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Abstract: In the present paper, we considered a rotational thermoelastic isotropic homogeneous half space 
medium with diffusion and two temperature effect in the context of three- phase- lag theory. Normal 
mode analysis is used to obtain the physical quantities. Comparisons are made graphically to show the 
effect of rotation, diffusion, and two- temperature under three- phase- lag (TPL) and Green- Nagdi type III 
(G-N) theories. 
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1 Introduction  

Generalized thermoelasticity theories have been developed in order to remove the paradox inherent in the convential coupled 
dynamical theory of thermoelasticity. There are two important generalized theories of thermoelasticity. The first generalization 
is due to Lord and Shulman [1] who developed the theory with one relaxation time. The second is due to M�̈�ller [2] which 
known as the theory of thermoelasticity with two relaxation times or the theory of temperature- rate- dependent 
thermoelasticity. A more explicit version was then introduced by Green and Laws [3] , and Green and Lindsay [4] , this theory 
contains two consatnts that acts as relaxtion timed and modify all the equations of the coupled theory, not only the heat 
equation.  
Green and Naghdi [5-7] proposed three new thermoelastic theories which are called themoelasticity of type I, type II and type 
III. Type I is linearization of the classical system of thermoelasticity. Type II theory doesn’t admit energy dissipation. Othman 
et al. [8] investigated the effect of diffusion on two-dimensional problem of generalized thermoelasticity with Green-Naghdi 
theory. Othman and Atwa [9] studied the thermoelastic plane waves for an elastic solid half- space under hydroelastic initial 
stress of type III. Othman et al. [10] solved a generalized thermoelasticity problem with temperature dependent properties 
without energy dissipation in two and three dimensions. Othman et al. [11] discussed the thermal loading effect due to laser 
pulse on 3-D problem of micropolar thermoelastic solid with energy dissipation. 
Chen and Gurtin [12] and Chen et al. [13-14]  formulated a theory of heat conduction in deformable bodies, which depends 
upon two distinct temperature, the conductive temperature  and the thermodynamic temperature . For time-dependent 
situations, the difference between these two temperature is proportional to the heat supply, and in the absence of any heat 
supply, the two temperature are identical. Singh and Bala [15] discussed thee propagation of waves in a two temperature 
rotating thermoelastic solid half-space without energy dissipation. Atwa [16] has discussed the generalized magneto-
themoelasticity with two temperature and initial stress under (G-N) theory. Atwa and Jahangir [17] studied the two temperature 
effects on plane waves in generalized thermo microstretch elastic solid. 
Recentely, Roychoudhary [18] developed a new model of the linearized theory of coupled thermoelasticity called three-phase-
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lag by considering the heat conduction law that includes the temperature gradient and thermal displacement gradient among the 
constitutive variables. Stability were discussed by Quintanilla and Racke [19]. Kumar et al. [20] studied the effect of viscosity 
on wave propagation in anisotropic thermoelastic medium with three phase-lag model. Othman et al. [21] employed three- 
phase- lag model to study the deformation of thermoelastic solid half- space under hydrostatic initial stress and rotation with 
two- temperature. Othman et al. [22] studied the effect of magnetic field on generalized thermoelastic medium with two 
temperature in the context of TPL model. 
Othman et al. [23] studied the effect of rotation on a magneto thermoviscoelastic plane waves in the context of (G-N) theory. 
Ailawila et al. [24] showed the effect of rotation in a generalized thermoelastic medium with two-temperature under the 
influence of gravity. Othman et al. [25] investigated the rotation of magneto- thermoelastic solid subjected to thermal loading 
due to laser pulse. Othman et al. [26] showed the effect of rotation on plane waves in generalized thermo-microstretch elastic 
solid for a mode- I crack under (G-N). Othman et al. [27] studied the effect of gravity on the general model of the equations of 
generalized thermo- microstretch for a homogeneous isotropic elastic half- space rotating solid whose surface is subjected to a 
mode- I crack. Othman and Atwa [28] solved a 2- D problem of anisotropic rotating thermoelastic half- space under (G-N) 
theory.  
Diffusion is the process which atoms move in a material from regions of high concentration to a region of lower concentration. 
It can be defined as the mas flow process in which atoms change their positions relative to neighbors in agiven phase under the 
influence of thermal and agradient. Nowaki [29-31] used the coupled thermoelastic model to develop the theory of 
thermoelastic diffusion. Atwa [32] showed the effect of fractional parameter on plane waves of generalized thermoelastic diffusion 
with temperature-dependent elastic medium. Tripathi et al. [33] discussed the generalized thermoelastic diffusion problem in a 
thick circular plate with axisymmetric heat supply. Kumar [34] studied the wave propagation in microstretch thermoelastic 
diffusion solid. 
Othman and Song [35] showed the effect of rotation on plane waves of the generalized electro magneto- thermo- viscoelasticity 
with two relaxation times.  Othman, and Said [36] studied the effect of rotation on two- dimensional problem of a fiber- 
reinforced thermoelastic with one relaxation time. Zakaria [37] discussd the effect of hall current and rotation on magneto- 
micropolar generalized thermoelasticity due to ramp- type heating. Elmakizi and Othman [38] studied the effect of rotation on a 
thermoelastic diffusion with temperature dependent elastic moduli comparison of different theories. Othman et. al. [39] 
discused the effect of rotation on micro-polar generalized thermoelasticity with two temperature using dual- phase- lag model. 
In this paper, the effect of diffusion and two- temperature on a rotational themoelastic material is discussed. Normal mode 
analysis was used in order to obtain the exact solution. Comparisons are made graphically in the presence and absence of 
rotation, diffusion, and two-temperature. 
 
