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Abstract: Fractional calculus is of utmost importance because of its extensive use in various fields of inequality theory, applied
mathematics, science and engineering. In this paper, our aim is to discuss some image formulas involving various fractional operators
that has kernel as the Appell function and the Saigo operators with Bessel-Maitland function and m-parameter Mittag-Leffler function.
The results are then represented in the form of the generalized Wright-hypergeometric function. Further, some special and particular
cases involving the Mittag-Leffler function, the Wiman function, the Prabhakar function among other generalizations of the Mittag-

Leffler function are induced.
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1 Introduction and Pre-requisites

Fractional Calculus is concerned with the study of real or
complex orders of derivatives and integrals. It has
numerous applications in the field of science and
engineering such as fluid flow, viscoelasticity, optics,
oscillation, diffusion, electrochemistry, wave propagation
and various others. Various researchers and scientists
have studied derivatives and integrals of arbitrary order to
investigate various types of results (see, [1,2,3,4,5,6,7]).

Many authors have introduced the generalization of
different special functions (see, e.g. [8,9,10,11]). The
Mittag-Leffler function has major applications in the
problems of physics and engineering. It also has many
applications in the field of fractional calculus (see, e.g.
[12,13,14,15,16,17,18]). It is majorly used in fractal
kinetics (see, e.g. [19,20]), medical science (see, e.g. [21,
22,23]), fractional and fractal calculus and its
applications (see, e.g. [24,25]) and complex systems.

The new generalization of the Mittag-Leffler function
invloving m-parameters [10] is
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with a positive integer m, ' + p' = m — 2, complex
variable t,  (§,v)y = [&,vi;8,vas.. 380, V0],

(%, K)pl [%1, Kl;%z,l('z;...;%p/, Kp/],
GV, @, T, 520, Ky € C, where
minR{@,7,, v, 3,k } > 0 for
1=1,2,..../0=1,2,....p

(a)When ¥/, p’ =0 and 7 = 1, then (1) gets reduced to the
Mittag-Leffler function [26]

o,t€C and Re(®)>0,
2
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where Eg is an entire function and the gamma function
is denoted by I" [27]
(b)When #/,p’ = 0, then (1) gets reduced to the Wiman
function [28, p.191]
o m

Eg (1) = ”2::0 m, (3)

where @, 7 and ¢ are in C, Re(®@),Re(7) > 0.
(¢c)When ¥/ = p’ =1 and v = 5 = K = 1, our equation (1)
gets reduced to the Prabhakar function [29]

¢ v (O)at"
Eg (1) *rgm, 4

where @,7,§,t € C,min{Re(@),Re(7),Re({)} > 0
and (¢'), is the Pochhammer symbol [27],
CHA0,-1,-2,...

n T +n) " (' +7—1),neN

(d)When ¥ = p’ =1 and » = k = 1, our equation (1) gets
reduced to the Shukla and Prajapati’s generalization of
the Prabhakar function [30, Eq. (1.4), p.798]

L o - (C)vntn
Eg:(1) = ;O Font Onl’ 5)

with minimum{Re(®),Re(7),Re({)} > 0,
o,7,,v;t € C and ({)y, = F(lg(z‘;") is the
generalized Pochhammer symbol.

(e)When #,p' =1 and k¥ = 1, then (1) gets reduced to

Khan and Ahmed’s generalization of the
Mittag-Leffler function [31]

9% v (&)vnt"
ESY (=Y — ol 6
w,r,,:( ) },;)F(wn‘i‘f)(%)n ( )
where ®,7,0,V, ¢ € C,
minimum {Re(®),Re(7),Re(),Re(§)} > 0 with

ve (0,1)UN.
()When ¥ = p’ = 2, equation (1) gets reduced to Khan

The Wright generalized hypergeometric function is [32]
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n=0

where
r,s € Ng = NU{0}, @, € C,A,,B; € R,A,,B; # 0 and
i=1,...,r,0=1,....s.

The Bessel-Maitland function [33] is

(=2)"
I'(tn+v+1)n!

J2(2) = i

n=0

(C))

where 7,0 € C,Re(7) > 0,Re(v) > —1.

In our manuscript, we will discuss some image
formulas for the Bessel-Maitland function and the
m-parameter Mittag-Leffler function engaged with
various fractional calculus operators. The operators
involved are the fractional operator with the Appell
function in the kernel and Saigo fractional operator. Some
special particular cases that involves the Mittag-Leffler
function, the Wiman function, the Prabhakar function and
other different generalizations of the Mittag-Leffler
function are also discussed. The special cases represent
the broad generalization of the main results. These cases
clearly shows the huge difference between the already
existing functions in the literature and our manuscript’s
main results, hence proving the novelty of our main
results.

2 Image formulas using the fractional
integral operator with the Appell function in
the Kernel

We will discuss the image formulas for the
Bessel-Maitland and the m-parameter Mittag-Leffler
function using the fractional integral operator with the
Appell function F3(.) in the kernel.

and Ahmed’s further generalization of the . . . .
Mittag-Leffler function [31, Eq. (1.9), p.2] Definition 1.The fractional integral operator with the
Appell function F3(.) in the kernel [34] is
CLvii,va (C1)vin(82)vpnt"
EZ . : = , ,0L,€,B,0
RPN () ,,Z::()F(w”+ 7)) yn (52) s (jgf‘ e f) )
) o
where t,(D',T,C],Vl,Cz,%],KI,%Q e C, wmo,i0 > 0, = —
Re(w)-‘rl(zz Va, I'(9)
minimum(Re(®@),Re(7),Re(&)),Re(vy) /y 9-1,—a t y
) ’ ! ' —t t°F o,&,B3;0,1——1—= t)dt,
Re(). Re(>a). Re(k). Re (52)) R UL iy R
> 0. (10)
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where y,0,€,3,0 € C,Re(d) >0, yc RY and f(t) is a
real valued continuous function.

ALY
£,B3;0;1 y,l t)f(t)dt,
(11)

We will use the following Lemmas [35] in our main result.

