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The binomial numberéj’;) are very important in several applications and satisfy sev-
eral number of identities. The purpose of this paper is to introduce a new combinatorial
integer(mj’") and obtain some algebraic identities by means of double combinatorial
argument. Further several arithmetic properties of this type of integers are proven and
some interesting identities are also provided.
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1 Introduction

The binomial coefficients, denoted h&) play an important role in combinatorics and
these numbers appear as coefficients in the expansion of the binomial expfessigji*.

That is, .
n n n—

(z +v) =k§:; <k>xky k (1.1)
and this identity is known as Binomial theorem. The binomial coefficients are also known
as combinations or combinatorial numbers. In fact the equation (1.1) has very close relation
to the to the discussion of prime numbers. Further, primes come up in many different places
in the mathematical literature, and there are a lot of discussions to distinguish primes from
the composites.
In the literature the well known and the most amazing properties of prime numbers, dis-
covered by Fermat that, if is prime, thenn dividesa™ — « for all integersa. That is
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a™ = a (mod n), for all integerse andn. Now if n is a prime number then it was proved
that(z + y)" =z +y = 2™ + y™ (mod n) for all integersz, y and primes:. Then we
state the following related theorem which was proved in [1].

Theorem 1.1. Integern is prime if and only if(x + 1) = 2™ + 1 (mod n) in Z[x].

The arithmetical properties of binomial coefficients have also been studied by many au-
thors, for example see [3]. The sequence of middle binomial coefficients = (27?)

known also as central binomial coefficient is an particular interest to many people and have
the following generating function

1

V1—dz
The middle binomial coefficients also play an significant role indsr@€onjecture that is
widely known as square-free integers, see [2]. In constructing the properties and identities
of some special numbers, binomial coefficients are frequently involved. Note that the defi-
nition of the binomial coefficients was extended in [3] wherean be a complex number.
However there are still many properties and identities that one can establish by using the
binomial coefficients. In the next we introduce the combinatorial integé]?%) which is
useful for the calculations in cohomology.

=1+ 2z + 622 4 202> + 70z + 2522° + .. .. (1.2)

2 ldentities on Combinatorial Integers
Now recall the equation (1.1) and consider to multiply(by- y) then we have

n _nnknk _"nk+1n7k - kyn—k+1
(@+y)"(@—y) =) <k>x Y-y =) (k>x yrE=> (k>x y

k=0 k=0 k=0
(2.1)
More general,

M=

o~

(x+y)"(x—y)"

(”) kyn—k (g _ y)m

i < ) <7;”L> gh+d ymtn—j—k 2.2)

035=0

~ =~
Il S |l
=

S

I
M:

E
I

wherem,n > 0. Now we letP, (x) denote the Legendre polynomials of nth order. Then
the function

ZPk = (1 -2y +y°)"1/2
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is the generating function for Legendre polynomials. Then we can easily have
P(1+2z,y) = (1 —y) [l — day(1 —y) )72,

whereQ, (z) = P,(1 + 2x),Q(z,y) = P(1 + 2x,y) and

P(142z) = lim P,(1+ 22x)
Q(z,y) = lim P,(1+2z,y) = P(1+2z,y).

Now we have two expansions

Qy) = (1—y) " [1—day(1—y) %",
_ §(2:>mkyk(l_y)2kl
Qlry) = (1—(1+20)y) " [1—d(@ +22)2(1 —y —2ay) 2] 7%,
_ gykz_o(;) (2:>(1+2x)”—2’“(x+x2)’“, (23)
so that
=53 (") (1) =3 () (oo
Then

n

Qu(z) =Y guaz®(1+2)"* where
k=0

w = 2
= (Z) Xk: (k fj) (n ; k) = (Z) i (by Vandermonde convolution

n

Q=3 (3) ey

k=0
see [4]. Now by making substitutions ferwe can obtain several identities, for example, if
we replacer = —% in equation (2.3) then it follows that

() o (e

n=0

so that
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then we obtain the following identities
(-1 <2n) = i(fl)’“ (2" - k) <2k> 22k — i (2n>2(1)’“.
n) &~ 2k k = \Fk

Now by using the right hand side of the equation (2.2) and symmetric properties of the

binomial coefficients respectively we can introduce a new and interesting integer sequence
n,m I . . . . . . . . .
) ) that will simplify the calculation and we will call it twin pairs binomial coeffi-

J
cients. In particular we can represent

n+m
(L+a)'(l-z)" =Y (”’,’”):cj.
— \ J
J=
Note that if we consider = 1 andz = —1 then it is easy to obtain

n+m n.m n+m A n.m
> (M) =T e () o
=0 N i=0 J

In fact, this type of sequences play an important role for the computation in cohomology,
see [5]. Through out this study we calkitin pairs binomial coefficientas follows:

() =2 ()6

wheren, m > 0 integers and < j < m + n, and of course

k 0 if m < k.