Nomenclature 

         Components of stress tensor 

          Components of strain tensor 

   Cubic dilatation 

          Kronecker's delta  
         Displacement vectors 

           thermodynamic Temperature 
           reference Temperature

   
     conductive temperature

 
           Chemical potential 
           Concentration distribution 
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Coefficient of linear thermal expansion 

Coefficient of diffusion thermal expansion 
           Density 

         Specific heat at constant strain 

          Coefficient of thermal conductivity 
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           phase lag of thermal displacement gradient 

           phase lag of Heat flux  

          phase lag of temperature gradient 
            Coefficient describing the measure of thermoelastic diffusion effects 
            Coefficient describing the measure of diffusive effects 
            Thermoelastic diffusion constant 
             Diffusion relaxation time 

  

 
2  Basic equations 
 We consider a homogenous thermoelastic half-space with two temperature rotating uniformly with angular velocity 

, where  is a unit vector representing the direction of the axis of rotation. Thus, all quantities are considered are 
functions of .  
The constitutive equations 

                                                           (1) 

                                                                                (2) 

                                                                                                 (3) 

The equation of motion 
                                                             (4) 

The equation of mass diffusion 
                                                                                (5) 

The equation of heat conduction 

             (6)                   

 Where,    
The equation of two temperature 

.                                                                                                                              (7)  
Where, the list of symbols is given in the nomenclature. 
3  Formulation of the problem 
Eq.(1)  can be written as 

      (8) 

       (9) 

                        (10) 

For a two dimensional problem in -plane, Eqs. (4) - (6) can be written as 
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                          (13) 

     (14) 

To facilitate the solution, the following dimensionless quantities are introduced 

        

 ,     

Where   and              

Using the above non-dimensional quantities, Eqs. (11) - (14) will be written as   
                      (15) 

                      (16) 

                      (17) 

                      (18) 

Where 

, , , , , , , , 

, , ,   

The displacement components  and  may be written in terms of potential functions  and 
 as 

                (19) 

4   Normal mode analysis    
 The solution of the considered physical variables can be decomposed in terms of normal modes in the following form 

                       (20) 
Where  is the complex time constant (frequency), is the imaginary unit, is the wave number in the direction and 

 and  are the amplitudes of the functions. 
Applying  Eqs. (19) and (20) on Eqs. (15) - (18) 
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Elimimating between Eqs. (21)- (24), we get 
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The solution of Eq.(25) have the form 
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where (n=1, 2, 3, 4) are some constants,  are the roots of the characteristic equation of Eq. (25). 
The displacement components take the form 
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5  Boundary conditions 
The boundary conditions at are considered as 

, , and                       (36) 

Where  is a constant. 
Substituting from Eq.(36) in Eqs. 28,29,32,34, we can obtain the following equations satisfied by the parameters 

                       (37) 

                      (38) 

                       (39) 

                      (40) 

 6  Numerical results 
Copper is used to study the effect of rotation, diffusion, and two temperature. We take the following values of the different 
physical constants. 