Lemma 1.Let y,0,¢,8,0,E € C with Re( ) > 0 and

Re(y) > max{0,Re(y— o — e —0),Re(a— )}, then
(5996 -
F(‘:)F(‘:+6_7_a_8)r(€+ﬁ_a) éfyfaJr(”)fl-

FE+BI(E+0—y—a)(E+0—a—e)
(12)

Lemma 2.Let ¥, 0 8,[3 0,& € C with Re(0) > 0 and
Re(&) > max{Re(g),Re(—y— a +0),Re(—y - +0)},

then

(3e974) ) -

Let O (r+a—9+)I(y+B—-0+6) —yaso-¢

rEry—e+éry+a+p-o+¢)
(13)

Theorem 1.Let v, €,B,8,v,0,7, 2,k € C,
minRe{®,1,§,v,,7,%} > 0 with 1 = 1,....,r; and
1 L..p, Re(d) > O,Re(y) >
max{0,Re(y— o —e—0),Re(a— B)}. Then

X 14¥pia

)
E+m+0—y—a—el),(E+m+B—a,l),
(151)5(C17vl)a 7(Cr’avr’)

(é+m+ﬁ71)7(§+m+67’y7a71)
J(E+m+0—a—g),(1,0),
(%1,1(’]) (%p’aKp’)

(14)

Proof.Consider

~l,<, -,6 - LAV
(950 )

_graepagrye (D"
=% IZ T(pm+o+1)
- (Cl)vln(@)vzn"-(Cr’)vr/n n
r;)F(ZDnJrT)(%])KI,,...(%p,)Kpml ()

Swapping the integral and summation orders using the
valid conditions mentioned in the theorem, we get

(sgehers 1J“’<> Erin, ) 0)
_mzo pm+w+1)

- (Cl)vln(CZ)Vw'"(Cr’)V,/n

ng’ol"(wnwL T)(%[)Kln...(%p/)xp,n

(jgft,eﬁﬁté+m+n71) (y) (15)

Using Lemma 1, the above equation (15) reduces to

(3 raeo g1 yo ) w‘;();;,c)p,(t)) )

i (—m L)l (5a)... T (5y)
o L(pm+o+1) I'(E)I(&)...I'(5y)
i (Gi+vin) L (&4 von) ... T(Ey + ven)
S C(on+1)(6a+xin)... T (5 + Kyn)
I'(§+m+n)
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'é+m+n+0—y—a)[(E+m+n+0—o—¢)
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F(%l)r(%z)..
r)ré)..

.F(%p/)
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E—y—a+0-1

=y
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« i F(Cl +V1n)F(C2+V2n)...F(Cr/+V,Jl1)
= C(@n+1) (6a+xin)... T (57 + Kyn)
Ir'é+m+nl(E+m+n+0—y—oa—e¢)
r'éE+m+n+p)E+m+n+0—y—a)
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(&+m,1),
(E+m+0—y—a—g1),(E+m+B—a,l),
(171)7(C17v1)a"'7( r/avi/‘)

Y-
(§+m+ﬁ,l),(€+m+5f}/— (X,l)
J(E+m+0—a—¢g,l),(1,@),
L (%15K1)7“‘5(%pl7Kp/) ]
(16)

Hence, we get the result (14).

Theorem 2.Let v,a,€,B8,6,v,0,7,¢, ks € C,
minRe{®, 7,8, V,, 5, %} > 0 with 1+ = 1,....,r and
e = 1,..p and Re(@d) > O and
Re(€) > max{Re(e),Re(—y — a+0),Re(—y— B +0)}.
Then

B )...F(%p/) o
= FIT(&) . T(C) » Y
X 1414

_(é—E—I’l’l,]),(’)/—l—(x—fﬁ—l—é—m,]),
(')/4’[3*64’5*”1,1),(1,1)
(Clvvl)v---v(g"vvr’) 1
= A7
(é*fﬂ,l),('}’*&‘ﬂ*é*m,l), Y
(’y+a+ﬁ76+§7m71)7(7’-5w)
(%1,K1),...,(%pl,Kp/)

Proof.Consider

e, ,6 _ sV ) ]
(ngﬁ -t J’go(t)Eéfr;v(),,,x)p, (?)) o)

_])mtm
I'(pm+wo+1)

- (CI)VM(CZ)Vz""'(Cr’)vr/n —n
”;)r(wnﬂ)(m),q,,...(%p/),(p,,,‘ 0)-

_ ﬁy,(x e,B, 6 —& Z

Swapping the integral and summation orders using the
valid conditions mentioned in the theorem, we get

(,.yasﬁ 3, .»:Jw( )E“ "(” 0, G)) )

= Z m (18)
i (COvin(&2)van -+ (& )vm

LT (@t 0)Ga)mn - oy

x (qpeeP O Emmm) (). (19)

Using Lemma 2, the above equation (19) reduces to

~V,0L,E,B,0, — &), 1
(Jo t 5]5)(t)Ew,r;(x,K)[,/ <;)> (y)

Z m F(%])F(%z)...r(%p/)
I( pm+w+1) r(G)r(%).. 1%

m=0
i F Cl +vin) (Cz—l—Vzn)...F(Cr/—l—Vr/n)
F (D'I’l+‘L' F(%1+K|n)...r(%p/+Kp/n)
(—8 §—m+n)
FE—mtn)

IF'y+a—0+&+n—-mI'(y+B—-0+&+n—m)

T(y—e+E+n—mI(y+o+B—0+E&+n—m)
yfyfa+67§7n+m
a+0—¢& ( )F(%Z) F( )a)
> TR @) ) Y
X 1 aWpria

_(é787"1,1),('}’4’(1764’57”’[,1),
(Y+ﬁ_6+5_mal)a(lal)
(Clavl)v"'a(gr’vvr') 1
= (20
((:—m,l),()/—é?—f—é—m,]), Y
(’y+a+B76+€7mal)a(va)
(%1,1(1),...,(%,,/,1(,,/)

Hence, we get the desired result (17).

