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Abstract: Inthispaper, we show that any positive prime number takes the form of ageneralized Fermat number (GFN) Fi, ., = a®" +1

for some a and we give afamily of non prime GFN.
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1. Introduction

There are two different definitions of generalized Fermat
numbers (GFN), one of which is more genera than the
other. In[5], Ribenboim defines ageneralized Fermat num-
ber as a number of the form £, ,, = a?" + 1 witha > 2,
while Riesel ([6]) further generalizes, defining it to be a
number of the form 2" + b%". Both definitions general-
ize the usual Fermat numbers F,, = 22" + 1. The only
known Fermat primes are Fy, Fy, Fy, F3 and Fy. Gener-
alized Fermat numbers £, ,, can be prime only for even
a. It is generally expected that there are an infinite num-
ber of primes of this form for each n. In fact, thisis a
conseguence of the famous "Hypothesis H” in 1958 of
Sierpihski and Schinzel. In 1962, Bateman and Horn indi-
cated a quantitative form of ”Hypothesis H” which could
be used to predict the number of primes for given polyno-
mials [1]. Many of the largest known prime numbers are
generalized Fermat numbers. The largest known as of Jan-
uary 2009 is 245182™° + 1 (http://primes.utm.edu/ primes/
page.php?d=84401), which has 1150678 decimal digits.
The following table gives the first few generalized Fermat
primes for various even bases a:

primea?” +1

5, 17, 257, 65537, 4294967297,. ..

17, 257, 65537,4294967297, 18446744073709551617. ..

BN

37,1297, 1679617, 2821109907457,

Notethat if « = o, then F, ,, = o?" + 1 and it can be
shown that if 3 takes the form 3 = (2 + 1)2* for some

ke Nandvy € N\ {0}, then
a2t 4 = 0( mod o+ 1)

and hence o’ + 1 isnot prime. Then the primality of F, ,,
implies that 3 takes the form 3 = 2* and in this case
Fon =a2" +1=0a" +1= F, s Thenwe can
consider define GFN £, ,, for aparticular choice of a, that
isa is even and not of the o’ where o and 3 are positive
integers with o, 8 > 2. In this paper we shall focus our
study on the properties of GFN of thisform.

2. Divisibility and properties of GFN

We begin this section by recalling some results

LemmaZ2.1l

Let n, k € N*, then the following are equivalent
i.X"+1=0( mod X* +1)
ii.n =0 mod k and 7 isan odd positive integer.
Proof: If weset n = gk + r with0 < r < k, then the
result follows from the following rule:

q
X" 41=(XF41)) (1) X IR 4 (—1)9XT + 1

j=1
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Corollary 2.2

Letn, k € N* and assume that

i. X" +1=0( mod X* + 1) for someinteger 1 <
k <nthenn # 2P fordl p € N*

ii. Let n € N*, if for any integer k with2 < k < n,
onehas X" + 1 # 0( mod X* + 1), then n is prime or
n = 2P for somep € N*.

Proof:i. If X” +1 = 0( mod X* + 1), then by the
preceding Lemma, we have n = (2 + 1)k, now let k =
2Ptk with & isan odd integer. Then if n = 2P for some
p, wemust have (2. + 1)k; = 2P~P* and hencep — p; =
a=0andk; =1, thatisn = k£ which isacontradiction.

ii. Suppose that for any integer k with &, 2 < k < n,
onehas X" +1 # 0( mod X*+1) andwriten = kq+7
with 0 < r < k. Again by the previous Lemma we must
have r # 0 and hence n is prime or » = 0 and for any
divisor k of n one has % is not an odd integer, that is each
divisor of n is even and hence n takesthe form n = 27 for
somep € N*.

Now we give the following

Lemma 2.3
Letk,n € Nwithk £#nanda € N, then

1, if aisodd

2k 2n o
ged(a”™ +1,a Jrl){Q,ifaiseven

Proof: Let n, k € N*, with k& < n then we have
2n—k

o +1=(® +1) Y (1)1 12,
j=1

Thus, it follows that

ged(a®" + 17a2k +1)= gcd(azk +1,2)

_J1,if aiseven
12, if aisodd

Consider the set
E={a€2N,a>2, and a # o’

wherea, 8 € N,a > 2,3 > 2}.
Then we can show the following

Proposition 2.4

Any positive odd prime number p can bewritteninaunique
way of theformp = o +1wherea € Eandn € N\ {0}.

