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Abstract: In this study, certain properties and applications of the Ramadan Group (RG) transform are discussed. First, some
new properties are presented. Lastly, we briefly explained some well-known applications.

Keywords: General integral transforms, Laplace transform, fractional derivatives and integrals.

1 Introduction

Transforms have become more widely used in solving many linear fractional differential equations and modified
transforms for solving non-linear equations [1]. Among these transforms, the RG transform, which is one of the most
important of these transforms, was shown previously in our previous work [2, 3, 4, 5]. RG transform allows to apply it in a
wide range as explained in the present paper. To illustrate the accuracy, simplicity, efficiency and applicability of RG
transform to solve fractional differential equations and integral equations, we divide the paper into seven sections as follows.
Firstly, we mention some important properties of RG transform. Then, we apply it to famous equations in various specialists
(fields) as we clarify later on.

2 Different Properties for RG Transform

This section is aimed at the diverse RG transform properties. We review basic rules and properties. We deduce more from
it, too. Also, we apply RG transform to partial fraction function and singular integral equation (Abel’s integral).
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Lemma 1. Thus, if the n-th derivative v(n) (t) of v(1), hence

RGI vy = ()" K () (s,u), (3)
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Lemma 2. If K(s, v) is the RG transform of v(t), then
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RG[v(t)] = (7) RG[w(t)], (7)
u
subsequently,
t
o '[ ( V(;Cl) (04 d
—1|(u a olti-y
= — = = 8
w(t) = RG (Sj K(s,u)} 17v(t) @) (®)
The following theorem is very important to show that RG transform is as a semi-analytic method.
Theorem 1. If the time variable delay -fractional differential equation expressed as
Df‘v(t) =g +vt—-1(1), 0<a <1 )
v(0) = VO,Vt IS Im = [Tm: O],v(t) = (VI’VZ"“’Vn) IS ~n,
Dta stands for Caputo fractional order derivative, t indicates that the differentiation is performed with respect to t.
Then this equation is equivalent to
v(0) = I (g(eyrv(s—2(s))), (10)
Proof. Let C(T, ~") is a Banach space of continuous functions ¢:T — ~ = sup |¢(l9)|
¢eT
Taking RG transform on both sides of equation (9)
s\ 1(s)
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This leads to v(¢) = Ita (g(t)+v(s—r(s))). (14)
3 Applications for RG transform

3.1. RG Transform for Partial Fraction

RG used to solve partial fraction problems as illustrated in the example below.

Ex 1 Use inverse of RG transform

65° —sv—v’
K(s,y) =1 (15)
s —Sv
Solution. Factorize the denominator in the simplest form
6s° —sv—1°
K(s,v)=—2 "7V (16)
s(s—v)(s+v)
By partial fractions, we get
A B C
K(s,v)=—+ + : (17)
s (s—v) (s+v)
From the inverse of RG transform,
K(s,v)=A+Be' +Ce". (18)

To calculate the constants A, B and C, setting s =0, s =v and s = —v respectively A=1,B=2and C =3, i.c.
K(s,v)=1+2¢" +3¢". (19)

3.2. RG transform for Abel’s Integral Equation
It is considered one of the famous singular integral equations.

Ex 2. Evaluate the integral by RG transform
1

I:(y—t)7v(t)dt=1+t+t2. 20)

Solution

Upon applying the RG transform
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t1 8
in account of the inverse of RG transform, RG [v(t)] = £ ( +2+— tj. (23)
T\t 3

-1 2
uRG[v(t)]RG{tz }:Liﬂi @)

© 2023 NSP
Natural Sciences Publishing Cor.



658 %&Z\B A. A. Soliman et al : Importance and Properties of RG Transform ...
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Lemma 1. The RG transform of the Bluge function ¢ 2 is taken the form
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Proof. From the exponential functions properties, we find
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It follows from RG transform in [3, 5, 6]
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s N s
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3.3. Bagley-Torvik equation

This equation studied the viscoelastically damped structures. It investigated the material behavior. It is possible to describe
the motion of physical systems by Bagley-Torvik equation. One of the famous applications of this equations is viscous fluid
(7, 8].

