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1 Introduction

After the introduction of fuzzy set by Zadeh ([19]), the
theory of fuzzy sets, a newly developing subject in
mathematics, which makes inroads into different
disciplines of mathematics. Among various branches of
pure mathematics, algebra is one of the subjects where
the notion of fuzzy set is applied. Rosenfeld ([15]) first
fuzzified the algebraic concept of ‘Group’ in to fuzzy
subgroup and opened up a new insight in the field of pure
mathematics. Since then, a host of mathematicians have
been engrossed in extending the concepts and results of
abstract algebra to boarder framework of fuzzy setting.
Imai and Iseki ([3]) introduced BCK-algebra as a
generalization of notion of the concept of set theoretic
difference and propositional calculus and in the same year
Iseki ([4]) introduced the notion of BCI-algebra. Xi([17])
applied the concept of fuzzy set to BCK-algebra and
discussed some properties and also introduced fuzzy
subalgebra and fuzzy ideals in BCK-algebra. After that a
huge number of literature has been produced on the
theory of fuzzy BCK/BCI-algebras. In particular,
emphasis seems to have been put on the subalgebra and
ideal theory of fuzzy BCK/BCI-algebras.

In ([20]) Zadeh generalized the concept of fuzzy set
by an interval-valued fuzzy set. In traditional fuzzy logic,
the expert’s degree of certainty in different statements
represent by numbers from the interval[0;1]. It is often

difficult for an expert to exactly quantify his or her
certainty; therefore, instead of a real number, it is more
adequate to represent this degree of certainty by an
interval or even by a fuzzy set. In the first case, we get an
interval-valued fuzzy set. In the second case, we get a
second-order fuzzy set. Saeid ([16]) defined interval
valued fuzzy BG-algebras. In ([2,14,6]) different authors
applied interval-valued fuzzy sets in various algebraic
structures.

Using a fuzzy set and an interval-valued fuzzy set, Jun
et al. ([8]) introduced a new type of fuzzy sets called a
cubic set, and investigated several properties. Jun et al.
applied the cubic set theory to BCK/BCI-algebras ([9]).
Subsequently the theory of cubic sets attracted by several
mathematicians. Jun et al. ([8,9,10,11,12]) studied the
theory of cubic sets in different algebraic structures.
Yaqoob and others investigated some properties of cubic
KU-ideals of KU-algebras ([18]). Lee et al. ([13]) and
Jun([7]) discussed fuzzy translations, fuzzy extensions
and fuzzy multiplications of fuzzy subalgebras and ideals
in BCK/BCI-algebras. They investigated relations among
fuzzy translations, fuzzy extensions and fuzzy
multiplications. In ([1]) Barbhuiya introduced interval
valued fuzzy translation and interval valued
multiplication. In this paper, we introduced the concept of
translation, multiplication and extension of cubic
subalgebras and cubic ideals ofBCK/BCI-algebras.
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2 Preliminaries

In this section, we will recall some concepts related to
BCK/BCI-algebra, interval-valued fuzzy sets and cubic
fuzzy sets.

Definition 1([6,7]) An algebra (X,∗,0) of type (2, 0) is
called a BCK-algebra if it satisfies the following axioms:
(i) ((x∗ y)∗ (x∗ z))∗ (z∗ y)= 0
(ii) (x∗ (x∗ y))∗ y= 0
(iii) x ∗ x= 0
(iv) 0∗ x= 0
(v) x∗ y= 0 and y∗ x= 0⇒ x= y for all x,y,z∈ X
We can define a partial ordering ”≤ ” on X by x≤ y iff
x∗ y = 0. A BCK-algebra X is said to be commutative if
it satisfies the identity x∧ y = y∧ x where x∧ y = y∗ (y∗
x) ∀x,y ∈ X. In a commutative BCK-algebra, it is known
that x∧y is the greatest lower bound of x and y.
In a BCK-algebra X, the following hold:
(i) x∗0= x
(ii) (x∗ y)∗ z= (x∗ z)∗ y
(iii) x ∗ y≤ x
(iv) (x∗ y)∗ z≤ (x∗ z)∗ (y∗ z)
(v) x≤ y implies x∗ z≤ y∗ z and z∗ y≤ z∗ x.

A BCK-algebra X is said to be associative if it satisfies the
identity (x∗ y) ∗ z= x∗ (y∗ z) ∀x,y,z∈ X. A non-empty
subset S of a BCK-algebra X is called a subalgebra of X if
x ∗ y ∈ S, for all x, y∈ S. A nonempty subset I of aBCK-
algebra X is called an ideal ([5,7]) of X if (I1) 0 ∈ I ,
(I2) x∗ y∈ I andy∈ I ⇒ x∈ I , for all x,y∈ X.

Definition 2A fuzzy subsetµ of a BCK-algebra X is called
a fuzzy subalgebra of X ifµ(x∗ y)≥ min{µ(x),µ(y)}, for
all x, y∈ X.

Definition 3([5,7]) A fuzzy setµ in BCK-algebra X is
called a fuzzy ideal of X if it satisfies the following
axioms:
(i) µ(0)≥ µ(x)
(ii) µ(x)≥ min{µ(x∗ y),µ(y)}, for all x,y∈ X.

The notion of interval-valued fuzzy set was
introduced by Zadeh([20]). To consider the notion of
interval-valued fuzzy sets, we need the following
definitions. Let I be a closed unit interval, i.e.,I = [0, 1].
An interval number on I denoted by ˜a, is defined as the
closed sub interval of I, where ˜a = [a,a],satisfying
0 ≤ a ≤ a ≤ 1. Let D[0, 1] denote the set of all such
interval numbers on I and also denote the interval
numbers[0, 0] and[1, 1] by 0̃ and1̃ respectively.
Now consider two intervals
ã1 = [a1,a1], ã2 = [a2,a2] ∈ D[0, 1] then we define refine
minimum rmin as
rmin(ã1, ã2) = [min(a1,a2),min(a1,a2)] and refine
maximum as rmax
rmax(ã1, ã2) = [max(a1,a2),max(a1,a2)] generally if
ãi = [ai ,ai ], b̃i = [bi ,bi ] ∈ D[0, 1] for i= 1,2,3,...then we
define rmax(ãi, b̃i) = [max(ai,bi),max(ai ,bi)] and

rmin(ãi, b̃i) = [min(ai,bi),min(ai ,bi)] and
rin f i(ãi) = [∧iai ,∧iai ] andrsupi(ãi) = [∨iai ,∨iai ]
(D[0, 1],�) is a complete lattice with
∧ = rmin, ∨ = rmax, 0̃ = [0, 0] and 1̃ = [1, 1] being the
least and the greatest element respectively.

Let ã1 = [a1, a1] and ˜a2 = [a2, a2]∈D[0, 1]. Define on
D[0, 1] the relations�,=,≺,+, . by

1.ã1 � ã2 ⇔ a1 ≤ a2 anda1 ≤ a2
2.ã1 = ã2 ⇔ a1 = a2 anda1 = a2
3.ã1 ≺ ã2 ⇔ a1 < a2 anda1 < a2

4.ã1+ ã2 ⇔ [a1+a2, a1+a2]
5.ã1.ã2 ⇔
[min(a1a2,a1a2,a1a2,a1a2),max(a1a2,a1a2,a1a2,a1a2)] =
[a1a2,a1a2]

6.kã= [ka,ka] where 0≤ k≤ 1.

