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Abstract: In this paper, we introduce the model of Bromsulphthalein (BSP) tess@&bomponents are BSP in blood, BSP in liver and
BSP in bile with fractional order. Generalized Euler method (GEM) is peréadl to solve the problem. We compare fractional results
and integer results with clinical data. The results show that the fractiodef & closer than clinical data than standard model.
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1 Introduction Where
a = 0.0547241 b = 0.0152577 anat= 0.00939036 are
A mathematical model is a description of a system usingtransfer rates which determined in [1].
mathematical concepts and language. A model may helpow, we introduce a general model for BSP test as follows
to explain a system and to study the effects of different
components, and to make predictions about behavior. DY (x) = —ax+ by,
These models play an important role in investigation of
metabolic endocrine system kinetics in human body. The u
mathematical model should be done in such a way that D¥(y) =ax— (b+d)y, (1)
data given by clinical experiments on humans would give DY (z) = dy.
relevant information on the status of individual. The
Bromsulphthalein (BSP) test is used to assess livepVhere O<a <1
function. BSP is a hepatotropy matter, which is injected With initial conditions
into the blood. The liver is only organ in the body which
takes BSP and secretes it directly into the bile [1]. x(0) =250 y(0) =0,2(0) =0.
Different methods were introduced to get approximatere rest of paper is organized as follows. In section 2, we
analytical solution or numerical solution for BSP test [ 2 jnyoquce the fractional calculus theory. In section 3 we

]. First we analyze simplified model which describes the g,y the idea of Generalized Taylor formula .In section 4,
extraction of BSP in blood, liver and bile that introduced e introduce generalized Euler method (GEM) for

in [2]. There are three componenisthe amount of BSP 4 ying fractional order ordinary differential equatiots

in bloody, the amount of BSP in liver ang] the amount  gections, conclusion is presented. Numerical results of

of BSP in bile at timet. Then the following ordinary  Ggwp  clinical data and compare between them are
differential equation (ODE) describe the evolution of the presented in section5. in section 6 conclusion is

system: dx presented.
a = —ax+ by )
d .
d%’ —ax— (b+d)y, 2 Fractional calculus
dz The field of fractional calculus is almost as old as
at dy. calculus itself, but over the last decades the usefulness of
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this mathematical theory in applications as well as itsan interval) so fractional derivative is a non-local
merits in pure mathematics has become more and moreperator. In other word, calculating time-fractional
evident [3,4]. Fractal differential equations have atiedc  derivative of a functionf (t) at some time = t;requires
many researchers due to their important applications irall the previous history, i.e. alf(t) fromt =0tot =t;.

fluid flow, mechanics, biology, physics, epidemiology and Many mathematicians have tried to study some models of
engineering, and other applications. This is because of thenfectious diseases models using the fractional calculus.
fact that the realistic modeling of a physical phenomenonThe reason behind using fractional ordinary differential
does not depend only on the instant time, but also on theequation (FODE) is that (FODE) is related to in most
history of the previous time which can also be biological systems with memory. It gives us more
successfully achieved by using fractional calculus. Inapproximate solution to this systems and more general
other words, previous values of the solution and thenature [12,13,14,15,16,17,18,19,20,21].

derivatives in fractional order differential equations ar

required to obtain a solution at a particular instance. The

memory effect of the convolution in the fractional integral 3 Generalized Taylor’s formula

gives the equation increased expressive power. There are

The two most commonly used definitions are formyla that involves Caputo fractional derivatives. This
Riemann-Liouville and Caputo. Each definition usesgeneralization is presented in [7].

Riemann-Liouville fractional integration and derivasve Suppose th@? f (x) € C(0,a], for k=0,1,......n+

of whole order. The difference between the two 1 where0< a < 1. Then we have

definitions is in order of evaluation. N
Definition2.1Riemann Liouville fractional integration

on2. 1Riemar L G (O™ D) v
of ordera is defined as: f(x) _iZOF(iOI—H) (DX )(0+)+mx e
1 X a—
Jc'f(x):m/0 (x—t)* " (t)dt, a>0,x>0 With 0 < ¢ < x€ (03] @

In case ofa = 1, the generalized Taylor's formula (2)
J°f (x) = f(x) reduces to the classical Taylor’s formula.

Definition 2.2 The Caputo fractional derivative of the
power function satisfies [6] :

Fptd) tp-a — patp n—l<a<np>n-1peR

DItP=¢ T(p-a+]) .
{ 0 n-l<a<np<n-1peR 4 Generalized Euler method (GEM)

Definition 2.3.Riemann—-Liouville and Caputo fractional

I . ) Most nonlinear fractional differential equations do not
derivatives of ordetr can be defined respectively as :

have analytic solutions, so approximations and numerical

a P techniques must be used [8,9]. The decomposition
D1 (x) = D™(J F(x)), method (ADM), the variational iteration method (VIM),
DY f (x) = ™9 (D™f (x)) and The homotopy analys@s method (HA_M) are relat_ively
¥ ’ new approaches to provide an analytical approximate
whrere solution to linear and nonlinear problems, and they are
m—1l<a<m,meN. particularly valuable as tools for scientists and applied

mathematicians, because they provide immediate and
visible symbolic terms of analytic solutions, as well as
numerical approximate solutions to both linear and
non-linear differential equations [3,4]. In recent yeahns,
limDC y(t) :y<”> ) application of the ADM, VIM, in linear and nonlinear
a—n " ’ problems has been developed. On the other hand, these
methods are effective for small time, itex 1, however
such methods cannot solve the problem for larger time