2.1 Particular Cases

Theorem 1 and 2 give the following image formulas for
the Mittag-Leffler function (2) if ¥ = p’ =0 and 7 = 1:

Corollary 1.Let y,a,e,f € C, @ > 0 and Re(d) >
0,Re(y) > max{0,Re(y— a —&—0),Re(ac — B)}. Then

(TP 2R 0Ea (1) )
:yé —y—0+0—1 Jlgo (y)

(E+m1),(E+m+0—y—a—¢,l),
(§+m+B7a71)7(171)

X 4% v -
(‘:+m+ﬁ7])7(5+m+6_7_a7])7
(E+m+0—oa—¢1),(1,)

(21)

Corollary 2.Let y,0.,¢,8 € C,@ > 0 and Re(0) > 0 and
Re(&) > max{Re(€),Re(—y— o+ 0),Re(—y— B +9)}.
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Then

(jgmaﬁﬁtéﬁ?@ﬂhy(%))(Y)

=y 705 0(y)

(é*&‘*ﬂ’l,l),('}’%’d*é%’é*m,l),
(Y+ﬁ_6+€_mal)a(lal) 1
X 4%¥ ;-
(éfm,l),(’nyﬁ*é*m,l), Y
(y+oa+B—-0+&—m,1),(1,@)
(22)

Theorem 1 and 2 give the following image formulas for
the Wiman function (3), if ¥/ = p’ = 0:

Corollary 3.Ler y,0.,€,3 € C, Re(@),Re(t) > 0 and
Re(0) > 0,Re(y) >
max{0,Re(y— o —e—0),Re(a— B)}. Then

(3P 2 (0Ea (1)) ()
:y5 —y—0+0— ljg) (y)

(§+m,1),(§+m+67'}/7a78,1),
(E+m+p—oa,1),(1,1)
X 4 V-
(§+m+Bal)a(€+m+6f’y7(xal)a
(E+m+0—a—¢g1),(1,@)

(23)

Corollary 4.Let v, 0,¢,8 € C, Re(@),Re(t) > 0 and
Re(0) > 0 and
Re(&) > max{Re(e),Re(—y— a+3),Re(—y— B+ 9)}.
Then

(ﬁfﬁﬁ%®§@ﬂ%ﬁ<;)>©)

=y TTeH0E0(y)

(é—S—m,l),(7+(X—6+§—m,l),
X 4% =
(i—m,l),(y—e—i—i—m,l), Y
(’y+a+ﬁ76+€7m71)7(7’-5w)
(24)

Theorem 1 and 2 give the following image formulas for the
Prabhakar function (4),if ¥ =p ' =landv=s»=Kk=1,:

Corollary 5.Let y,a,€,B € C, Re(@),Re(7) >0, >0
andRe(0) > 0,Re(y) > max{0,Re(y— o —e—90),Re(ar —

B)}. Then
(3P 2R ES (1)) (v)
yéfyfaﬂ”)fl o
ZWJ,) )

(E+m,1),(E+m—-0—y—« &U,
(5+m+ﬁ_a7]) ( 7])(
X 55 v -
(E+m+B,1),(E+m+0—y—a,l),
(E+m+0—oa—eg,l),(1,@),(1,1)

(25)

Corollary 6.Let y,0.,¢,8 € C, Re(®),Re(7) > 0,§ >0
and Re(0) > 0 and
Re(&) > max{Re(e),Re(—y— a+3),Re(—y— B+ 0)}.
Then

1
(sgeerossps (1) ) 0

=y TR0 ()

(é—e—m,l),(y—i—oc—fﬁ—i—é—m,l),
(’y+ﬁ76+§7m71)7(171)7(C51) 1
X 5% D=
(éfm,l),(’nyﬁ*é*m,l), Y
(y+a+ﬁ764’67’"71)7(7’-5&7)7(171)
(26)

Theorem 1 and 2 give the following image formulas for
Shukla and Prajapati’s generalization of the Prabhakar
function (5) if ¥ =p' =1land »x =Kk =1:

Corollary 7.Let
min{Re(@),Re(7),Re

v,0,€,B € C
&} > o0 worfv € C
(&)vn = F(Ig(?)/n) is the generalized Pochhammer symbol
and Re(0) > 0,Re(y) >
max{0,Re(y— o —&—0),Re(a— B)}. Then

(TP ESY() ) )

yéfyfaﬂ”)fl o
ZTJ,) )
(i—i-m,l),(i—f—m—fﬁ—y—oc—e,l),

(é +m+B7(xal)a(1al)a(va)

X 5%¥5 v -

(é +m+ﬁa 1))(€+m+6_'y_ a, l)a
(é +m+6*a7871)7(7’-5w)7(171)
(27)
Corollary 8.Let Y, o€, B € C

min{Re(@),Re(7),Re({)} > 0, ®@,1,{,v € C,
(&)vn = F(F(J?)/") is the generalized Pochhammer symbol,

Re(0) > 0 and
Re(&) > max{Re(¢),Re(—y— a+3),Re(—y— B+ 9)}.
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Then Re(&),Re(5),Re(k1),Re(50)) > 0, Re(@) + ko > v,
and Re(0) > 0,Re(y) >
(Sgﬂ,eﬁﬁtéjg) (t)Ec%‘; <;>) (y) max{0,Re(y— a—¢&—0),Re(a— B)}. Then
iy _ ~Y.0L,E.B,0 & —
T (TP R EGE 0)) )
re v

(i—e—m,l),(y—i—a—é—i-i—m,]),
(Y+ﬁ_6+§_m7])7(]7])7(C5v) 1
X 5s%5 =
(é—m,l),(y—&:—f—é—m,]), Y
(y+a+B764’&7’"51)5(176)5(151)
(28)

Theorem 1 and 2 give the following image formulas for
Khan and Ahmed’s generalization of the Mittag-Leffler
function (6) if ¥ = p’ =1 and k = 1:

Corollary 9.Let Y, .8, B € C,
min{Re(®@),Re(7),Re(x),Re({)} > 0, v € (0,1)UN
and Re(0) > 0,Re(y) >

max{0,Re(y— o —&—0),Re(a — B)}. Then

(PR ES ) )

E—y—a+0— IF( )Ja)
=y I’ »)
(é+mal)a(é+m767’y7(x7871)v
(é+m+ﬁ7(x,1),(1,1),(g,\/)
X 55 |-
(§+m+ﬁ,1),(§+m+67'}/7(x,1),
(é+m+6*a7871)7(7’-5w)7(%71)

(29)
Corollary 10.Let Y, o€, B € C
min{Re(®@),Re(7),Re(x),Re({)} > 0, v € (0,1)UN,
Re(0) > 0 and

Re(&) > max{Re(e),Re
Then

(jgﬂ,s,ﬁ,ﬁtéJw( NESY., (%)) )