Definition 4An interval-valued fuzzy set defined on a non
empty set X is an objects having the form
µ̃ = {(x, [µ(x),µ(x)])|x ∈ X}, where µ and µ are two
fuzzy sets in X such thatµ(x) ≤ µ(x) for all x ∈ X. Let
µ̃(x) = [µ(x),µ(x)],∀x ∈ X is called degree of
membership of an element x toµ̃ , in whichµ(x) andµ(x)
are refereed to as the lower and upper degrees
respectively of membership x to µ̃ . Then
µ̃(x) ∈ D[0 1],∀x∈ X.
If µ̃ and ν̃ be two interval-valued fuzzy sets in X, then we
define

–µ̃ ⊂ ν̃ ⇔ for all x ∈ X,µ(x)≤ ν(x) andµ(x)≤ ν(x).
–µ̃ = ν̃ ⇔ for all x ∈ X,µ(x) = ν(x) andµ(x) = ν(x).
–(µ̃∪̃ν̃)(x) = µ̂(x) ∨ ν̂(x) =
[max{µ(x),ν(x)},max{µ(x),ν(x)}].

–(µ̃∩̃ν̃)(x) = µ̂(x) ∧ ν̂(x) =
[min{µ(x),ν(x)},min{µ(x),ν(x)}].

–(µ̃ × ν̃)(x,y) = µ̂(x) ∧ ν̂(y) =
[min{µ(x),ν(y)},min{µ(x),ν(y)}].

–µ̃c(x) = [1− µ(x),1− µ(x)].

Definition 5Let µ̃ be an interval-valued fuzzy set in X.
Then for every [0, 0] ≺ t̃ � [1, 1], the crisp set
µ̃t = {x∈ X|µ̃(x)� t̃} is called the level subset ofµ̃ .

Definition 6An interval-valued fuzzy set µ̃ in
BCK/BCI-algebra X is called an interval-valued fuzzy
subalgebra of X if µ̃(x∗ y) � rmin{µ̃(x), µ̃(y)}, for all
x,y∈ X.

Definition 7An interval-valued fuzzy set̃µ in BCK/BCI-
algebra X is called an interval-valued fuzzy ideal of X if
(i) µ̃(0)� µ̃(x)
(ii) µ̃(x)� rmin{µ̃(x∗ y), µ̃(y)}, for all x,y∈ X.

Combining the notion of interval-valued fuzzy set and
fuzzy set Jun’s introduced cubic set in ([8]) and is defined
as follows:
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Definition 8Let X be a nonempty set. A cubic set A in X is
a structure

A= {< x, µ̃A(x),νA(x)> |x∈ X},

which is briefly denoted by A= (µ̃A,νA) where
µ̃A = [µ

A
,µA] is an IVFS in X andνA is a fuzzy set in X

and it is written as A=< µ̃A,νA > .
For two cubic sets A=< µ̃A,νA > and B=< µ̃B,νB > in
X, we define

–A⊑ B⇔ µ̃A � µ̃B andνA ≥ νB
–A= B⇔ for all x ∈ X, µ̃A(x) = µ̃B(x) andνA(x) =

νB(x)
–A⊓B= {< x|(µ̃A∩̃µ̃B)(x),(νA∪νB)(x) > |x∈ X}
Where(µ̃A∩̃µ̃B)(x) = rmin{µ̃A(x), µ̃B(x)} and (νA ∪
νB)(x) = max{νA(x),νB(x)}

–A⊔B= {< x|(µ̃A∪̃µ̃B)(x),(νA∩νB)(x) > |x∈ X}
Where(µ̃A∪̃µ̃B)(x) = rmax{µ̃A(x), µ̃B(x)} and (νA ∩
νB)(x) = min{νA(x),νB(x)}.

Definition 9Let A= (µ̃A,νA) be cubic set in X , where X
is a BCK/BCI-subalgebra, then the set A is cubic
BCK/BCI-subalgebra over the binary operator∗ if it
satisfies the following conditions:

(i) µ̃A(x∗ y)� rmin{µ̃A(x), µ̃A(y)}

(ii) νA(x∗ y)≤ max{νA(x),νA(y)}, for all x,y∈ X.

Example 1Consider BCK-algebra X= {0,a,b,c,d} with
the following cayley table.

* 0 a b c d
0 0 0 0 0 0
a a 0 a 0 a
b b b 0 b 0
c c a c 0 c
d d d b d 0

Define a cubic set A= (µ̃A,νA) in X by

µ̃A =

(

0 a b c d
[0.6,0.7] [0.15,0.25] [0.4,0.5] [0.3,0.4] [0.5,0.65]

)

and

νA =

(

0 a b c d
0.2 0.7 0.4 0.6 0.3

)

Then it is easy to verify that A= (µ̃A,νA) is a cubic
subalgebra of X.

Definition 10Let A= (µ̃A,νA) be cubic set in X , where X
is a BCK/BCI-subalgebra, then the set A is called cubic
ideal of BCK/BCI-algebra X over the binary operator′∗′

if it satisfies the following conditions:

(i) µ̃A(0)� µ̃A(x)

(ii) νA(0)≤ νA(x)

(iii ) µ̃A(x)� rmin{µ̃A(x∗ y), µ̃A(y)}

(iv) νA(x)≤ max{νA(x∗ y),νA(y)} for all x,y∈ X.

Example 2Consider BCK-algebra X as in Example1.
Define a cubic set A= (µ̃A,νA) in X by

µ̃A =

(

0 a b c d
[0.7,0.8] [0.4,0.6] [0.1,0.3] [0.4,0.6] [0.1,0.3]

)

and

νA =

(

0 a b c d
0.7 0.3 0.2 0.3 0.2

)

Then it is easy to verify that A= (µ̃A,νA) is a cubic ideal
of X.

3 Translation and Multiplication of Cubic
Subalgebras and Ideals of
BCK/BCI-Algebras

In what follows, let X denotes aBCK/BCI-algebra and for
any cubic setA= (µ̃A,νA) of X, let τ = in f{νA(x)|x∈ X}
andT̃ = (T,T) (T ≤ T. ) whereT = 1− sup{µA(x) |x ∈
X}.

Definition 11Let A= (µ̃A,νA) be cubic subset of X and
0< α ≤ T whereα̃ = [α,α ] ∈ D[0,T] andβ ∈ [0,τ]. An
object of the form AT(α̃ ,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) is called an

cubic (α̃ ,β )-translation of A if it satisfies
(µ̃A)

T
α̃(x) = µ̃A(x) + α̃ and (νA)

T
β (x) = νA(x)− β for all

x∈ X.