The general form is denoted as
AD{v(t) + BDY v(t) + Cv(t) = g(1), A # 0, ) > t .t € (0, +0) (26)
with the initial condition u(0) =a,u (¢)=b,4,B,C €™ .

Ex 3. By using RG transform, solve Bagley-Torvik equation

0.5
1.5 2 2t
=5 - 27
D u(t)+u(t) =t t+1"(1.5)’ 27)
v(0) =0, v/ ) =-1..
Solution
Applying the RG transform, we obtain
1 -1
1.5 > )
s 52 s 2 / 2u2 u 2u0'5
— K(s,u)——3v(0)— v 0)+ K(s,u) = 2T 15 (28)
u = 5 s N s
u? u?
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This is also equivalent to,

1.5
s 2u2 u 2u0'5 1
— tHKGEu=—5 -5+ 15+ 5505 (29)
u s K s u s
we concluded that
2u2 u
K K

At the end, performing the inverse of RG transform

w(t) = 2t (1)
Ex 4. Let the Bagley-Torvik equation is denoted as

3
D2v(t)+ D2v(t) + () = 1 +1, (32)

v(0) :v/ (t) =1. Evaluate the exact solution by RG transform.

Solution
L5 2 2 3 2 0525 1515
s s su” +u” +us” +u TsTT +u s
(j + — | +1|K(s,u)= 3 . (33)
u u u S2
This leads to,
u+s
K(s,u) =, (34)
s
from the inverse of RG transform, we have
u(t) =1+1t. (35)
3.4. Harmonic vibration equation
Ex 5. By using RG transform, solve the general harmonic vibration equation [8, 9]
D)+ A2 w(t) = ¢, a €[1.2] (36)
v(0) = 4, v/ (t)=B.
Solution
Applying the RG transform on (36), we get
C
o hd
n a—k-1
(S] K- 3 52500y A2k (s,u) = L (37)
u k=0 u@k s
u
thus,
a
a-1l ,.a-2
SV a2 k(s = 1| @b e (38)
u u ua—l ua—z s
u
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using the inverse of RG transform, we find

v(t) = aEa,l (—ﬂ,zta) + bEa,2 (—/12ta) + TCZ [I—Ea (_lzfa )} (39)

3.5. Equation of Fractional Lane Emdern

Numerous phenomena in astrophysics and mathematical physics can be formulated through the use of this equation [10].
D%y(1) +%yt(t)+ F(y)=0,a € (0,1]
(40)
v(0) =a, v/ (t) = b, a,b are constants.
Ex 6. In view of RG transform, solve fractional Lane Emdern equation
D%v(t) + % V() = (4% 1 6)v, @ € (0.1] (41)

v(0) =0, v/(t) =0.
Solution Eq.(41) is the same as

D%t + 2 (t) = (46 + 61y, & € (0,1]. (42)
Again, performing the RG transform on (41), we obtain
d” n
U—— K(s,u)+2 [ij— > 0 0) | = RG[ 4,], (43)
du U/ =0
that is, upon using the inverse of RG transform, we arrive at
2a 2a 3a 4a
t 3t 13¢ t
v =1y =1 +—,v, = + +—,.. (44)
5 10 105 90
Finally,
2a t3a a
V=Vy v Fvy ety ST —t— .= . (45)
" 3!

3.6. Fokker-Planck equation

The Fokker-Planck equation describes the time evolution “change over time” of the probability density of the brownian
particle [8]. This equation appears on various fields as physics, fluid, statistical mechanics, biology, circuit theory, etc.