TR G)
(E—e—m1),(y+a—0+E—m,1),
(7+ﬁ—6+§—m,]),(],]),(c,\/) 1
X 5% ;-
((é*mal)a(’yigjLé*mvl)v Y
(y—l—oc—i—ﬁ—6+§—m,1),(r,w),(%,1)
(30)

(—y—a+3),Re(—y—p+0)}

Theorem 1 and 2 give the following image formulas for
Khan and Ahmed’s further generalization of the Mittag-
Leffler function (7) if ¥ = p' =2, :

Corollary 11.Let Y, .8, B € C,
G7T5C17VI7C27%15K1;%2 S (C, V2, Ko >0,
min(Re(®@),Re(7),Re({;),Re(vy),

E—y—a+0— IF(%I)F( 2)
= TG oV
[(E+m,1),(E4+m—0—y—a—e,l),
(E+m+B—a,l),(1,1),
(G1,v1), (82, 2)

X 6% -
(§+m+ﬁ,1),(§+m+5—y—(x,1),
(E+m+0—a—¢gl),(1,0),
(s21,K1), (222, K2)

(€29

Corollary 12.Let Y, 0,8, B € C,
G7T5C17VI7C27%1;K1;%2 eC, V2, K2 >0,
min(Re(®),Re(7),Re({;),Re(vi),Re(8),Re(54),
Re(k1),Re(52)) > 0, Re(@) + k2 > vo, Re(d) > 0 and
Re(&) > max{Re(€),Re(—y— o+ 0),Re(—y— B +9)}.
Then

~I bt 76 - 1
(Jgafﬂ IR OEG R e (?)) v

_r-aro-c LI G2) o
= o) Y
—(é787"1,1),('}’4’“764’57”’[,1),
(Y+ﬁ_6+‘:_m7])7(17])7
(&1,v1), (&2, v2)
X 6% ;=
(i—m,l),(y—e—i—é—m,l), Y
(v+oa+B—-0+&—m,1),(1,0),
(501, K1), (52, K2)

—_—

(32)

3 Image formulas using the fractional
differential operator with the Appell function
in the Kernel

Here, we will discuss the image formulas for the
Bessel-Maitland ~ function and the  m-parameter
Mittag-Leffler function using the fractional differential
operator with the Appell function F(.) in the kernel.

Definition 2.The fractional differential operator with the
Appell function F3(.) in the kernel [34] are

(25°<Pr) )

B 4\ [Re(@)]+1
U dy

(j—a,fy,—ﬁ ,—&+[Re(0)]+1

o ,—6+[Re(6)]+1f) (y) 33)
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and

(375227) ) -

<é%>[Rq6ﬂ+l(jog,%ﬁ+mq5n+ha5+mﬁ®n+1f)(y%
(34)

where v, 0, €, 3,0 € C,Re(d) >0, y € R" and f is a real
valued continuous function.

We will use the following Lemmas [35] in our main result.

Lemma 3.Ler vy, ,¢,3,0,6 € C  such  that
Re(&) > max{0,Re(—y+ fB),Re(—y— o — e+ d)}, then

(opoeane)
reér-e+y+&ry+a+p-o0+¢)
[(—e+ &) (y+a—0+E)(y+p—0+&)

(35)

Lemmad.Ler vy,,¢,3,0,6 € C  such  that
Re(§) > max{Re(—f),Re(a +€—0),Re(y+ o« — ) +
[Re(0)] + 1}, then

(0}57) ) -

PB+EN(—y—a+0+6)[(—a—e4+0+8) yia-5-¢

FéEr(—oa+p+&Ir(-y—oa—e+a+¢&)
(36)

Theorem 3.Let v, o, €,B,6,v,,0,T, 5,k € C,
minRe{G)',T,C,,v,,%g,Kg} >0 for 1 = 1,...,7 and

- 1;---7P/y
Re(&) > max{0,Re(—y+ fB),Re(—y— o —e+9d)}. Then

)
(o109 e wESY: o ) )

:yW“OH»é*B*lF(%I)F(%Z)“-
rEore)...
X p1a¥pia
(E+m,1),(—e+y7+E+m,1), i
(y+a+B—-0+&+m,1),(1,1)
(Ci,v1),-, (Grsvi)

(—e+&+m, 1), (y+a—0+&+m,1),
(7+ﬁ—5+§+m,1),(r,6§)
(%],Kl),...,(%p/,l(’p/)

vl 3D

Proof.Consider

(@Yf’g’ﬁ’at‘§7ljw(t)E(g,V)r/

w,r;(u,lc)p/
(71)mtm
I'(pm+w+1)

Z (CI)V]”(CZ)VZH"'(CI")V,JH
=0 F((D'I’l+ T)(%l)xln . (%I’/)Kp/”

1))

gyasﬁég 12

()

y+o—0+E—1

Switching the integral and summation orders using the
valid conditions given in the theorem, we get

(@Yf"g’ﬁ’at‘g"J“’(t)E(C’V)’/

war;(”7K>[7/

1) )

0 m

Z pm+w+1)

m=!

5 GG Gl
S T(@n+ 7)) an - (4 ) m

% (ggft,&,ﬁ D &+mn—1 ) ).

(38)
Using Lemma 3, the above equation (38) reduces to

(250l (nEy *.”2“ o, (0) )

NLGa).

I'(5op)
r&)rg)...re)

fyy+oc+5 0-1 (

—y)"
pm+a)+1)
C1+V11’l (Cz—l—Vzn)...F(Cr/—i-Vr/n)
L(@n+ 1) (50 + Kin) ... T (52 + Kyn)

F'+m+n)l(—e+y+&+m+n)
XF(—e+§+m+n)1"(y+oc—6+§+m+n)
Fiy+o+p-0+&+m+n)I'(n+1) ,
L(y+p—-0+&+m+n) n!
Ll o) Tet)
rEnr&)...rg,) °

Ir
ot

:y7+(x+<§7?§71

X 4P 14

(5+m71)7(_8+7/+€+m71)7

(y+a+B—-0+&+m,1),(1,1)
(Clvvl)v"'a(é‘rlvv;)

(—e+&+m1),(y+a—0+&+m,1),

(r+B-0+5+m1),(1,0)

(%laKl)v (%p'va') i

vyl (39

Hence, we get the desired result (37).

