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Abstract: Median and range of a random sample are measures based ostatigics which are descriptive of the central tendency
and dispersion of the population, respectively. In thisgpape obtain the median and range for order statistics fromidentical
standard power distributions functions. Then, the medrahrange for identical standard power functions distrifmsiand uniform
distributions functions are given. Finally numerical iésof the median and range are presented.
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1 Introduction the corresponding order statistics. David/][has shown
that the pdf’s of the rth order statisti®s, 1 <r <nis

Arnold and Villasefior ] presented some preliminary

results relating to the Lorenz ordering on sample medians 1 r—1

and means. Gibbons and Chakrabadzjidt first consider frn(X) = ————— z |—| F.(¥)| fi, (X)

the uniform distribution over (0,1) and then obtained the (r=D!n—nt 4|3

median when allX’s are independent and identically n 1)
distributed. Beg 3] generalized results by obtained Joshi [ |—| (1— Eb(x))] ,

and Balakrishnan 4] when the variables were b=r+1

independent but not assumed to be identically distributed _

using permanents. Barakat and Abdelkades] [ Where—co <x < e andy, denotes the summation over
established new representations, identities and reaeren all n! permutations(i, i, ...,in) of (1,2,...,n) . Moreover
relations of order statistics arising from general Childs and Balakrishnanlp] have shown that the joint
independent non-identically distributed random variable Pdf's of the rth and sth order statisticg.n and Xsn
To keep abreast of recent developments in order statistics <T <s<nis

see p,7,8,9,10,11,12,13 14,15,16].

In this paper, we derive expressions for the median 1 o1
and range when ak’s are independent but not assumed f . (xy) = F_(x
to be identically distributed. Then the median and range ren(%Y) (r=1s—r—1!(n-s9)! % ;Dl )
for order statistics from non-identical standard power o1
function distributions are obtained. Also numerical résul i (X) |—| (Fi, (y) — Fi, (%))
of the median and range for independent and identically ' b=ri1
distributed standard power function distributions and n
uniform distributions are presented. iy 1-Fi.(y)|,
Let Xi,Xp,...,X» be n independent and ) c:E|+1( )
non-identically distributed random variables with 2

probability density functions (pdf'sjy(x), f2(X), ..., fa(X) where—oo < X < y < oo, Alternatively, the densities in Eq.
and cumulative  distribution  functions (cdf's) (1) and Eg. R) can be written in terms of permanents of
F1(X),F2(X),...,Fa(X) and letXin < Xon < ... < Xyn be  matrices (see Vaughan and VenablEg).
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Suppose that the random variabléi = 1,2,...,n) has
the cdf’s given by

0 X< a,
1
Fi(X) = { eXh®)-hx] a<x<bh, 3)
1 x> b.

where A; is a positive parameteh(x) is assumed to be

decreasing, continuous and differentiable function on

(a,b) with h(b) > 0 andh,, = . Different choices of
h(x) lead to distributions that are important in life testing

as well as other areas of statistics (see more details

Ahmad 0]). We note that the cdf’s Eq.3] satisfies the
differential equation

(4)

Puth(b) =0, h(x) = —In(g), x€ [0,9], g > 0 andA; =
aii ( a; are positive integers). Then the cdf’s E§) énd

pdf's Eq. @), respectively, reduce to the power function
distributions in the form

R0 = (g) xc0g (5)
and
ai [ X ai-1
fi(x>=5(§) xe (0. 6)

2 Distributions of the Median and Range

n=2mis
2 o |m—1
wo~ e 3, [flme
i (20— V) fiy (V) [ ﬁ <1—F.C<v>>] dv,
Cc=nH2

(7)
whereu < v. A similar procedure can be used to obtain the
distribution of the range, defined Bs= X.n — X [1, 17].
From Eqg. @) the joint pdf's ofX;, andXpp is

n—1

fl:n,n(XaY) = [(n_ilz),] % fil(x) lbrL(Eb(y) - Hb(X))] fin(y)v

wherex < y. Upon making the transformation= v — u,
y = v and by integration out of, the pdf’s of the range is

W)= gy 3 (v )

n-1
- Lerb

whereu <v. LetF, ) andf; ) (I=1,2,...,n) be asin Eq.
(5) and Eq. 6). Then the integrant in Eq7) is nonzero for
the intersection of the regionsQ2u—v < gand O< v< g.
Therefore the region of integration is the intersectiorhef t
three regionsi < v, ¥ < u< £¥ and 0< v < g. Finally we
see that the limits on the integral in E@) (nust beu < v <
2ufor0<u< 9§ andu<v<gfor § <u<g. Similarly
the integrantin Eq.8) isO<u<v<gforO<v—u<g