Note that the generating function of the integer sequenn{an?)‘rn> is the function(1 +
J

x)™(1 — x)™. By definition of (m’_n> we can easily show that
J

() = e (6 =2 () 6)
()00

n,m .
( i ) if j even
- <” ,m> if j odd
J

|
—_— EMQ IMb
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,n

and hence n_ = (0 wheneverj is odd. The calculation of the twin pairs binomial

coefficients a{so play a crucial role in the calculation of generators for ideals. Further
if we let G be a compact semi-simple Lie group( the space of smooth loops on the
group G and T is the maximal torus o7, then twin pairs of binomial coefficients will

also be very useful during the determination of the rank for each module which is graded
by integral cohomology algebra of finite dimensional flag manifdlds/T andQ2G in the

local coefficient ringZ[%} for G = A,, see [5]. Now the symmetry and anti-symmetry
property can be given in the following theorem.

Theorem 2.1. Letn be a non-negative integer. Fér=0,1,2,...,n we have
n—=kk it
k _<”‘k;€k) if n odd

n —

Proof. By definition, fork = 0,1,2,...,n we have
ko —k SR (n=k\ &, i (n—k\ [k
k ;(_1) i)\ k—i _;(_1) k—i)\i
zk:(—l)i n—k k
— n+i—2k)\k—i

o G )

i=n—2k
n—k
i(n—k k .
i:;%(_l) ( [ ) (n — k- Z) if neven
_i:;%(—l) ( ; )(n—k—z’) if nodd

k

Since fori < n — 2k, we haven — k — i > k so it follows that(, ; .) = 0 where

n—k—
1=0,1,...,n — 2k — 1. Therefore we have
(k,n - k) B SESEDITR (R ) if neven
b Y Y () if nodd
Hence we have the desired result. O

We note that the twin pairs binomial coefficients have also similar properties to the binomial
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coefficients. In particular

0,0
n=>0 ’

0
n—=1 061 1i0
n = 2 0(,)2 1i1 2é0
n=3 063 1i2 251 3éo
n = 4 0,4 1,3 2,2 3‘,1 4.0
n=5 (%) & (%) (%) () (%)

Similar to triangular properties in the single binomial coefficients form we also we have
the following identities:

Theorem 2.2. Letr, s, [, p be non-negative integers. Then

(right shifting property <T’ls> = (T’Sl 1) + (r’ls_ll), (2.4)
() e
s> _ El: (r, sl——ii— 1)7 26

i=0
)
)

(left shifting property <
(right shifting expansion (

(Vandermonde convolutign

; rs—p P
S e
=0
2(r— l,ls—l _ (r —l17s) N <r7sl— 1) and 2.8)
2(r fll:slf 1> _ (r ll,s) B <r,sl 1)' 2.9)
Proof. First we shall prove that equation (2.4) holds. Then
r,s_l ni(” s _l ni(” s—1 s—1
(7)== (6 - OG) +(50)
! i\ [(s—1 ! T s—1
S ()2 ()6)
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Let! be even. Then we have
s\ (sr\ _ [(s,r—1 n s,r—1
1) \1/) l -1
r—1,s r—1,s .. .
= ( ; ) - ( 11 )thls is the equation (2.5).
Now let/ be odd. Then we have the equation (2.6) as follows:
s\ (sT) _ s,r—1 _ s,r—1
1) 1) l !
_(r—1s _(r - 1,s
N l -1 )
If we take the sum (difference) of both sides of equations (2.4) and (2.5), then we obtain
equations (2.8) and (2.9). Equations (2.6) and (2.7) can be also obtained from equation

(2.4). O

Theorem 2.3. Letr, s, be non-negative integers. Then

s <7"’ls__11> (-7 (“ﬁ) +r (T —11, s), (2.10)
r<’"l__lis> = —(l—s) (T’ZS> - s<r’ . 1), (2.12)
(r+s—1) (“f) :r(T _11’3) +s(r’sl_ 1). (2.12)
Proof. Let us begin the proof of the first equation (2.10). Then
(=) <rls> ) T(r 711, 5)
—(l—7) 2(—1)’3 C) (z ° Z) + T.zl;(_l)i <r - 1) (1 s Z)

(3

r! s! 7! s!
T I Ty T i ey 3 I 1 Py i)!}

(1) [a-n)

=0

_ rls!
o 7 e oy e

. (_1)iz’!(i (-1 —(81)_!(;)i I+i)l 3;“”(2) (z :i z)

()

1=

=0

»
= OMN
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since <S _11> = 0. Therefore we have

(=) (nls) +r<r —l1,s> _ 5(7“,15—11).