Theorem 4.Let v, a,€,B8,6,v,@0,T %p,K’g e C
minRe{w)T7Clavﬁ%f)K£} > 0 with 1 = Vl and
¢ = 1,.,p, Re(§) > max{Re(—f),R ( + & —
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9),Re(y+ a—d) + [Re(d)] + 1}. Then

s Cy ‘6 - ’ ]
(an,eﬁ ¢ ‘J;JSO(I)E;ET‘;();/,K)I,/ (;)) 0)

:yy+a757€F(%l)F(%2)...F(%I,/)
r(&)r&)...r¢.)
Xr’+4le’+4
[(B+E—m,1),(—y—a+0+&—m,1),
(—a—e+0+E—m,1),(1,1)

(SPAD IR (AP |
= (40)

(é*l’ﬂ,l),(*d%’ﬁ%’é*l’n,l), Y
(—y—a—e+0+&—m,1),(7,0)
(%],K]),...,(%p/,Kp/)

Jy ()

Proof.Consider

e, WV !
<©(7)/06,8 B3, 5]5’(057;5;‘;,()%,") ' <;)> v

P
oo 71)mtm
_prees ey L
0 mz::O

I'(pm+o+1)
- (Cl)vln(CZ)Vzn"'(Cr’)vr/n

=0 F((D'n+7:)(%]),<ln...(%p/)Kp,n

()

Switching the integral and summation orders under the
valid conditions given in the theorem, we get

oLe B0, — (C?V)r/ 1
(@gas t éjg)(t)Ew,r;(mK)pf (;)) o)

_ - (71)m = (Cl)vln(gz)\/ﬂl'--(Cr’)vr/n
=) I'(pm+w+1) )y

S T@n+ 7))k o) m

X

0
ngx,s,ﬁf)tf(éfm+n)) (y). 41)

Using Lemma 4, the above equation (41) reduces to

(et} "6 - : 1
(Pt ey, (7)) 0

g al G G)  Tlg) £ ()
rG)re)...r¢) =rpem+o+l)

i L& +vin)[(&+van) ... T(Eo+von)
= (@n+ 1) (5a + Kkin)...I' (50, + Kyn)

FB+&—m+n)l(—y—a+3+&—m+n)
T(E—mtn)(—o+pB+E—m+n)

L Ta-etd+8—m+n) Cntl) .,
T(—y—oa—e+0+E—m+n) nl °

:yY+OC*5*5F(%1)F(%2)"'F(%P/)
r¢nr&)...r¢.)
Xy ya¥pyia
[(B+E—m1),(—y—a+0+E—m,1),
(—a—e+0+E—m,1),(1,1)

(Clvvl)v"'a(gr’vvr') 1
= (42)

(é_mvl)v(_a""ﬁ""é_mv])v Y
(—y—o—e+0+&—m),(7,0)
(%171(1)7"')(%[7/71([)/) |

I3 ()

Hence, we get the desired result (40).

3.1 Particular Cases

Theorem 3 and 4 give the following image formulas for
the Mittag-Leffler function (3),if ¥ = p’ =0 and 7 = I:

Corollary 13.Let  v,a,e,§ € C, @ > 0 and
R(E) > max{0,Re(—y+ B),Re(—y—a—e+3)}. Then

(25010 ()Ea (1)) (v)
:y7’+0‘+5*3*113’ (y)

(E+m1),(—e+y+E+m,1),
(v+o+B—-0+&E+m,1),(1,1)
(cet&tml)(y+oa—0+Etm1) |

X 4%
(43)

Corollary 14.Ler  v,a,e,p € C, @ > 0 and
Re(&) > max{Re(—f),Re(a + € —0),Re(y+ o —0) +
[Re(0)] + 1}. Then

<©gﬂ’8’ﬁ’3t5]g’(t)Ew G)) )

A0

([3—1—5—m,l),(—y—(x+6+§—m,1),
(7a78+6+€7m51)5(151) 1
X 4% ;=
(é*ﬂ’l,l),(*(Xﬁ*ﬁﬁ*é*m,l), Y
(7’)/7“784»64»&7’"71)7(176)
(44)

Theorem 3 and 4 give the following image formulas for
the Wiman function, if ¥ = p’ = 0,:
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Corollary 15.Let y,0,¢,3 € C, R(@),Re(t) > 0 and
Re(&) > max{0,Re(—y+ B),Re(—y—a—e+0)}. Then

(CDgf,s,ﬁﬁti*'Jl‘)"(t)Ew,r(t)) )
:yy+oc+5*5*1.]g)(y)

(E+m,1),(—e+y+E+m,1),

(v+o+B—-0+&E+m,1),(1,1)

X 4 V-

(—e+&+m1),(y+oa—0+E+m1),
(}’+ﬁ—5+é+m,l),(f,&7)

(45)

Corollary 16.Let y,a,€,B € C, Re(@),Re(t) > 0 and
Re(&) > max{Re(—p),Re(ax + & —d),Re(y+ o« — 3) +
[Re(0)] +1}. Then

(o2 20t (1) ) 0)

=yI a8y (y)

(ﬁ+€_mal)a(_y_a+6+5_m7])7
(—a—e+0+&—m,1),(1,1) |
X 4 -
(5_m7])7(_a+ﬁ+€_m7])7 Y
(—y—o—e+0+&—m,1),(1,0)
(46)

Theorem 3 and 4 give the following image formulas for the
Prabhakar function (4),if ¥ = p' =landv=s»=x=1,:

Corollary 17.Let y,a, €, € C, Re(@),Re(7) > 0,{ >0
and Re(&) > max{0,Re(—y+ B),Re(—y—a—e+9d)}.
Then

(D1 PUE 1R (0ES (1) ()
yy+oc+57671 0
:Wfp »)
_ (§+m71)7(78+y+§+m51)
(y+oa+B—-0+&E+m,1),(1,1
(&1, 1)
|

(et &tml),(y+a—0+E+m1),
(v+ﬁ—6+(§+)m,1),<r,ar),
1,1

,)’

X 55

(47)

Corollary 18.Let y,0,¢,8 € C, Re(®@),Re(t) >0, >0
and Re(&) > max{Re(—fB),Re(a + & — 0),Re(y+ o —

0) + [Re(0)] + 1}. Then

(3= oresprs (1))

yy+oc7375 °
ZWJ,) )