(8)
F

(V) = Fi(v— U))} fin(V)dV,

The median and range of a random sample are measur@®d 0<V <g.

based on order statistics which are descriptive of the

central tendency and dispersion of the population
respectively. Fon odd, the median of a sample has the
pdf's Eq.@) with r = %1 If nis even and a unique value
is desired for the sample medilh the usual definition is

_ Xg:n + X£+1:n
o 2

so that the distribution of what must be derived from the

joint pdf's of these two-order statistics. Lettimg= 2m,
from Eq.@) we have foralk <y

m-1

1
fmein(X,y) = w % l

(%) fir.1 (V) [ (1- F.C(Y))l :

c=m+2

Upon making the transformation=2u—v,y =vand

Now we are ready to derive the median and range for

order statistics from non-identical power function

‘distributions. At first we derive pdf's of the median,

respectively, for O< u < § and § < u < g. Then we
derive pdf's of the rangefor@ u< v < a.

Theorem 1.

For0<u< , we have

¥

m—kp—1

g(zc:l

nz :mfkgfl
nzr :kg

] |:2(zg]:10ia+ztilazé+aiml) _olsal aia*kl)}

m-1

z (_1) ki +k—2

ko=0

1
 [(m=1)12

aimaiml

g(zamaia) kio ('2\1)

1=

fm(u)

k;
aZc) u(i?:l aia+z(i1 azé +aim1 71)

k;
kKi+521 Az + Qi g

9)

where A = S, ai, — 1, Sn;=m-k,—1 denotes the sum
nzl=k2
m-1

using the method of Jacobians, the pdf’s of the median forover all (mszfl) subsets{ = {{1,{2,...,{m-k,—1} and
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' ={8.%. .4, } of {iniz,...rim 1} Theorem 3.
Proof From using Eq.%) and Eg. 6) in Eq. (7), we get Foro<u<vs<g, wehave
QAim iy, 2 o (w k3K,
, o O e 2 o By Lol Y
) = Y e i
[(m—1)!]2 & gzg)\g(aiml’l)g(iggmﬂ“ic)
2 2m ek kg
[Pt ] et ) 0 i)
u C=mH-2 ' S ';3 Uzﬁib"’:lﬂztﬁ“iﬁmn*k“*l
Upon using (12)
A/ wherew = 2k3 o, +ai, —1, Sn,-n_k,—2 denotes the
2u_v)\: ( ) _1 klvkl 2u A—kq b=1 Zb 1 Z_, 3
( ) klZ:O ke (=1)™(v)™(2u) ) s =ks
sum over all (n_”k;_Z) subsets{ = {{1,{2,...,{n—ks—2}
and andZ’ = {2y, &p. - G} O {in, iz, nin_2)-
1 L ) ( ) Proof. From using Eq.%) and Eq. 6) in Eqg. ), we get
2m m— m—ky— 2 a
Gic —\flic) = _1)k ("’Zc) 4
c:|;|+2(g ) kzzzo( ) nzzmz—kz—l cl:l g cl:lv 1 ai. o g
n_;=kp . i]_ in _ aj, —1
‘ fR(U) = (n—2)! & z g(z?i:laia) /u (v=u™
we get
n—-1 VG a ]VC!
A m— b — v u i in—
iy Ay A Ak 1tk l_L
(1) = [(m— 1 Zz Za 1 i) kzo<kl> @) z: °
g(ilfz 1aZc) /2U (k1+q'm+1 l+z(>10/) Upon USIng
n;=m-kp—1 u
nz/:kz n—1 _ _ n—-2 K
1) []Me-(v-uh =3 (-1)
b=2 k3=0
The proof of Eq. 9) follows from computing the integrant N—kg—2 ks u
in Eq. (10) and after simple manipulations. ) Zk V)“zb |—| (V—u) Z
nNy= 3—2 b= b=1
¢k
n_r=K3
Theorem 2. ¢
we get
ForJ < u < g, we have
(W) = i i A (A)Z(zg“:laia—kl)
O o1 g fall) = o Y o nf( 1
R(U) = -
(-2 4 g<zg: o) 5o
m-kp—1 ko L1k i
.mil(_l)k1+kz g(z°:1 g3 0+t ) (k) Z( / o e - )(V u)"dv.
ko=0 ng=m—k,—1 k1+2'§:1 Az + iy Ng=n—ks=2
n, =ky ¢ n 1=K3

4

The proof of theorem 3.follows from the relation
g(ilc“ 1k2 D’ZC) u(z‘::lai1+zl(§il azﬁaimfl)

- 11)
ki + Zlézzl Oz + Uiy
w_ v (W (ke e
whereA andyn, —m k-1 is as Eq.9). (v—ur= % (k4> (=1)"(v)
nzl=k2 k4:0
Proof. It can be obtained similarly as theorem 1. and after simple manipulations.
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Table 1: Numerical values of the median of order statistics from amif distributions.