Proof: Set x = p — 1, and write x = 2"'1])]2“2 coophr
be the decomposition of x into prime factors. Note that
k1 > 1,sincex iseven. Putd = ged(k, . .., k), thenone
has the following two cases.

Casel.d > 2
Then, we write

.
ki ki
T = (24 Hpid ).
=2

Itis clear that a = 24 [[_,p,"
a™ + 1 wheren = d.

Case2:d=1

Inthiscase, wehavep = (p—1)' +landp—1 € E.

Now let p be a positive prime number p and suppose
that we canwritep = a™ +1 = 0™ + 1, wherea,b € F
andn,m € N\ {0}. Thisimpliesthat «™ = ™ and hence
a=0bw € Eorb=am € E whichshow that n = m and
a=b.

€ F and hencep =

%

Remark 2.1

Any positiveinteger N > 2 can bewritten in aunique way
of the form

N=ad"+1,

where m is a natural number and « is not of the form o
with o, 5 > 2.

Now we see from Proposition 2.4, that if p isapositive
odd prime number then p is of theformp = o™ + 1 where
a € E. On the other hand if m = 2™(2v + 1) for some
positive integer v then @™ + 1 = 0( mod a?" + 1), and
hence ™ + 1 is not prime. Thusif we let m = 2", then
thefamily {a?" +1} ue &.ne y May contains prime numbers
and together with proposition 2.4 we have the following:

Corollary 2.5

If p > 2 isaprime number then p is ageneralized Fermat
number £, , where ¢ € E. From now on we shall focus
our study on thisfamily of numbers {a2" +1} witha € E.

Lemma 2.6

If a>" +1= 0( mod q) thenfor any k € N, one has

2n+k

+1=2( mod q).

Proof: Let F, ,, = a®" + 1, then one can show that
Fon—2=(a—1)Fy1...Fypn 1.

Now if F, ,, =0 ( mod q), thenforany k € N

Font+r = 2( mod q).
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Lemma 2.7

Let @ € E and assume that for some integer o one has
a®" 41 =0( mod a), then for any integer number & one
has (a + 2ka)?" +1 = 0( mod «).

Proof: For any integer number &, onehasa+2ka = a (
mod «) and hence (a+2ka)?" +1 = a®" 4+1 ( mod «),
thenif " +1 = 0 ( mod «) it follows that

(a+2ka)?" +1= 0( mod o).
For example, since F5 has the prime factor 641, then
232(1 + 641k)** +1 = 0( mod 641),

and hence { F54 1282k 5 t ke v are not prime numbers. Sim-
ilarly we can generate a series of non prime numbers aris-
ing from the non prime known Fermat numbers Fg, Fr, .. ..

Corollary 2.8

Suppose that there exist some even positive integer (3, a
positive integer s which is not of the form s = 2" (r # 0)
and k € N\ {0} such that

B +2k(* +1)=acE

then " + 1 isnot prime.

Moreover 52" + 1 dividesa?” + 1.

Here we give examples of non prime GFN. For in-
stanceif s = 2™ + 1 we obtain

(52n (B —2k)— Qk)Qn +1=0( mod B2+ 1),
n€ N, ke Z\{0}.

For instance, take 3 = 6 and k = 2, then 62" +1 | 22"(2 «
62" — 4)2" + 1 forall n. Similarly we can see that

(4 x 10*"
and so on...

—6)* +1=0( mod 10*" +1),

3. Conclusion

In this paper, we have shown that we can raffine our re-
search for prime numbers within generalized Fermat num-
bers F, ,, = a*" + 1 for aclass of even positive integers a
which are not of the form o® where a, 3 > 2.

Finally our believe that the following conjectureistrue

Conjecture

If 7, ,, isnot prime for some n then £y, 5, is not prime for
any k with k > n.
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