_(ﬁ+€ —m,l),(—y—a+8+.§—m,l),
(—a—e+0+&—m,1),(1,1),
(€. 1)

X 5%% D=
(é*l’ﬂ,l),(*aﬁ“ﬁﬂ*é*m,l), Y

(_y_a_8+?1+1€)_ma 1))(776)5

—_

(48)

Theorem 3 and 4 give the following image formulas for
Shukla and Prajapati’s generalization of the Prabhakar
function (5),if ¥ = p’=land x =k = 1:

Corollary 19.Let Y, ., B € C,
min{R(®),Re(7),Re({1)} > 0, @,7,{,v € C and
Re(&) > max{0,Re(—y+ B),Re(—y—a—e+0)}. Then

i oo

yy+oc+57671 0
*Wfp »)
I (§+m71)7(78+y+§+m51)5 ]
(Y+a+ﬁ _6+€+ma 1))(15 1);
(C.v)

X 5P Y-
(—e+&E+m1),(y+a—0+E+m,1),
W+ﬁ—5?§+¢JL@ﬁm
1,1

(49)

Corollary 20.Let Y, .8, € C,
min{Re(®),Re(7),Re({)} > 0, @,7.{,v € C and
Re(&) > max{Re(—f),Re(ax + & — d),Re(y+ o« — ) +
[Re(0)] +1}. Then

(mpeerorssp083 (1)) )

yy+a—?§—.§ 0
:W"p )
_(ﬁ+€7”1,1),(7'}’7(14’84’57"1,1), i
(—a—e+04+&—m,1),(1,1),
(va) 1
X 55 ;=
(i—m,l),(—a—i—ﬁ—i—é—m,]), Y
(7’}/7“784’64»57’"51)5(176)5
L (1,1) |
(50)

Theorem 3 and 4 give the following image formulas for
Khan and Ahmed’s generalization of the Mittag-Leffler
function (6), if ¥ = p’ =1 and K = I:
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Corollary 21.Let Y, 0,8, € C,
min{Re(®@),Re(7),Re(x),Re({)} > 0, v € (0,1)UN
and Re(&) > max{0, Re( +pB),Re(—y—a—¢e+0)},
then

(D3P 2R (S .(1)) (v

I (s
:y7+(x+§ffifl FEC))J/?()})
(§+m1),(—e+y+S+m, 1),
(v+oa+B-0+&E+m,1),(1,1),
(&,v)
x 5%¥5 v -
(—e+&+m),(y+oa—0+E+m,1),
(Y+B76+€+m51)5(17a’)5

i (>1) 1
(5D
Corollary 22.Let Y, o€, B € C
min{Re(®),Re(7 )Re(%) Re()} > 0, v € (0,1)UN
and Re(&) > max{Re(—f),Re(ax + € — 3),Re(y+ a —

0) + [Re(0)] + 1}. Then

(peePortspsy. (1)) 0

e L)
—(ﬁ+§7"1,1),(7’)/7(14*64*571’”,1),
(—a—e4+0+&E—m,1),(1,1),
(C,V) 1

><5'fl5 D=
(é_mal)a(_a""ﬁ'i_‘:_mal)a Y
(*Y*(X*E+(6+§)*H’L,1),(T,(D'),
1
' (52)

Theorem 3 and 4 give the following image formulas for
Khan and Ahmed’s further generalization of the Mittag-
Leffler function (7), if ¥ = p’ = 2:

Corollary 23.Let  y,a,e,f € C, W,k
GTTCl,Vl,Cz,%l,Kl,%ze(C Re(ﬁ +K2>V2,
min(Re(®@),Re(7),Re(),Re(v),Re(&

Re(%l),Re(K]) Re(%z)) > 0,
Re(&) > max{0,Re(—y+ B),Re(—y—a—e+0)}. Then

,0,€,B.0 &~
(D3P OE R ESE , 0(0) )

:y7+a+§ffiflr(%1)r(%2) 9 (y)
rorg)°
[ (E+m1),(—e+y+E+m,1),
(v+oa+B—-0+&E+m,1),(1,1),
(C1,v1),(&2,2)

x ¥ v -
(—e+&+m 1), (y+o—0+E&+m,1),
(y+B—-0+&+m,1),(1,0),
(221,%1), 502, K2)

> 0,

(53)

Corollary 24.Let Y, o€, B € C,
G7T5C17VI7C27%1;K1;%2 € C, V2, K2 > 0,
Re(@)+ 12> v,
min(Re(®), Re (1), Re(£1), Re(vi),Re(G).
Re(s),Re(k;),Re(552)) > 0, and
Re(§) > max{Re(—f),Re(a+ & — 0),Re(y+ o — 0) +
[Re(0)] + 1}. Then

) 1
(:Dg,a,s.,ﬁaat ‘:Jw( )Eg,' TV|’(1C2K:’2”2 K (;)) (y)

_ yra0-e L) (5a) o (y)
rgnr¢)

_(ﬁ+§7"1,1),(7’)/7(14*64*571’”,1), ]
(—a—e4+0+&—m,1),(1,1),

(Chvl)a(CZ;vZ) 1

X 6%% =

(é_mal)a(_a""ﬁ'i_‘:_mal)a Y

(*Y*(X*E+6+§*H’L,1),(T,(D'),
(51,K1), (52, K2) |
(54)

4 Image formulas using the Saigo fractional
integral operator

We will discuss the image formulas for the
Bessel-Maitland ~ function and the  m-parameter
Mittag-Leffler function using the Saigo fractional integral
operator.

Definition 3.The Saigo fractional integral operators are
defined as [36,37]

(35°7F) 6) =
ﬁ /.°°(t *y)Y*IfY*EzFI <y+ e,—-0;7.1— ;) f(t)dr.
h (55)
and
(35°7) 0 =
)}:y; /Oi(y*t)yflgFl (Y+ e,-0;71— j_c) f(t)dt.
(56)

where y > 0,7,€,0 € C Re(}/) >0, 2F1(.) is the Gauss
hypergeometrlc series and f(t) is a real valued
continuous function.