Example 3Consider BCK-algebra X as in Example1 and
a cubic set A= (µ̃A,νA) in X by

µ̃A =

(

0 a b c d
[0.6,0.7] [0.15,0.25] [0.4,0.5] [0.3,0.4] [0.5,0.65]

)

and

νA =

(

0 a b c d
0.2 0.7 0.4 0.6 0.3

)

Here T = 1− sup{µA(x) |x ∈ X.} = 1− 0.7 = 0.3
and τ = in f{νA(x)|x ∈ X} = 0.2. Let
α̃ = [0.15, 0.25] ∈ D[0,T] andβ = 0.1∈ [0,τ]. Then the
(α̃,β )-translation ((µ̃A)

T
[0.15, 0.25],(νA)

T
0.1) of cubic set

A= (µ̃A,νA) is given by

(µ̃A)
T
[0.15, 0.25] =

(

0 a b c d
[0.75,0.95] [0.3,0.5] [0.55,0.75] [0.45,0.65] [0.65,0.9]

)

and

(νA)
T
0.1 =

(

0 a b c d
0.1 0.6 0.3 0.5 0.2

)

Definition 12Let A= (µ̃A,νA) be a cubic fuzzy subset of
X and γ ∈ (0,1]. An object having the form
AM

γ = ((µ̃A)
M
γ ,(νA)

M
γ ) is called a cubicγ-multiplication of

A if(µ̃A)
M
γ (x) = µ̃A.γ and(νA)

M
γ = νA.γ, for all x∈ X.
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Example 4Consider a cubic set A= (µ̃A,νA) in X as in
Example1, Let γ = 0.6∈ (0,1]. Then theγ-multiplication
of ((µ̃A)

M
0.6,(νA)

M
0.6) cubic set A= (µ̃A,νA) is given by

(µ̃A)
M
0.6 =

(

0 a b c d
[0.36,0.42] [0.09,0.15] [0.24,0.30] [0.18,0.24] [0.30,0.39]

)

and

(νA)
M
0.6 =

(

0 a b c d
0.12 0.42 0.24 0.36 0.18

)

Definition 13Let A= (µ̃A,νA) be a cubic subset of X and
0 ≤ α ≤ T where α̃ = [α,α ] ∈ D[0,T], β ∈ [0,τ] and
γ ∈ (0,1]. A mapping
AMT
(α̃,β ;γ) = ((µ̃A)

MT
˜α ;γ ,(νA)

MT
β ;γ ) : X −→ [D[0, 1], [0,1]] is

said to be a cubic magnified(α̃,β ;γ) translation of
A = (µ̃A,νA) if it satisfies(µ̃A)

MT
˜α ;γ (x) = γ µ̃A(x) + α̃ and

(νA)
MT
β ;γ (x) = γνA(x)− γβ for all x ∈ X.

Example 5Consider a cubic fuzzy set A= (µ̃A,νA) in X
as in Example 1, For this cubic set
T = 1 − sup{µA(x) |x ∈ X.} = 1 − 0.7 = 0.3 and
τ = in f{νA(x)|x∈ X}= 0.2. Let α̃ = [0.1, 0.2] ∈ D[0,T],
β = 0.1 ∈ [0,τ] and γ = 0.5 ∈ (0,1]. Then the cubic
magnified(α̃ ,β ;γ) translation AMT

([0.1, 0.2],0.1;0.5) of cubic

set A= (µ̃A,νA) is given by

(µ̃A)
MT
([0.1, 0.2];0.5)=

(

0 a b c d
[0.4,0.55] [0.175,0.325] [0.3,0.45] [0.25,0.40] [0.35,0.525]

)

and

(νA)
MT
(0.1;0.5) =

(

0 a b c d
0.05 0.30 0.15 0.25 0.10

)

4 Translations of Cubic Subalgebras

Theorem 1Let A= (µ̃A,νA) be a cubic subalgebra of X
and let α̃ ∈ D[0,T],β ∈ [0,τ]. Then the cubic
(α̃,β )-translation AT

(α̃ ,β ) of A is a cubic subalgebra of X.

Proof.HereAT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) and letx,y∈ X. Then

(µ̃A)
T
α̃ (x∗y) = µ̃A(x∗y)+ α̃

� rmin{µ̃A(x), µ̃A(y)}+ α̃
= rmin{µ̃A(x)+ α̃ , µ̃A(y)+ α̃}

= rmin{(µ̃A)
T
α̃ (x),(µ̃A)

T
α̃(y)}

(νA)
T
β (x∗y) = νA(x∗y)−β

≤ max{νA(x),νA(y)}−β
= max{νA(x)−β ,νA(y)−β}
= max{(νA)

T
β (x),(νA)

T
β (y)} for all x,y∈ X.

Therefore the cubic(α̃ ,β )-translationAT
(α̃ ,β ) of A is a

cubic subalgebra of X.

Theorem 2Let A= (µ̃A,νA) be a cubic subset of X such
that the cubic(α̂ ,β )-translation AT

(α̃ ,β ) of A is a cubic

subalgebra of X for somẽα ∈ D[0,T],β ∈ [0,τ] Then
A= (µ̃A,νA) is a cubic subalgebra of X.

Proof.HereAT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) is a cubic subalgebra

of X and letx,y∈ X, we have

µ̃A(x∗ y)+ α̃ = (µ̃A)
T
α̃(x∗ y)

� rmin{(µ̃A)
T
α̃(x),(µ̃A)

T
α̃(y)}

= rmin{µ̃A(x)+ α̃, µ̃A(y)+ α̃}

= rmin{µ̃A(x), µ̃A(y)}+ α̃
νA(x∗ y)−β = (νA)

T
β (x∗ y)

≤ max{(νA)
T
β (x),(νA)

T
β (y)}

= max{νA(x)−β ,νA(y)−β}
= max{νA(x),νA(y)}−β for all x,y∈ X.

Which implies µ̃A(x ∗ y) � rmin{µ̃A(x), µ̃A(x)} and
νA(x∗ y) ≤ max{νA(x),νA(x)}. HenceA = (µ̃A,νA) is a
cubic subalgebra of X.

Theorem 3Let A=(µ̃A,νA) be a cubic subset of X and0≤
α ≤T whereα̃ = [α ,α]∈D[0,T], β ∈ [0,τ] andγ ∈ (0,1].
Then A= (µ̃A,νA) is cubic subalgebra of X iff AMT

(α̃ ,β ;γ)is
cubic subalgebra of X.

Proof.It follows from Theorem1 and Theorem2.

Theorem 4Intersection and union of any two
(α̃,β )-translations of a cubic subalgebra of X is also a
cubic subalgebra of X.

Proof.Let AT
(α̃,β ) and AT

(γ̃,δ ) be two fuzzy translatons a
cubic subalgebra A = (µ̂A,νA) of X. Where
α̃, γ̃ ∈ D[0,T],β ,δ ∈ [0,τ] Assume that̃α � γ̃ andβ ≥ δ
By Theorem1 AT

(α̃ ,β ) andAT
(γ̃,δ ) are cubic subalgebras of

X. Now

((µ̃A)
T
α̃ ∪̃(µ̃A)

T
γ̃ )(x) = rmax{(µ̃A)

T
α̃ (x),(µ̃A)

T
γ̃ (x)}

= rmax{µ̃A(x)+ α̃, µ̃A(x)+ γ̃}
= rmax{[µA(x)+α,µA(x)+α], [µA(x)+ γ,µA(x)+ γ]}

= [max{µA(x)+α,µA(x)+ γ},max{µA(x)+α,µA(x)+ γ}]

= [µA(x)+ γ,µA(x)+ γ]

= µ̃A(x)+ γ̃ = (µ̃A)
T
γ̃ (x).

((νA)
T
β ∪ (νA)

T
δ )(x) = min{(νA)

T
β (x),(νA)

T
δ (x)}

= min{νA(x)−β ,νA(x)−δ}
= νA(x)−β
= (νA)

T
β (x)
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Also

((µ̃A)
T
α̃ ∩̃(µ̃A)

T
γ̃ )(x) = rmin{(µ̃A)

T
α̃ (x),(µ̃A)

T
γ̃ (x)}

= rmin{µ̃A(x)+ α̃, µ̃A(x)+ γ̃}
= rmin{[µA(x)+α,µA(x)+α], [µA(x)+ γ,µA(x)+ γ ]}

= [min{µA(x)+α,µA(x)+ γ},min{µA(x)+α,µA(x)+ γ}]

= [µA(x)+α,µA(x)+α]

= µ̃A(x)+ α̃ = (µ̃A)
T
α̃ (x)

((νA)
T
β ∩ (νA)

T
δ )(x) = max{(νA)

T
β (x),(νA)

T
δ (x)}

= max{νA(x)−β ,νA(x)−δ}
= νA(x)−δ
= (νA)

T
δ (x)

Definition 14For two cubic sets A= (µ̃A,νA) and
B = (µ̃B,νB) of X. We define
A ⊑ B ⇐⇒ µ̃A � µ̃B,νA ≥ νB for all x ∈ X. Then we say
that B is an cubic extension of A.

