+1) 64(1+e( /8(—p+0’ )) r(+1) 128<1+e(8(_p+g))) r@+1

he (R/8(=p+0)) & he(R/4(=p+0)) g & he(R/8(=p+0)) g &

64(1+e(R/g(—P+")))3P(f+1) 64(1+e(R/S(—P+”)))3F(€+1) 128(1+e(R/8(—P+")))ZF(§+1)'

191(/), g, T) = -

And so on.
Hence, the solution of (40) is given as:
w(p,0,7) = LpLo we(p,0,7),
9(p,0,7) = Xy 9e(p, 0, 7).
4.2.2 Solution by using IETM:

Using the previous discussion, we have:

1

4(1+e(R(‘P+")))'
1

4(1+e(R(‘F’+")))'

wO(p' g, T) =

AW W

]90(,0! g, T) =-+

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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o(R/B(=p+0)) g ¢ (R/4(=p+0)) g ¢ (RB(=p+0)) g <
wq (p’ g, T) = - 3 - 3 2 )
64(1+e(RBCP+I)) r(z41)  6a(1+e(R/BEP+ON) r(cr1)  128(1+e(R/BCP+)) r(g41)
(R/8(=p+0)) g€ (R/4(-p+0)) & (R/8(=p+0))p &
e R e R e R
191 (p! a, T) = ; ; - TZ ) (47)
64(1+e(R/8(‘p+”))) reE+1) 64(1+e(R/8(—P+"))) rE+1) 128(1+e(R/8(‘P+"))) r(E+1)
And so on.
Hence, the solution of (40) is given as:
w(p,0,7) = Yo we(p,0,7),,
I(p,0,7) = XiZoVe(p, 0, 7). (48)

(a) (b)
Fig. 3: Third order distributions solutions of example 4.2 by HAETM for w(p, g, T) at (a) 7 = 0.01and (b) T = 0.5 with
R=100.

(a) (b)
Fig. 4: Third order distributions solutions of example 4.2 by HAETM for 9(p, g, T) at (a) 7 = 0.01 and (b) T = 0.5 with
R=100.
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(a) (b)
Fig. 5: Third order distributions solutions of example 4.2 by IETM for w(p, o, ) at (a) T = 0.01and (b) 7 = 0.5 with
R=100.

(a) (b)
Fig. 6: Third order distributions solutions of example 4.2 by IETM for 9(p, o, ) at (a) T = 0.01 and (b) 7 = 0.5 with
R=100.
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/,, m,,w,/ 7 il ﬂfy / IM'
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Fig. 7: Surfaces of absolute errors of example 4.2 for w(p, o, T) by (a) HAETM, and (b) [ETM at 0 <0 <1,0<7 <
0.5,p=09and { =& =1.
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Table 3: The third order absolute errors of 4.2 for w(p,0,7), when0 < p <10<0<1.

T HAETM IETM
0.05 0.0 2.1316E — 14
0.10 1.1102230E — 16 3.4173E — 13
0.20 4.9960036E — 15 5.4738E — 12
0.30 3.7747583E — 14 2.7736E — 11
0.40 1.5898394E — 13 8.7738E — 11
0.50 4.8505644F — 13 2.144E - 10

Table 4: The third order absolute errors of 4.2 for 9(p,0,7), when0 < p <1,0< 0 < 1.

T HAETM IETM
0.05 0.0 2.1316E — 14
0.10 1.1102230E — 16 3.4173E — 13
0.20 4.9960036E — 15 5.4738E — 12
0.30 3.7747583E — 14 2.7736E — 11
0.40 1.5898394E — 13 8.7738E — 11
0.50 4.8505644F — 13 2.144E - 10

Numerical outcomes of example 4.2 for third order approximations are given in tables 3 and 4, which represents the
absolute errors for our proposed schemes for w(p, g, 7)and 9(p,0,7), when 0 < p < 1,0 < 0 < 1, and R=1 respectively.
One can say that the estimated solutions gained by proposed schemes converge faster than the approximate solutions
obtained using schemes in [8, 11] to exact solution. Figures 3-6 represents the distributions of approximation solutions of
our proposed schemes for both w(p,o,t) and I(p,0,7) at T = 0.01, 7 = 0.5 respectively, with R=100. Surface of
absolute error for w(p, g,7) and I(p,0,7) at { =& = 1,0 < 7 < 0.5, gained by IETM and HAETM when 0 <o < 1,p =
0.9, is exhibited in Figs. 7 and 8§, respectively and for 0 < p < 1,0 = 0.9, is exhibited in Fig. 9 and 10, respectively. It is
well-known that in these two cases the same numerical results are obtained.

5 Conclusion

The main objective of this article was to construct efficient approximate analytical and numerical solutions to the one- and
two-dimensional FCBEs. We successfully achieved this target by using two approaches: namely, HAETM and IETM. The
gained solutions approved the reliability and accuracy of the proposed approaches. The numerical and graphical studies
showed that both approaches HAETM and IETM offered the same results in the case of the one-dimensional FCBE, but in
the case of two-dimensional FCBE, the solution gained by HAETM converge faster than the approximate solution by
IETM.
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