We will make use of the following Lemmas [37] in proving
our result:

Lemma 5.Let Y,€,0 € C and
Re(y) > 0,Re(&) > max{0,Re(e — )}, then

(350-1) ) - OG0

E—e—1
rEryro) P
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Lemma 6.Let Y,€,0 € C and
Re(y) > 0,Re(&) < 1 +min[Re(g),Re(D)], then

Fe—&E+ND)C@—E+1)

Eem
F(lfé)F(y+£+3f§+1)y E

(33’—8’%71) (y)=
(58)

Theorem 5.Let Y, €8,V 0,7, 50, Kp € C,
minRe{®, 7,8, Vv, 50,5} > 0 with 1 = 1,...,r/ and
£ =1,..p, Re(y) > 0,Re(§) > max{0,Re(e — 9)}.

Then

Y TE@NG) TG
(E+m,1),(E+m+0—eg,l),
(lal a(Cavl) (Cr’a r’)
r’+3le’ Y
Et+m—g1),(E+m+y+0,1),

(1,@), (%171(1) (51, Ky)

(59)

Proof.Consider

(g% (r)E;f;.“ﬁ,i 0, 0) )

yed oo )mtm
=3 Z’OF (pm+w+1)

s (Cl V|H(C2)Vn --(Cr’)v n n
L (mn+rﬂxlmm“@@3%mt@)

Swapping the integral and summation orders using the
valid conditions mentioned in the theorem, we get

(e o )

Cl Vln CQ)Vzn (Cr’)vr/n
= Z pm+w+1 ”ZOI—' an+r)(%1)K],,...(%p/)Kp,”
% (jg)/f,cy)t?rernfl) (y) (60)

Using Lemma 5, the above equation (60) reduces to

(oy0ie- Ungg?,qﬁﬂ)@)
te 1 LG (n). . . T(ey) & ¥y - (—y)"
r&r¢)...r&) = rpem+o+1)
iFCI‘i‘VIH (Cz+v2n)...r(§,1+v,,n)
= C(on+1)(sa+xin)... I (50 + Kyn)
IFE+m+nl'@0+&+m+n—¢g) I(n+1) ,
F+m+n—el(E+m+n+y+0) n!

:yéfefl

(61)

Hence, we get the desired result (59).

Theorem 6.Let Y, €8,V 0,7, 50, Kp € C,
minRe{®,7,§,v,, 2,k } > 0 for 11,....r/; 0 =1,...p/
and Re(y) > 0,Re(§) < 1+ min[Re(g),Re(d)]. Then

Y TG TG PV
r+3lP'
(e—&—m+1,1),(0—-&—m+1,1),
(1), GVt )seens (G )

1
(1—E—m1),(y+et+0—E—m+1,1), Y
(T,ﬁ),(%l,Kl),...,(%p/,K'p/)
(62)

Proof.Consider

~s ‘3 - ’ 1
(st e, (7)) 0)
_ =y

ad (Cl)vm( Z)Vzﬂ"'(Cr’)vr/n
X

nZOF(wn+ T)(%l)lqn---(%p/)xp/n

()

Swapping the integral and summation orders using the
valid conditions mentioned in the theorem, we get

~Ys ,6 — sV ) ]
(Jgf 5 'Jg’(t)Eéfr‘,/()” X, (;)) )

had o Cl V|H(C2)V2f’l (Cr/)vr/f’l
= Zo pm—i—(x)—i—l r;)F an—i—T)(%l)Kl,,...(%p/)Kp,”
% (jgf’6t5+”17n71) (y) (63)
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Using Lemma 6, the above equation (63) reduces to

(3(};’8’6t‘glﬁ’(t)EéE;‘:();,K)p/ (%)) ()
_ e e TGl Ga). . . T(o) v (="
FE)(&) .- T(&) 2 Tlpm+o+1)
i F(Cl +V1n)F(C2+V2n)...F(Cr/ +v,/n)
nZOF(GTH+T)F(%1 +K1H)...F(%],/+Kp/n)
I'e—&—m+n+1)IO—-E—m+n+1)
rl—&—m+nl(y+e+0—-&—m+n+1)

Lt ,
n!
= 5*8711—‘(%1)1—‘(%2)...1—‘(%17,) "
’ rnr)...rg,) T ()
P3P

(e—&—m+1,1),(0-&—m+1,1),
(la1))(C17v1)a"'7(cﬂavr’) ]
(1757’"51)5(’}/4’84’67&7’"4’151)5 ’y
(T,G)'),(%l,l(l),...,(%p/,Kp/)
(64)

Hence, we get the desired result (62).

4.1 Particular Cases

Theorem 5 and 6 give the following image formulas for
the Mittag-Leffler function, if ¥ = p’ =0and 7= 1:

Corollary 25.Let v, € C, @ > 0 and Re(y) > 0,Re(&) >
max{0,Re(e —0)}. Then

(345910 (0)Ea (1) )

=9 ()
(E+m,1),(E+m+D—¢g,1),
(1,1)
3 v . (65)
(é +m—Eg, 1))(§+m+y+6a_])7
(1,o)

Corollary 26.Ler y,e € C, @ > 0 and Re(y) > 0,Re(§) <
1 + min[Re(€),Re(0)]. Then

(Jg’g’at‘g'Jl‘;’(t)Ew (%)) (y)

=52 (y)
(e—&—m+1,1),(0—-&—m+1,1),
(1,1)
3%
(1—-&—m1),(y+e+0—E—m+1,1)
(1,@)

==

l
)

(66)

Theorem 5 and 6 give the following image formulas for
the Wiman function, if ' = p’ = 0:

Corollary 27.Let y,€ € C, Re(@),Re(7) > 0 and Re(y) >
0,Re(&) > max{0,Re(e — d)}. Then

(T U9 (0Ew(1)) )

=y IR 0)

(E+m,1),(E+m+D—¢g,1),(1,1)
3%

|- (67)
(E+m—e1),(E+m+y+0,1),(1,0) ]

Corollary 28.Ler v, € € C, Re(@),Re(7) > 0 and Re(y) >
0,Re(&) < 1+ min[Re(€),Re(d)]. Then

(332 tsgEms (1)) 0)

=)
(e—E—-m+1,1),(0—-&EE—m+1,1),
3% ;=
(1—&—m),(y+e+0—E—m+1,1), 7Y
(7,0)

(68)

Theorem 5 and 6 give the following image formulas for
the Prabhakar function,if ¥ = p'=land v ==Kk = 1:

Corollary 29.Let v, € € C, Re(®),Re(t) > 0,8 > 0 and
Re(y) > 0,Re(&) > max{0,Re(e — d)}. Then
(3 IR 0ES () )
yéfefl 0
“T P
[ (E+m,1),(E+m+0—¢g,1),(1,1),(¢,1) ]
4+ -
(E+m—e1),(E+m+y+0,1),(r,0),(1,1)
(69)

Corollary 30.Let v, € € C, Re(®),Re(t) > 0,8 > 0 and
Re(y) > 0,Re(&) < 14+ min[Re(g),Re(D)], then

1
(ﬁg"f’r@lfg’(rwéﬁ (—) o)

t

yéfefl 0
“Tg PV
(e—&—m+1,1),(0—-&—m+1,1),
(1,1),(¢,1) 1
4 3 —
(175—m,l),(y+8+3—§—m+l,l), Y
(t,@),(1,1)
(70)

Theorem 5 and 6 give the image formulas for Shukla
and Prajapati’s generalization of the Prabhakar function, if
F=p' =land x=x=1:
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Corollary 31.Let v,€ € C, min{Re(@),Re(7),Re({)} >
0, @,7,¢,v € C and Re(y) > 0,Re(§) > max{0,Re(e —
0)}, then

(3359 WES YD) )

yéfefle
TV
(E+m1),(E+m+0—¢g,1),
(1,1),(¢,v)

A vl (1)
(5+m_871)7(5+m+7+851)a
(T5w)7(171)

Corollary 32.Let Y, € € C

a
B
M
<
m
a
2
3
U

min{Re(@),Re(7),Re({)} > 0O
Re(y) > 0,Re(&) < 1+ min[Re(g),Re(D)], then

)7578 ! o)
r@q V)
(e—&—m+1,1),(0-E—m+1,1),
(151)5(va) 1
4'114 ;=
(1—&—m1),(y+e+0—E—-m+1,1), 7
(T’w)7(171)
(72)

Theorem 5 and 6 give the image formulas for Khan and
Ahmed’s generalization of the Mittag-Leffler function, if
¥=p' =land k=1:

Corollary 33.Let Y, € € C,
min{Re(®@),Re(7),Re(x),Re({)} > 0, v € (0,1)UN
and Re(y) > 0,Re(&) > max{0,Re(e — 0)}. Then

(3R (ES (D) )

ESIF( )Ja)()

rer
(E+m1),(E+m+0—¢g,1),
(1,1),(&,v)

4 syl (73)
(5+m_871)7(5+m+7+851)a
(176)’(%’1)

Corollary 34.Let Y, € € C,

min{Re(®@),Re(7),Re(x),Re({)} > 0, v € (0,1)UN

and Re(y) >
1
(st s (7)) o)

5 e— IF(%)J(D()

0,Re(&) < 1+ min[Re(g),Re(D)]. Then

re)’
(e=&—m+1,1),(0-§E—m+1,1),
(1,1),(C,V) 1
4 ;=
(1—&—-m,1),(y+e+0—-EE—m+1,1), Y
(1,®),(5,1)

(74)

Theorem 5 and 6 give the image formulas for Khan
and Ahmed’s further generalization of the Mittag-Leffler
function, if ¥ = p’ = 2:

Corollary 35.Let
Vo, K >0,

min(Re(®@),Re(7),Re(&)),Re(v)),Re(Er),
Re(%l),Re(Kl) Re(%z)) > 0, RC((D') + K
Re(y) > 0,Re(&) > max{0,Re(e —9)}. Then

7,€,®,7,81,v1,8,50,k1,50 € C,

~V,€,0 E—1 v v
(B0 O 0) )

a( +m+67851)5
(Clavl)a(C27V2)
55 v (5)
(E4+m—¢g1),(E+m+y+0,1),
(t1,0),(>01,K1), (50, k)

Corollary 36.Let
Vo, Kk >0,
min(Re(®@),Re(7),Re(&)),Re(v)),Re(Er),

7,€,®,7,81,v1,8,50,k1,50 € C,

Re(%l),Re(Kl) Re(%z)) > 0, RC( )+ K > Vp and
Re(y) > 0,Re(&) < 1 +min[Re(e),Re(D)]. Then
(38 B8 250 (1) ) 0
_5—e— IF(%I)F( ) ®
T+
(e—&—m+1,1),(0—&E—m+1,1),
(1,1),(C1,V1),(C27V2) 1
X 55 §;

(1 7§7m71)7(y+8+67€7m+171)7
(T,@'),(%l,lq),(%z,l(z)
(76)

5 Conclusion
Many areas of research have been extensively using the

concept of fractional calculus in recent years since it is
used in generalizing mathematical models represented by
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differential equations and provides more precise [6] K.S. Nisar, D.L. Suthar, R. Agarwal, and S.D Purohit,

representations than integer order approaches. Fractional
calculus operators applied to various special functions
and combined with mathematical modeling is used by
several authors for modeling child growth standards, cell
cycle of a tumor cell, to study transmission dynamics of
HIV/AIDS, to study the effects of various diseases such
as malaria, epidemic model of some childhood disease,
pandemics such as COVID-19 among various others.
Physical and electrical properties of
heterogeneous-complex, with composite biomaterials can
be described in a simpler way using fractional calculus
models. Fractional calculus models propose new
observations and measurements that can further explain
biological system structure and dynamics. In our paper,
we have introduced image formulas involving the
fractional calculus operators with Appell function kernel
and Saigo fractional operators for the product of
Bessel-Maitland ~ function and the  m-parameter
Mittag-Leffler function. These fractional operators have
wide range of applications in solving kinetic equations,
fractional diffusion, fractional reaction diffusion
equations and many more. We have also obtained a
number of image formulas involving the Mittag-Leffler
function, the Wiman function, the Prabhakar function and
various other generalizations of the Mittag-Leffler
function by giving specific particular values to the
parameters ', p’, @,7,§,V,, », K. We can extend the
results obtained for other fractional operators of
significance such as Caputo fractional derivative, Erdelyi
Kober operators, Caputo-Fabrizio operators among
various others. In future fractional operators applied to
Bessel-Maitland function and m-parameter Mittag-Leffler
function may find some applications in biology and other
fields of mathematics, science and engineering.
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