Properties of the operat@®? can be found in [13]. We
mention only the following:
(2) Interpolation

(2) Linearity

a _ N a and in fact the solution of the chaotic system using HPM

D, (ay(x) +bz(t)) = aD.y (x) + b Diz(t). is an open problem. Nevertheless by chance, there are

(3) Commutation cases at which these methods give good approximation
for a large range of time (t). A few numerical methods for
DID™f (t) = DITMf (t). fractional differential equations models of infectious

diseases models have been presented in the literature.
The definition of fractional derivative involves an However many of these methods are used for very
integration which is non-local operator (as it is defined onspecific types of differential equations, often just linear
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equations or even smaller classes. In[10], Odibat andvhena = 0.91 is closer than clinical data than the results
Momani derived the generalized Euler’s method that wewhena = 1. The results in table 2 show that the amount
have developed for the numerical solution of initial value of BSP in bile is increased by the time. The results when
problems with Caputo derivatives. The method is aa =0.91is closer than clinical data than results wioes:
generalization of the classical Euler's method. In thisl.
paper, GEM is used to obtain numerical solution of
fractional order model of BSP test .They apply (GEM) to
study the (BSP) test model. Consider the initial value

problem Table 1: The numerical results of(t).

t a=1 a =091 Clinical
DYy (t) = f(t,y(t)), y(0) =yo,0<a <1,t>0. (3 GEM GEM data [1]
DRy = f(ty(t), y(0) = Yo < @ 5 e e 555
Let [0, a] be the interval over which we want to find the | 3 223.5900 222.6800 221
solution of problem 3).in actuality ,we will not find 5 190.4940 188.6686 184
function y(t) that satisfies value problem Eq. (3).instead| 10 148.9473 146.4065 141
,asset of pointgt;, y(tj)} is generated , and the points are | 20 99.1009 96.5784 98
used for our approximation .for convenience we| 30 73.5816 71.6031 80
subdivide the interval [Og] into k subintervalst],tj1]of 43 56.7835 55.4000 64
equal widthh = 2 by using the nodes; = jh ,for j=
01,...... k. Assume thai(t), D% (t) and D%y (t) are
continuous on [0,a] and use the generalized Taylor's
formula Eq. (2) to expangl(t) aboutt = to = 0. For each
valuet is a valuec; so that [11,12] Table 2: The numerical results aft).
a 2a t a=1 a=0.91 Clinical
y(t) =y(to) + (DY (1)) (to) gy + ((D27Y(1)) (c1) l’(éa+(]ij GEM GEM data [1]
0 0 0 0
When (Dy(t))(to) = f(to,y(to)) and h = t; are 20 14.4380 15.4559 10.5
substituted Eqg4),the result is an expression fpfty) : 20 415468 43.8969 34
i 2 60 68.3305 71.5811 63.8
y(t) =y(to) + f (to,y (to)) =———— + (DY (1)) (¢1) =—=—. | 8O 98.5566 97.7726 92.7000
Fa+1) F@a+1) oo [ 113.2136 | 117.3576 117.0000
If the step sizeh is chosen small enough, then we may | 120 131.3963 135.7053 136.3000
neglect the second —order term (involvingf') and get 140 147.1688 151.5200 152.1000
150 154.2508 158.5872 159.2000
o
t1) =y (to) + ——— f (to,y (to)),
And so on ,we gey(t1), Y(t2),...... , the process is

repeated and generates a sequence of points that
approximates the solution ,then we can get the general
formula for generalized Euler's method (GEM) when
tj+1 =tj+has follow [10]

250

200

ha
tiv1) =y(ty) + ———f (tj,y(t 5
Y1) =Y+ Fprgy fGyh) 6
For j= 0,1,......] k—1 .itis clear if a = 1,then the £
generalized Euler's method)( reduces to the classical 100}

Euler's method this method discuss in details in [10].

501

5 Numerical result

0

0 2‘0 4‘0 éO 8‘0 160 1&0 11‘10 160
Now we solve the BSP model by using (GEM) method t

and compare between our data and clinical data in [1] .we

show the accuracy of GEM method in fo”owing figures_ Flg 1: The amount of BSP in b|OOX{t): solid line represent data
The results in table 1 show that the amount of BSP in blood"™om GEM method whemr = 1, dotted line represent data from
is decreased by the time .The results in fractional orde/®EM method wher = 0.91 and dots are clinical data
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Fig. 2: The amount of BSP in bloog(t), solid line represent data
from GEM method whermr = 1, dotted line represent data from
GEM method whemm = 0.91 and dots are clinical data.
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Fig. 3: The amount of BSP in bilg(t): solid line represent data
from (GEM) method atr = 1, dotted line represent data from
(GEM) method atr = 0.91 and dots are clinical data.

6 Conclusion

in fractional order and clinical data. The results show that
(GEM) method in fractional order is closer than classical
(GEM) method to clinical data. The above method can
solve nonlinear cases with no difficulty and more
accuracy
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