Ex 7. Let the equation of fractional Fokker-Planck equation is denoted as

1% o 8%z
Dt Z(y,t):@"‘g, (46)
subject to z(y, 0) =y.
Solution Passing the RG transform through (46)
Y
n k-1 2
RG[z(y,z)](sj R {a} wre| T2, 47)
u k=0 u?~ oy oy
as 0 < 0 < y < 1and therefore m = 1.
y
n y-1 2
RG [z(y,t)](sj - > ¥ 4re {ﬂ k6| 2. (48)
u) k=0 u’ oy oy

thus yielding
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y /4 2
2(y,1) = y+RG (zj RG |:6z:| +[EJ RG F;] . (49)
s oy S oy

Hence, thanks to Adomain decomposition method

)= 3 =, (50)
k=0
Zo(y,l):z(y,O):y, (51)
n=rc [ yRG %o |, 4 }/RG G
71 (1) = N s 2
1 -1 (uj}/ L'(y+D)
= RG — (52)
T(y+1) s S
e
T+
(1) == 2, (1,1) = .. = 0. (53)
/4
z(y,t)=y+ ! . (54)
I'(y+1)

if we put y = 1, hence the solution can be shortened to

z(y,t) =y +1. (55)
3.7. Klein-Gordon equation

This equation is distinguished by describing many phenomena as well as its many uses in (plasma, relativistic) physics,
nonlinear optics and quantum field theory [8]. The general form is taken as

Dtav(y,t)-kh(u) = g(y,t)+vyy, (56)

Example 8. Let the equation of fractional Klein-Gordon is expressed as [4, 5, 8, 11].

Dtaz(y,t)-i—z2 = y2t2 +z

57
e (57)
Subject to z(y,0) =0,z,(y,0) = y.
Solution Passing the RG transform for (57)
o
n a—k-1 22 2
RG[z(y,z)](Sj S S IR (58)
u k=0 u%~ s oy
2 2+a u\” 2
K(s,u) = RG % +RG[J)§J+(j RG a—;—zz , (59)
s s N oy
by Adomain decomposition method,
2y2 t2+a )
z(n,t) = +yt+RG [4,,]. (60)
Iré+a)
where
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u a 62 4t2+a
A = (j RG —5—22 , moreover A = (ZO) = consequently,
s oy Y T(GB+a)
2 2+a
2y°t
N S e — (61)
I'G+a)
-1
z (x.0)=RG I:Am_l:l,m —1,2,.n.
(62)
This means to
z(y,t) = = ) +z(y, )+ ..+ yt+ 2, (x,1) = yt. (63)
This is the exact solution for (57).
3.8. Equation of Non-linear time fractional gas dynamics
General form of the non-linear time fractional gas dynamics equation is expressed as [12, 13, 14].
D/ v(x,0) + w, +v(r=1) =0, 7 €(0.1] (64)
with v(y,0) = e ~ and for the case y = 1, the exact solution v(y,) = Es
Solution Passing RG transform to (64), we get
yo gyl
RG[v(y,1)] (5) — w(7,0) = —RG [vvy+v(v—l)], (65)
thus yielding
1 -y (u)
- _|l® — 66
RG[v(y,t)] Se [SJ RG|:Wy+V(V 1)}, (66)
as a straightforward consequence of the inverse of RG transform, Hence, thanks to Adomain decomposition method
n (v”)y - Al’l’ Vn (Vn _1) = Bn’ (67)
moreover,
A, = —e_2y B = —e_Zy - (68)
0~ 70 T ’
However,
— t}/
vn=e Y11+ s (69)
I'(y+1
_ i =4
vz(y,t):e Y1+ + (70)
'y+1) T@2y+1)
also,
x 2y
_ t t _y ® ny
v(y,t)=e Y1+ + to |=e ti, (71)
TC(y+1) TQy+1) n=0 I'(ny+1)
ie.,
v(y,t):e_yEybl(l‘); V(_y,l‘)zv1 +v,+..+v,. (72)
2
Aty =1, v(y,t)=e I+—+—+...|=e . (73)
1 21
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4 Conclusion

RG transform is just as important as other transforms. There are many applications that we can handle with it. And what was
mentioned in our manuscript is some, not all applications. The fundamental result of this paper is to employ the RG transform
for solving several problems which arise in most in most of applications. It has been exactly achieved by finding the exact
solution of the mentioned problems.
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