Definition 15Let A= (µ̃A,νA) and B= (µ̃B,νB) be two
cubic subsets of X. Then, B is called a cubic
S-extension(subalgebra-extension) of A if the following
assertions are valid:
(i) B is a cubic extension of A.
(ii) If A is a cubic subalgebra of X, then B is a cubic
subalgebra of X.

Theorem 5Let A= (µ̃A,νA) be a cubic subset of X and
α̃ ∈ D[0,T],β ∈ [0,τ] Then the the cubic
(α̃,β )-translation AT

(α̃ ,β ) of A is a cubic S-extension of A.

Proof.HereA= (µ̃A,νA) andAT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β )

Now, µ̃A(x) + α̃ = (µ̃A)
T
α̃(x). Which implies

µ̃A(x)� (µ̃A)
T
α̃ (x).

Again νA(x) − β = (νA)
T
β (x). Which implies

νA(x)≥ (νA)
T
β (x).

ThereforeA ⊑ AT
(α̃ ,β ). HenceAT

(α̃,β ) is a cubic extension
of A.
Since A is a cubic subalgebra of X. ThereforeAT

(α̃ ,β ) of A

is a cubic subalgebra of X. HenceAT
(α̃,β ) is a cubic

S-extension of A.

Remark 1The converse of above theorem is not true as
seen in the following Example.

Example 6Consider BCK-algebra X as in Example1.
Define a cubic set A= (µ̃A,νA) in X by

µ̃A =

(

0 a b c d
[0.6,0.7] [0.15,0.25] [0.4,0.5] [0.3,0.4] [0.5,0.65]

)

and

νA =

(

0 a b c d
0.2 0.7 0.4 0.6 0.3

)

Then it is easy to verify that A is cubic subalgebra of
X. let B= (µ̃B,νB) be an cubic subset of X defined by

µ̃B=

(

0 a b c d
[0.62,0.8] [0.18,0.3] [0.48,0.52] [0.33,0.43] [0.54,0.7]

)

and

νB =

(

0 a b c d
0.11 0.61 0.38 0.56 0.24

)

Then B= (µ̃B,νB) is an cubic S-extension of A. But it is not
the cubic(α̃,β )-translation AT

(α̃,β ) = ((µ̃A)
T
α̃ ,(νA)

T
β ) of A

for all α̃ ∈ D[0,T],β ∈ [0,τ].

Theorem 6Intersection of any two cubic S-extensions of a
cubic subalgebra of X is also a cubic S-extension of X.

Proof.Let S= (µ̃S,νS) andT = (µ̃T ,νT) be two cubic S-
extensions of a cubic subalgebraA= (µ̃A,νA). Therefore
we haveA ⊑ S⇐⇒ µ̃A � µ̃S,νA ≥ νS for all x ∈ X. and
A⊑ T ⇐⇒ µ̃A � µ̃T ,νA ≥ νT for all x∈ X. Since

(µ̃S∩̃µ̃T )(x) = rmin{µ̃S(x), µ̃T (x)}=

{

µ̃T (x) if µ̃S(x)� µ̃T (x)
µ̃S(x) if µ̃T (x)� µ̃S(x)

(νS∩νT)(x) = max{νS(x),νT(x)}=

{

νS(x) if νS(x)≥ νT (x)

νT (x) if νT (x)≥ νS(x)

Henceµ̃A(x) � (µ̃S∩̃µ̃T)(x) andνA(x) ≥ (νS∩νT)(x) for
all x∈ X.
ThereforeS⊓T is a cubic S-extension of X.

Remark 2Union of two cubic S-extensions of a cubic
subalgebra of X may not a cubic S-extension of X as
shown in following example.

Example 7Consider BCK-algebra X= {0,a,b,c,d} with
the following cayley table.

* 0 a b c d
0 0 0 0 0 0
a a 0 a 0 0
b b b 0 0 0
c c c c 0 0
d d c d a 0

Define a cubic set A= (µ̃A,νA) in X by

µ̃A =

(

0 a b c d
[0.7,0.8] [0.5,0.6] [0.2,0.4] [0.5,0.6] [0.3,0.5]

)

and

νA =

(

0 a b c d
0.2 0.5 0.7 0.5 0.6

)

Then it is easy to verify that A is cubic fuzzy
subalgebra of X. Let S= (µ̃S,νS) and T = (µ̃T ,νT) be
two cubic subsets of X defined by

µ̃S=

(

0 a b c d
[0.75,0.85] [0.6,0.7] [0.25,0.45] [0.6,0.7] [0.7,0.8]

)

and

νS=

(

0 a b c d
0.15 0.4 0.6 0.4 0.3

)

µ̃T =

(

0 a b c d
[0.8,0.9] [0.65,0.77] [0.3,0.4] [0.62,0.7] [0.5,0.6]

)
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and

νT =

(

0 a b c d
0.1 0.3 0.5 0.35 0.4

)

Now S⊔T = (µ̃(S∪̃T),ν(S∪T)), where

µ̃(S∪̃T) =

(

0 a b c d
[0.8,0.9] [0.65,0.77] [0.3,0.4] [0.62,0.7] [0.7,0.8]

)

and

ν(S∪T) =

(

0 a b c d
0.1 0.3 0.5 0.35 0.3

)

Then S and T both are cubic S-extension of A. Also S⊔T
is cubic extension of A but S⊔T is not cubic S-extension
of A. Since µ̃(S∪̃T)(d ∗ a) = µ̃(S∪̃T)(c) = [0.62,0.7] 6�
[0.65,0.77] = rmin{[0.65,0.77], [[0.7,0.8]} =
rmin{µ̃(S∪̃T)(a), µ̃(S∪̃T)(d)} and ν(S∪T)(d ∗ a) =

ν(S∪T)(c) = 0.35 6≤ 0.3= max{ν(S∪T)(a),ν(S∪T)(d)}.

Definition 16For a cubic subset A= (µ̃A,νA) of X. Letα̃ ∈
D[0,T],β ∈ [0,τ] and witht̃ � α̃ . Let

Uα̃(µ̃A; t̃) = {x∈ X|µ̃A(x)� t̃ − α̃}

Lβ (νA;s) = {x∈ X|νA(x)≤ s+β}

Theorem 7If A is a cubic subalgebra of X, then Uα̃(µ̃A; t̃)
and Lβ (νA;s) are subalgebras of X for all̃t ∈ Im(µ̃A),s∈
Im(νA).

Proof.Let x,y ∈ Uα̃(µ̃A; t̃). Thereforeµ̃A(x) � t̃ − α̃ and
µ̃A(y)� t̃ − α̃. Now

µ̃A(x∗ y) � rmin{µ̃A(x), µ̃A(y)}

� rmin{t̃− α̃, t̃ − α̃}

= t̃ − α̃
⇒ µ̃A(x∗ y) � t̃ − α̃.

Which impliesx∗ y∈Uα̃(µ̃A; t̃).
Let x,y∈ Lβ (νA;s). ThereforeνA(x) ≤ s+β andνA(y)≤
s+β . Now

νA(x∗ y) ≤ max{νA(x),νA(y)}

≤ max{s+β ,s+β}= s+β
⇒ νA(x∗ y) ≤ s+β .