If [ is odd then we have
r—1,s\  (sr—1 — (- S, T 4 s—1,r
"o )T e ) T )T
T, 8 r,s—1
——(l—s)<l>—s< / )

If [ is even then we have
r—1,8\ s,r—1 _ AN s—1,r
() == () e () ()
T, S r,s—1
(ls)<l>s( ; )

By using the equations (2.10) and (2.11) we obtain the equation (2.12) as follows
r—1,s + rs—1\  (rs—1 T, S +( _ r—1,s
"\ U )T I "\
r,Ss r,s — T — ]. S
2(r+sl)(l>s( ; > r< ; >
and hence we have
2], r—1,s ny r,s—1 —o(rts—1) Uy
l l l
Lemma 2.1. Letn be a non-negative integer arkd= 0, 1,2, ..., n then
i(/g,n_k>_ 2" if k=0
=\ 0 if k#O0.
()5 0) -
i=0 i=o M

1+2)" "1 —z)* = no (k "o k) 2,

for z = 1, then we have
" (kon—k
oZ(’,)
j=0 J

Proof. Fork = 0,

Letk # 0. Since
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Similarly we have the following result.
Lemma 2.2. Letn be a non-negative integer. Fér=0,1,2,...,n we have
Sy (P ke
=0 J 0 if k#n.
Thus we can state this result as the following corollary.
Corollary 2.1. (Twin pairs) Letn be a non-negative integer. Then we have
(271, 2n> _ in:(—l)j (2n>2 I <2n>
2n pr J n

Note that in particular we can easily show that

(n,n)_ (—1)%(’%) if neven

0 if nodd

Now let us consider addition of the twin binomial coefficients as follows:

0,0 _
0

0,1 1,0 _

0 + 1 =0
0,2 1,1 2.0

) ) ) :21
0 + 1 + 2

0,3 N 1,2 N 2,1 N 3,0 0
0 1 2 3 o

0,4 N 1,3 N 2,2 N 3,1 N 4,0 _ o
0 1 2 3 4 o

0,5 N 1,4 N 2,3 N 3,2 N 4,1 N 5,0 0
0 1 2 3 4 5 B

and so on. Thus in general case we have the following theorem.

Theorem 2.4. (Diagonal formula) Let: be a non-negative integer. Then we have
zn: <k,nk> _J25 if neven
=\ K 0 if nodd

Proof: We prove this in two cases:
Case 1.Letn be odd. Then by using the theorem (2.1) we have

Z (k,nk— k) _ Z (nn—_kl,fk:)

k=0 k=0
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then by making substitution — k = j we have

" hn—k>:_>n(ﬁn—j>:_7l<hn—k>
:>2i<k’nk_k)20:>i k,nk—k:):o.

n
Case 2. If n is even integer then we will show that <k’ nk— k) = 2%, The proof will
0

k=
be done by using the induction.

Case is trivial fom = 0 since we have<0(’)0> =1=2

wlo

=20,
L I (ki —k ;
For0 < j < n with j is even and assume thE < ’ & ) =2z,
k=0

n+2
L k 2—k n
Our aim is now to ShOVgE < b 4;{; ) 2 ;2 .

k=0

Now if j sincezn: (k’ ne k) 27/2 then it follows tha':i:1 <k’ ne k> 0. Now
=n = = 0.
! k=0 k k=0 k

n+2 n+1
k,n+2—-k\ kn+1—k kn+1—k
Z( k >”Z< k >+< k-1 )“

k=0 k=1
B i kon+1—k +”§ kon+1—k
B k k-1
k=1
k,n— k,n—k
[ ()
k.n—k . . .
= 1—1—2( ) 2 1( E—1 >on using shifting properties
n—1
n k+1,n—k-1
= 1 2
+2 Z( L )
k=0
n—21 .
n n—2i kn—2i—k
= 1428) 42(552) £ o(=5*) £ 4 o(=5") ’
+2%) 4 - - +> L1

k=1

for 0 <4 < 5. On using the geometric series summation we obtain

n+2
Z(k‘,n—i—}f—k) _ o(n82)

k=0

that completes the proof.
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Theorem 2.5. (Orthogonality formula) Letn be a non-negative integer. Far; =
0,1,2,...,nwe have

1 « (knk><gnj> 5 1 if i=j,

on . = 045 = . . .

"= ¢ k 0 if i#j.
Proof: Similar to the previous theorem we also use the induction methods ®he case
is very obvious fom = 1. Suppose that

1 & <k,n—k)(j,n—j>_5 1 if i=j,

on : = 0ij = e,

e AN k 0 if i#j.
is true. Then we will show that

1 ’f(knkH)(g,ngH)_&_ 1 if i=j,
2+t i k R N

k=0

There are two different cases:

(i) Leti = j then it follows that
S0 07
RO COe) - GID
() () ()
)
= (e ()
() e ()

Il
o

(i) Leti # j.
Then there are two subcases:

Case 1.If i — 1 # j. Then we have
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() = e ()
=) N ()

- (j1>+< v (") ()
B

SO R0 91 (it TG
()= (e ()

= 0

. " (kon—k\ (jn—j _
onnotmgthatZ( . )( L )_0.

k=0
Case 2.If j =i — 1 then the proof is similar to the case 1 on noting that
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