N|

4 6 8 10 12 14 16 18 20
0.208| 0.09192| 0.03820] 0.01536| 0.00605| 0.00235| 0.00090| 0.00034| 0.00013
0.704| 0.54144| 0.39546| 0.28079| 0.19578| 0.13479| 0.09194| 0.06226| 0.04191
1.296| 1.27656| 1.20942| 1.11948| 1.02009| 0.91905| 0.82095| 0.72843| 0.64285
1.792| 1.96608| 2.10698| 2.21708| 2.30147| 2.3647 | 2.41042| 2.44153| 2.46038
2.000| 2.25 2.5 2.73437| 2.95312| 3.1582 | 3.35156| 3.53485| 3.70941
1.792| 1.96608| 2.10698| 2.21708| 2.30147| 2.3647 | 2.41042| 2.44153| 2.46038
1.296| 1.27656| 1.20942| 1.11948| 1.02009| 0.91905| 0.82095| 0.72843| 0.64285
0.704| 0.54144| 0.39546| 0.28079| 0.19578| 0.13479| 0.09194| 0.06226| 0.04191
0.208 | 0.09192| 0.03820| 0.01536| 0.00605| 0.00235| 0.0009 | 0.00034| 0.00013
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Table 2: Numerical values of the range of order statistics from umnifdistributions.

01 18 0.54 0.108 0.018 0.0027 0.0003 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.2 16 0.96 0.384 0.128 0.0384 0.0107 0.0028 0.0007 0.0001 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000
03 1.4 1.26 0.756 0.378 0.1701 0.0714 0.0285 0.011 0.0041 0.0015 0.0005 0.0001 0.0001 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000
0.4 12 1.44 1.152 0.768 0.4608 0.258 0.1376 0.7077 0.0353 0.0173 0.0083 0.0039 0.0018 0.0008 0.0003 0.0001 0.0000 0.0000 0.0000
05 1.0 15 15 1.25 0.9375 0.6562 0.4375 0.2812 0.1757 0.1074 0.0644 0.038 0.0222 0.0128 0.0007 0.0041 0.0023 0.0013 0.0007
0.6 0.8 1.44 1.728 1.728 1.5552 1.3063 1.045 0.8062 0.6046 0.4434 0.3192 0.2263 0.1584 0.1097 0.0752 0.0511 0.0345 0.0231 0.0154
0.7 0.6 1.26 1.764 2.058 2.1609 21176 1.9765 1.7788 1.5564 1.3316 1.1186 0.9253 0.7557 0.6104 0.4883 0.3874 0.3050 0.2386 0.1856

0.8 0.4 0.96 1.536 2.048 2.4576 2.7525 2.936 3.0198 3.0198 2.9527 2.8346 2.68 25013 2.3089 2111 1914 1.7226 1.5402 1.369

0.9 0.2 0.54 0.972 1.458 1.9683 248 2976 3.4437 3.8742 4.2616 4.6025 4.8954 5.1402 5.3379 5.4904 5.6002 5.6702 5.7035 5.7035

3 Numerical Results
Result 3.By settingg =1 andaj, = aj, = ... = aj, = A
in Eq. 12 for0<u<v< 1, wehave
In this section, at first we obtain the median and range
for identical power function distributions by settigg= 1

— a(ks+1)—-1
and ai, = @, = ... = ai, = o and then we obtain the  f.(y) — n(n— 1)a? nzz (”—2> ( 3i> (a(k3+1)—1)
median and range for uniform distributions by setting o\ ks K=o Ky
g=1 anda =1 finally we compute them for uniform ke na—1
distributions for n=2 4, ...,20. .(_1)k3+k4 w] (15)
noa—ks—1
Result 1.By settingg =1 andai, = aj, =... = dj, = a

in Eq. @) for 0<u< 3, we have 4 Conclusion

n! ma—1 /e — 1\ M=1 Remarks
fu(u) = ——=ma® Y (-l . . .
[((m—1)12 K=o ki /) %o 1.Puttinga = 1 in Eq. @3) for 0 < u < 3, we obtain the

(k1)1 median for uniform distributions.
. (m— 1) u 2 [za(m+k2+1) _ 2ma—k1} 2.Puttinga = 1 in Eq. (14) for 3 < u < 1, we obtain the
kx Jki+a(ke+1) median for uniform distributions.
(13) 3.Puttinga = 1in Eq. (L5) for 0 < u < v < 1, we obtain
the range for uniform distributions.

Result 2.By settingg =1 andaj, =i, = ... = i, = a
in Eq. (12) for 3 < u< 1, we have
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