Which impliesx∗ y∈ Lβ (νA;s).

Remark 3In above Theorem if A is not a cubic subalgebra
of X, then Ũα(µ̃A; t̃) and Lβ (νA;s) are not subalgebras of
X as seen in the following example.

Example 8Consider BCK-algebra X as in Example1.
Define a cubic set A= (µ̃A,νA) in X by

µ̃A =

(

0 a b c d
[0.2,0.4] [0.5,0.7] [0.6,0.75] [0.7,0.8] [0.3,0.5]

)

and

νA =

(

0 a b c d
0.6 0.3 0.4 0.5 0.8

)

Since µ̃A(a ∗ c) = µ̃A(0) = [0.2,0.4] 6� [0.5,0.7] =
rmin{µ̃A(a), µ̃A(c)} and
νA(b ∗ b) = νA(0) = 0.6 6≤ 0.4 = max{νA(b),νA(b)}.
Therefore A= (µ̃A,νA) is not a cubic subalgebra of X. Let
α̃ = [0.1,0.2] ∈ D[0,0.2],β = 0.25 ∈ [0,0.3] and
t̃ = [0.5,0.8],s = 0.3,. Then Ũα(µ̃A; t̃) = {a,b,c} and
Lβ (νA;s) = {a,b,c}. Since a∗ c = 0 6∈ Uα̃(µ̃A; t̃) and
a ∗ c = 0 6∈ Lβ (νA;s). Therefore both Ũα(µ̃A; t̃) and
Lβ (νA;s) are not a subalgebras of X.

Theorem 8For α̃ ∈ D[0,T],β ∈ [0,τ] let
AT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) be the cubic(α̂ ,β ) translation of

A = (µ̃A,νA). Then, the following assertions are
equivalent:
(i) AT

(α̃,β ) = ((µ̃A)
T
α̃ ,(νA)

T
β ) is a cubic subalgebra of X.

(ii) U α̃(µ̃A; t̃) and Lβ (νA;s) are subalgebra of X for
t̃ ∈ Im(µ̃A),s∈ Im(νA) with t̃ � α̃.

Proof.Assume thatAT
(α̃,β ) is a cubic subalgebra of X.

Then,(µ̃A)
T
α̃ is an interval valued fuzzy subalgebra of X

and (νA)
T
β is a doubt fuzzy subalgebra of X. Let

x,y ∈ Uα̃(µ̃A; t̃) and t̃ ∈ Im(µ̃A) with t̃ � α̂. Then
µ̃A(x) � t̃ − α̃ and µ̃A(y) � t̃ − α̃ . That is
(µ̃A)

T
α̃(x) = µ̃A(x)+ α̃ � t̃ and(µ̃A)

T
α̃(y) = µ̃A(y)+ α̃ � t̃.

Since(µ̃A)
T
α̃ is an interval valued fuzzy subalgebra of X,

therefore, we haveµ̃A(x ∗ y) + α̃ = (µ̃A)
T
α̃(x ∗ y) �

rmin{(µ̃A)
T
α̃(x),(µ̃A)

T
α̃(y)} � t̃. which implies

µ̃A(x∗ y)� t̃ − α̃ so thatx∗ y∈Uα̃(µ̃A; t̃).
Again let x,y ∈ X such that x,y ∈ Lβ (νA;s) and

s ∈ Im(νA). Then νA(x) ≤ s+ β and νA(y) ≤ s+ β
i.e.,(νA)

T
β (x) = νA(x) − β ≤ s and

(νA)
T
β (y) = νA(x)− β ≤ s. Since(νA)

T
β is a doubt fuzzy

subalgebra of X, it follows that

νA(x∗y)−β =(νA)
T
β (x∗y)≤max{(νA)

T
β (x),(νA)

T
β (y)}≤ s

That is νA(x ∗ y) ≤ s+ β . So that x ∗ y ∈ Lβ (νA;s).
ThereforeUα̃(µ̃A; t̃) andLβ (νA;s) are subalgebras of X.

Conversely, suppose thatUα̃(µ̃A; t̃) and L(νA;s) are
subalgebras of X for̃t ∈ Im(µ̃A),s∈ Im(νA) with t̃ ≥ α̂ .
If AT

(α̃,β ) = ((µ̃A)
T
α̃ ,(νA)

T
β ) is not a cubic subalgebra of X.

Then there exists somea,b,c,d ∈ X such that at least one
of (µ̃A)

T
α̃(a ∗ b) ≺ rmin{(µ̃A)

T
α̃(a),(µ̃A)

T
α̃(b)} and

(νA)
T
β (c ∗ d) > max{(νA)

T
β (c),(νA)

T
β (d)} hold. Suppose

(µ̃A)
T
α̃(a∗ b) ≺ rmin{(µ̃A)

T
α̃ (a),(µ̃A)

T
α̃ (b)} holds. choose

t̃ ∈ D[0;1] such that

(µ̃A)
T
α̃(a∗b)≺ t̃ � rmin{(µ̃A)

T
α̃(a),(µ̃A)

T
α̃(b)}

thenµ̃A(a)� t̃− α̃ andµ̃A(y)� t̃− α̃ but µ̃A(a∗b)≤ t̃− α̃
This shows thata∈Uα̃(µ̃A; t̃) andb∈Uα̃(µ̃A; t̃) buta∗b 6∈
Uα̃(µ̃A; t̃) This is a contradiction, and therefore(µ̃A)

T
α̃(x∗

y)� rmin{(µ̃A)
T
α̃(x),(µ̃A)

T
α̃(y)} for all x,y∈ X.

Again if (νA)
T
β (c ∗ d) > max{(νA)

T
β (c),(νA)

T
β (d)}

holds. Then choose δ ∈ (0,1] such that
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(νA)
T
β (c ∗ d) > δ ≥ max{(νA)

T
β (c),(νA)

T
β (d)}. Then

νA(c) ≤ δ +β andνA(d) ≤ δ +β but νA(c∗d)≥ δ +β .
Hence c ∈ L(νA;s) and d ∈ Lβ (νA;s) but
c ∗ d 6∈ Lβ (νA;s). This is impossible and therefore
(νA)

T
β (x∗ y) ≤ max{(νA)

T
β (x),(νA)

T
β (y)}. for all x,y ∈ X.

Consequently AT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) is a cubic

subalgebra of X.

Theorem 9Let A= (µ̃A,νA) be a cubic subalgebra of X
and let α̃ ∈ D[0,T],β ∈ [0,τ] If α̃ � γ̃,β ≥ δ then the
cubic(α̃ ,β ) translation AT

(α̃,β ) = ((µ̃A)
T
α̃ ,(νA)

T
β ) of A is a

cubic S-extension of the cubic(γ̃,δ )-translation AT
(γ̃,δ ) =

((µ̃A)
T
γ̃ ,(νA)

T
δ ) of A.

Proof.Straightforward.

Theorem 10Let A= (µ̃A,νA) be a cubic subalgebra of X
and letγ̂ ∈ D[0,T],δ ∈ [0,τ]. For every cubic S-extension
B = (µ̃B,νB) of the cubic (γ̃,δ )-translation
AT
(γ̃,δ ) = ((µ̃A)

T
γ̃ ,(νA)

T
δ ) of A., there exists

α̃ ∈ D[0,T],β ∈ [0,τ]. such thatα̃ � γ̃,β ≥ δ and B is a
cubic S-extension of the cubic(α̃ ,β )-translation
AT
(α̃,β ) = ((µ̂A)

T
α̃ ,(νA)

T
β ) of A.