 
The numerical values written above, was used to show the distribution of the displacement , the stress components

 the temperature , the concentration distribution , and the chemical potential . 
Fig. 1-6 show the distribution of the physical quantities in the presence and absence of rotation using two theories (TPL) and 
(G-N) III. 
 Fig. 1 indicates the distribution of the displacement , TPL curves decrease with the increase of rotation, while G-N curves 
increase with the increasing of rotation. Fig. 2 shows the distribution of the stress function , all curves start from positive 

value. The curves are decreasing in the interval , and then increase in the interval , then acting as a 
decreasing wave until vanishing. Fig. 3 shows the distribution of the stress function , all curves satisfy the boundary 
condition and start from zero. Curves are inversely proportional with rotation. Fig. 4 shows the distribution of the temperature 

, curves are decreasing with the increasing of rotation. Fig. 5 shows the distribution of the concentration , all curves start 
from positive values. Curves are smooth decreasing until reaching zero. Fig. 6 shows the distribution of the potential  , the 
curves in case of presence of rotation is lower than the other curves.  
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Fig. 7-12 show the distribution of the physical quantities in the presence and absence of two- temperature using two theories 
(TPL) and (G-N III). 
Fig. 7 depicts the distribution of the displacement , all curves start from positive values. Curves are smooth decreasing until 
vanishing. Fig. 8 shows the distribution of the stress function , all curves start from positive values. G- N Curves have a 

higher value than TPL curves. Fig. 9 shows the distribution of the stress function , all curves satisfy the boundary 

condition and start from zero. Rotation is more influenced in TPL curves. Fig. 10 shows the distribution of the temperature , 
all curves start from negative value. Curves are increasing in , and then decreasing in . Fig. 11 shows the 
distribution of the concentration , TPL curves inversely proportional with two- temperature, while G-N curves directly 
proportional with two- temperature. Fig. 12 shows the distribution of the potential chemical , all curves start from positive 
values and then smooth decreasing until vanishing. 
Fig. 13-18 show the distribution of the physical quantities in the presence and absence of diffusion (D -WD) respectively using 
two theories (TPL) and (G-N III).  
Fig. 13 depicts the distribution of the displacement . TPL curves are more effective by diffusion than G-N curves. Fig. 14 
indicates the distribution of the stress function . In the presence of diffusion, TPL curves are more influenced by diffusion. 

In the absence of diffusion curves are decreasing until vanishing. Fig. 15 indicates the distribution of the stress function . 

All curves satisfy the boundary conditions and start from zero. In the absence of diffusion, curves at , then 
increase at , and then decreasing until vanishing. In the presence of diffusion curves are decreasing until 
disappearing. Fig. 16 depicts the distribution of the temperature . All curves start from negative value. In presence of 
diffusion, curves are increasing until reaching to zero. Fig. 17 and 18 depicts the distribution of the concentration and the 
chemical potential . TPL curve is lower than G-N curve.  
Conclusion 

1. Analytical solutions based upon normal mode analysis of the thermoelastic problem have been developed. 
2. The method used in the present article is applicable to a wide range of problems in thermoelasticity. 
3. The presence of rotation plays a siginifiacnt role in all physical quantities. 
4. The value of all the physical quantities converges to zero, and all the functions are continuous. 

 
 

 

 
Fig. 1 Distribution of the displacement in the absence and presence of rotation. 
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Fig. 2 Distribution of the stress component in the absence and presence of rotation. 

  

Fig. 3 Distribution of the stress component in the absence and presence of rotation. 

  

Fig. 4 Distribution of the temperature in the absence and presence of rotation. 
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Fig. 5 Distribution of the concentration in the absence and presence of rotation. 

  

Fig. 6 Distribution of the potential in the absence and presence of rotation. 

  
Fig. 7 Distribution of the displacement in the absence and presence of  two- temperature. 
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Fig. 8 Distribution of the stress component in the absence and presence of  two- temperature. 

  

Fig. 9 Distribution of the stress component in the absence and presence of  two- temperature. 

 

  

Fig. 10 Distribution of the temperature in the absence and presence of  two- temperature. 
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Fig. 11 Distribution of the concentration in the absence and presence of  two- temperature. 

  

Fig. 12 Distribution of the potential function in the absence and presence of  two- temperature. 

  
Fig. 13 Distribution of the displacement  in the absence and presence of diffusion. 
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Fig. 14 Distribution of the stress function in the absence and presence of diffusion. 

  

Fig. 15 Distribution of the stress function in the absence and presence of diffusion. 

  

Fig. 16 Distribution of the temperature in the absence and presence of diffusion. 
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Fig. 17 Distribution of the concentration function in the presence of diffusion.  

  

Fig. 18 Distribution of the potential function in the presence of diffusion. 
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