Example 9Illustration of Theorem 10
Consider a cubic set A= (µ̃A,νA) in X as in Example1,

µ̃A =

(

0 a b c d
[0.6,0.7] [0.15,0.25] [0.4,0.5] [0.3,0.4] [0.5,0.65]

)

and

νA =

(

0 a b c d
0.2 0.7 0.4 0.6 0.3

)

Then it is easy to verify that A= (µ̃A,νA) is a cubic
subalgebra of X. Here
T = 1 − sup{µA(x) |x ∈ X.} = 1 − 0.7 = 0.3 and
τ = in f{νA(x)|x∈ X}= 0.2. Let γ̃ = [0.05, 0.1]∈ D[0,T]
and δ = 0.1 ∈ [0,τ]. Then the (γ̃,δ )-translation
((µ̃A)

T
[0.05, 0.1],(νA)

T
0.1) of cubic set A= (µ̃A,νA) is given

by

(µ̃A)
T
[0.05,0.1] =

(

0 a b c d
[0.65,0.80] [0.2,0.35] [0.45,0.6] [0.35,0.5] [0.55,0.75]

)

and

(νA)
T
0.1 =

(

0 a b c d
0.1 0.6 0.3 0.5 0.2

)

Let B= (µ̃B,νB) be a cubic subset of X defined by

µ̃B =

(

0 a b c d
[0.75,0.91] [0.35,0.50] [0.51,0.75] [0.45,0.61] [0.65,0.86]

)

and

νB =

(

0 a b c d
0.01 0.52 0.2 0.42 0.14

)

Then B is a cubic S-extension of(γ̃,δ )-translation AT
(γ̃,δ ) of

A and it can be easily verified that B is a cubic subalgebra
of X. But B is not a cubic(α̃,β )-translation of A for all

α̂ ∈ D[0,T],β ∈ [0,τ]. If we takeα̂ = [0.1,0.2] and β =
0.15 then α̃ � γ̃,β ≥ δ and the cubic(α̃ ,β )-translation
AT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) of A is given by

(µ̃A)
T
[0.1, 0.2] =

(

0 a b c d
[0.7,0.9] [0.25,0.45] [0.5,0.7] [0.4,0.6] [0.6,0.85]

)

and

(νA)
T
0.15 =

(

0 a b c d
0.05 0.55 0.25 0.45 0.15

)

Since µ̃B(x) � (µ̂A)
T
α̃(x) and νB(x) ≤ (νA)

T
β ) Therefore

AT
(α̃,β ) ⊑ B i.e., B is an cubic S-extension of the cubic

(α̃,β )-translation AT
(α̃ ,β ) of A.

Theorem 11A= (µ̃A,νA) be a cubic subalgebra of X, then
the following assertions are equivalent:
(i) A is a cubic subalgebra of X.
(ii) For all γ ∈ (0,1], AM

γ is a cubic subalgebra of X.

Proof.Let A = (µ̃A,νA) be a cubic subalgebra of X.
Therefore µ̃A(x ∗ y) � rmin{µ̃A(x), µ̃A(y)} and
νA(x∗ y)≤ max{νA(x),νA(y)}, for all x,y∈ X

(µ̃A)
M
γ (x∗ y) = µ̃A(x∗ y).γ � rmin{µ̃A(x), µ̃A(y)}.γ

= rmin{µ̃A(x).γ, µ̃A(y).γ}
= rmin{(µ̃A)

M
γ (x),(µ̃A)

M
γ (y)}

(νA)
M
γ (x∗ y) = νA(x∗ y).γ ≤ max{νA(x),νA(y)}.γ

= max{νA(x).γ,νA(y).γ}
= max{νA(x).γ,νA(y).γ}
= max{(νA)

M
γ (x),(νA)

M
γ (y)}

HenceAM
γ is a cubic subalgebra of X.

Conversely letγ ∈ (0,1] be such thatAM
γ =((µ̃A)

M
γ ,(νA)

M
γ )

is a cubic subalgebra of X. Then for allx,y∈ X, we have

µ̃A(x∗ y).γ = (µ̃A)
M
γ (x∗ y) � rmin{(µ̃A)

M
γ (x),(µ̃A)

M
γ (y)}

= rmin{µ̃A(x).γ, µ̃A(y).γ}
= rmin{µ̃A(x), µ̃A(y)}.γ

νA(x∗ y).γ = (νA)
M
γ (x∗ y) ≤ max{(νA)

M
γ (x),(νA)

M
γ (y)}

= max{νA(x).γ,νA(y).γ}
= max{νA(x),νA(y)}.γ

Thereforeµ̃A(x∗y)� rmin{µ̃A(x), µ̃A(y)} andνA(x∗y)≤
max{νA(x),νA(y)} for all x,y∈ X sinceγ 6= 0. Hence,A=
(µ̃A,νA) be a cubic subalgebra of X.

5 Translations of Cubic Ideals

Theorem 12Let A= (µ̃A,νA) be a cubic ideal of X and let
α̃ ∈ D[0,T],β ∈ [0,τ]. Then the cubic(α̃ ,β )-translation
AT
(α̃,β ) of A is a cubic ideal of X.

c© 2017 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


82 A. Dutta et al.: Translations and multiplications of...

Proof.HereAT
(α̃ ,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) and letx,y∈ X. Then

(µ̃A)
T
α̃(0) = µ̃A(0) + α̃ � µ̃A(x) + α̃ = (µ̃A)

T
α̃(x) and

(νA)
T
β )(0) = νA(0)− β ≤ νA(x)− β = (νA)

T
β )(x) for all

x∈ X. Also

(µ̃A)
T
α̃ (x) = µ̃A(x)+ α̃

� rmin{µ̃A(x∗y), µ̃A(y)}+ α̃
= rmin{µ̃A(x∗y)+ α̃ , µ̃A(y)+ α̃}

= rmin{(µ̃A)
T
α̃(x∗y),(µ̃A)

T
α̃(y)}

(νA)
T
β (x) = νA(x)−β

≤ max{νA(x∗y),νA(y)}−β
= max{νA(x∗y)−β ,νA(y)−β}
= max{(νA)

T
β (x∗y),(νA)

T
β (y)} for all x,y∈ X.

Therefore the cubic(α̃ ,β )-translationAT
(α̃ ,β ) of A is a

cubic ideal of X.

Theorem 13Let A= (µ̃A,νA) be a cubic subset of X such
that the cubic(α̃ ,β )-translation AT

(α̃ ,β ) of A is a cubic

ideal of X for some α̃ ∈ D[0,T],β ∈ [0,τ]. Then
A= (µ̃A,νA) is a cubic ideal of X.

Proof.We haveAT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) and letx,y ∈ X,

we have

µ̃A(0)+ α̃ = (µ̃A)
T
α̃(0)

� (µ̃A)
T
α̃(x)

= µ̃A(x)+ α̃
νA(0)−β = (νA)

T
β (0)

≤ (νA)
T
β (x)

= νA(x)−β , for all x,y∈ X.

Which impliesµ̃A(0)≥ µ̃A(x) andνA(0)≤ νA(x)

µ̃A(x)+ α̃ = (µ̃A)
T
α̃ (x)

= rmin{(µ̃A)
T
α̃ (x∗y),(µ̃A)

T
α̃ (y)}

= rmin{µ̂A(x∗y)+ α̂ , µ̃A(y)+ α̂}

� rmin{µ̃A(x∗y), µ̃A(y)}+ α̃
νA(x)−β = (νA)

T
β )(x)

≤ max{(νA)
T
β (x∗y),(νA)

T
β (y)}

= max{νA(x∗y)−β ,νA(y)−β}
= max{νA(x∗y),νA(y)}−β , for all x,y∈ X.

Which implies µ̃A(x) � rmin{µ̃A(x ∗ y), µ̃A(y)} and
νA(x) ≤ max{νA(x∗ y),νA(y)}. HenceA = (µ̃A,νA) is a
cubic ideal of X.

Theorem 14Let A= (µ̃A,νA) be a cubic subset of X and
0≤ α ≤ T whereα̃ = [α,α] ∈ D[0,T], β ∈ [0,τ] andγ ∈
(0,1]. Then A= (µ̃A,νA) is cubic ideal of X iff AMT

(α̃ ,β ;γ)is
cubic ideal of X.

Proof.It follows from Theorem12and Theorem13.

Lemma 1Let A= (µ̃A,νA) be a cubic ideal of X. If x≤ y,
thenµ̃A(x)� µ̃A(y) andνA(x)≤ νA(y) that is µ̃A is order-
reversing andνA is order preserving.

Proof.Let x,y∈ X be such thatx≤ y. Thenx∗y= 0 and so

µ̃A(x)� rmin{µ̃A(x∗y), µ̃A(y)}= rmin{µ̃A(0), µ̃A(y)}= µ̃A(y)

νA(x)≤ max{νA(x∗y),νA(y)}= max{νA(0),νA(y)}= νA(y)

This completes the proof.

Theorem 15let α̃ ∈D[0,T],β ∈ [0,τ] and A= (µ̃A,νA) be
a cubic ideal of X. If X is a BCK-algebra, then the cubic
(α̃,β )-translation AT

(α̃ ,β ) of A is a cubic subalgebra of X.

Proof.Sincex∗ y≤ x for all x,y∈ X , then by lemma1 we
haveµ̃A(x∗ y)� µ̃A(x) andνA(x∗ y)≤ νA(x). Now

(µ̃A)
T
α̃(x∗ y) = µ̃A(x∗ y)+ α̃

� µ̃A(x)+ α̃
� rmin{µ̃A(x∗ y), µ̃A(y)}+ α̃
� rmin{µ̃A(x), µ̃A(y)}+ α̃
= rmin{µ̃A(x)+ α̃, µ̃A(y)+ α̃}

= rmin{(µ̃A)
T
α̃(x),(µ̃A)

T
α̃ (y)}

(νA)
T
β (x∗ y) = νA(x∗ y)−β

≤ νA(x)−β
≤ max{νA(x∗ y),νA(y)}−β
≤ max{νA(x),νA(y)}−β
= max{νA(x)−β ,νA(y)−β}
= max{(νA)

T
β (x),(νA)

T
β (y)} for all x,y∈ X.

Hence the cubic(α̃,β )-translationAT
(α̃ ,β ) of A is a cubic

subalgebra of X.

Theorem 16Let A= (µ̃A,νA) be a cubic ideal of X such
that the cubic fuzzy (α̃ ,β )-translation
AT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) of A is a cubic ideals of X for all

α̃ ∈ D[0,T],β ∈ [0,τ]. If (x∗ y) ∗ z= 0 for all x,y,z∈ X,
then (µ̃A)

T
α̃(x) � rmin{(µ̃A)

T
α̃(y),(µ̃A)

T
α̃(z)} and

(νA)
T
β (x)≤ max{(νA)

T
β (y),(νA)

T
β (z)}.

Proof.Let x,y,z∈ X, be such that(x∗ y)∗ z= 0. Then,

(µ̃A)
T
α̃ (x) � rmin{(µ̃A)

T
α̃ (x∗y),(µ̃A)

T
α̃ (y)}

� rmin{rmin{(µ̃A)
T
α̃ ((x∗y)∗z),(µ̃A)

T
α̃ (z)}(µ̃A)

T
α̃ (z)}

= rmin{rmin{(µ̃A)
T
α̃ (0),(µ̃A)

T
α̃ (z)},(µ̃A)

T
α̃ (y)}

= rmin{(µ̃A)
T
α̃ (z),(µ̃A)

T
α̃ (y)} Since(µ̃A)

T
α̃ (0)� (µ̃A)

T
α̃ (y)

= rmin{(µ̃A)
T
α̃ (y),(µ̃A)

T
α̃ (z)}

(νA)
T
β (x) ≤ max{(νA)

T
β (x∗y),(νA)

T
β (y)}

≤ max{max{(νA)
T
β ((x∗y)∗z),(νA)

T
β (z)},(νA)

T
β (y)}

≤ max{max{(νA)
T
β (0),(νA)

T
β (z)},(νA)

T
β (y)}

= max{(νA)
T
β (z),(νA)

T
β (y)} Since(νA)

T
β (0)≤ (νA)

T
β (y)

= max{(νA)
T
β (y),(νA)

T
β (z)}
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Theorem 17Intersection and union of any two
(α̃,β )-translations of a cubic ideals of X is also a cubic
ideal of X.

Proof.Same as Theorem4.

Definition 17Let A= (µ̃A,νA) and B= (µ̃B,νB) be two
cubic subsets of X. Then B is called a cubic I-extension (
ideal-extension) of A if the following assertions are valid:
(i) B is a cubic extension of A.
(ii) If A is a cubic ideal of X, then B is a cubic ideal of X.

Theorem 18Let A= (µ̃A,νA) be a cubic ideal of X and
α̃ ∈ D[0,T],β ∈ [0,τ]. Then the cubic(α̃ ,β )-translation
AT
(α̃,β ) of A is a cubic I-extension of A.

Proof.HereA= (µ̃A,νA) andAT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β )

Now µ̃A(x) + α̃ = (µ̃A)
T
α̃(x). Which implies

µ̃A(x) � (µ̃A)
T
α̃ (x). Again νA(x)−β = (νA)

T
β (x). Which

impliesνA(x)≥ (νA)
T
β (x).

ThereforeA ⊑ AT
(α̃ ,β ). HenceAT

(α̃,β ) is a cubic extension
of A.
Since A is a cubic ideal of X. ThereforeAT

(α̃ ,β ) of A is a

cubic ideal of X. HenceAT
(α̃,β ) is a cubic I-extension of A.

Remark 4The converse of above theorem is not true as
seen in the following Example.

Example 10Consider BCK-algebra X as in Example1.
Define a cubic set A= (µ̃A,νA) in X by

µ̃A =

(

0 a b c d
[0.7,0.8] [0.4,0.6] [0.1,0.3] [0.4,0.6] [0.1,0.3]

)

and

νA =

(

0 a b c d
0.7 0.3 0.2 0.3 0.2

)

Then A= (µ̃A,νA) is a cubic ideal of X. let B= (µ̂B,νB)
be an cubic subset of X defined by

µ̃B =

(

0 a b c d
[0.72,0.9] [0.42,0.69] [0.11,0.37] [0.42,0.69] [0.11,0.37]

)

and

νB =

(

0 a b c d
0.75 0.31 0.29 0.31 0.29

)

Then B= (µ̃B,νB) is an cubic I-extension of A. But it is not
the cubic(α̃ ,β )-translation AT

(α̃ ,β ) = ((µ̃A)
T
α̃ ,(νA)

T
β ) of A

for all α̃ ∈ D[0,T],β ∈ [0,τ].

Theorem 19Intersection of any two cubic I-extensions of
a cubic ideals of X is also a cubic I-extension of X.

Proof.Same as Theorem6.

Remark 5Union of two cubic I-extensions of a cubic ideal
of X may not a cubic ideal of X.

Definition 18For a cubic fuzzy subset A= (µ̃A,νA) of X.
Let α̃ ∈ D[0,T],β ∈ [0,τ] and witht̃ ≥ α̃. Let

Uα̃(µ̃A; t̃) = {x∈ X|µ̃A � t̃ − α̃}

Lβ (νA;s) = {x∈ X|νA ≤ s+β}

Theorem 20If A is a cubic ideal of X, then Ũα(µ̃A; t̃) and
Lβ (νA;s) are ideals of X for allα̃ ∈ D[0,T],β ∈ [0,τ].

Proof.Let x ∈ Uα̃(µ̃A; t̃). Thereforeµ̃A(x) � t̃ − α̃ . Now
µ̃A(0) � µ̃A(x) � t̃ − α̃ ⇒ µ̃A(0) � t̃ − α̃. Which implies
0∈Uα̃(µ̃A; t̃). Again letx∈ Lβ (νA;s). ThereforeνA(x) ≤
s+β .NowνA(0)≤ νA(x)≤ s+β ⇒ νA(0)≤ s+β . Which
implies 0∈ Lβ (νA;s). Let x∗ y,y ∈ Uα̃(µ̃A; t̃). Therefore
µA(x∗ y)� t̃ − α̃ andµA(y)� t̃ − α̃. Now

µ̃A(x) � rmin{µ̃A(x∗ y), µ̃A(y)}

� rmin{t̃ − α̃, t̃ − α̃}

= t̃ − α̃
⇒ µ̃A(x) � t̃ − α̃

Which impliesx∈Uα̃(µ̃A; t̃).
Let x∗ y,y ∈ Lβ (νA;s). ThereforeνA(x∗ y) ≤ s+ β and
νA(y)≤ s+β . Now

νA(x) ≤ max{νA(x∗ y),νA(y)}

≤ max{s+β ,s+β}= s+β
⇒ νA(x) ≤ s+β

Which implies x ∈ Lβ (νA;s). Hence Uα̃(µ̃A; t̃) and
Lβ (νA;s) are ideals of X.

Remark 6In above Theorem if A is not a cubic ideal of X,
then Uα̃(µ̃A; t̃) and Lβ (νA;s) are not an ideals of X as seen
in the following example.

Example 11Consider BCK-algebra X as in Example1.
Define a cubic set A= (µ̃A,νA) in X by

µ̃A =

(

0 a b c d
[0.2,0.4] [0.5,0.7] [0.6,0.75] [0.7,0.8] [0.5,0.8]

)

and

νA =

(

0 a b c d
0.6 0.3 0.4 0.5 0.3

)

Since µ̃A(a ∗ c) = µ̃A(0) = [0.2,0.4] 6� [0.5,0.7] =
rmin{µ̃A(a), µ̃A(c)} and
νA(b ∗ b) = νA(0) = 0.6 6≤ 0.4 = max{νA(b),νA(b)}.
Therefore A= (µ̃A,νA) is not a cubic ideal of X. Let
α̃ = [0.1,0.15] ∈ D[0,0.2],β = 0.25 ∈ [0,0.3] and
t̃ = [0.4,0.6],s= 0.3,. Then Ũα(µ̃A; t̃) = {a,b,c,d} and
Lβ (νA;s) = {a,b,c,d}. Since a∗ c = 0 6∈ Uα̃(µ̃A; t̃) and
a ∗ c = 0 6∈ Lβ (νA;s). Therefore both Ũα(µ̃A; t̃) and
Lβ (νA;s) are not an ideals of X.

Theorem 21For α̃ ∈ D[0,T],β ∈ [0,τ]. let
AT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) be the cubic(α̃,β )-translation of

A = (µ̃A,νA). Then the following assertions are

c© 2017 NSP
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equivalent:
(i) AT

(α̃,β ) = ((µ̃A)
T
α̃ ,(νA)

T
β ) is a cubic ideal of X.

(ii) U α̃(µ̃A; t̃) and Lβ (νA;s) are ideals of X for
t̃ ∈ Im(µ̃A),s∈ Im(νA) with t̃ � α̂.

Proof.Assume thatAT
(α̃,β ) is a cubic ideal of X. Then

(µ̃A)
T
α̃ is an interval valued ideal of X and(νA)

T
β is a

doubt fuzzy ideal of X. Letx∈ X such thatx ∈Uα̃(µ̃A; t̃)
and t̃ ∈ Im(µ̃A) with t̃ � α̃. Then µ̃A(x) � t̃ − α̃. That is
(µ̃A)

T
α̃(x) = µ̃A(x) + α̃ � t̃. Since (µ̃A)

T
α̃ is an interval

valued fuzzy ideal of X, therefore, we have
µ̃A(0)+ α̃ � (µ̃A)

T
α̃(0) � (µ̃A)

T
α̃ (x) = µ̃A(x) + α̃ � t̃ that

is µ̃A(0)� t̃ − α̃ so that 0∈Uα̃(µA; t̃).
Let x,y ∈ X such thatx∗ y,y ∈ Uα̃(µ̃A; t̃) and t̃ ∈ Im(µ̃A)
with t̃ ≥ α̂ . Then µ̃A(x∗ y) ≥ t̃ − α̃ and µ̃A(y) > t̃ − α̃.
That is (µ̃A)

T
α̃(x ∗ y) = µ̃A(x ∗ y) + α̃ � t̃ and

(µ̃A)
T

α̃(y) = µ̃A(y) + α̃ � t̃. Since(µ̃A)
T
α̃ is an interval

valued fuzzy ideal of X, therefore, we haveµ̃A(x)+ α̃ =
(µ̃A)

T
α̃(x) � rmin{(µ̃A)

T
α̃ (x ∗ y),(µ̃A)

T
α̃(y)} � t̃. That is,

µ̃A(x)� t̃ − α̃ so thatx∈Uα̃(µ̃A; t̃).
Again let x ∈ X such thatx ∈ Lβ (νA;s) ands∈ Im(νA).

Then,νA(x) ≤ s+ β i.e.,(νA)
T
β (x) = νA(x)− β ≤ s. Since

(νA)
T
β is a doubt fuzzy ideal of X it follows that

νA(0)−β = (νA)
T
β (0) ≤ (νA)

T
β (x) = νA(x)−β ≤ s. That

is νA(0)≤ s+β . So that 0∈ Lβ (νA;s).
Again let x,y ∈ X such that x ∗ y,y ∈ Lβ (νA;s) and
s ∈ Im(νA) Then νA(x ∗ y) ≤ s+ β and νA(y) ≤ s+ β
i.e.,(νA)

T
β (x ∗ y) = νA(x) − β ≤ s and

(νA)
T
β (y) = νA(x)− β ≤ s. Since(νA)

T
β is a doubt fuzzy

ideal of X, it follows that
νA(x)−β = (νA)

T
β (x)≤ max{(νA)

T
β (x∗y),(νA)

T
β (y)} ≤ s.

That isνA(x)≤ s+β . So thatx∗ y∈ Lβ (νA;s). Therefore
Uα̃(µ̃A; t̃) andLβ (νA;s) are ideals of X.

Conversely,Uα̃(µ̃A; t̃) and Lβ (νA;s) are ideals of X
for t̃ ∈ Im(µ̃A),s ∈ Im(νA) with t̃ ≥ α̂. If possible
AT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) is not a cubic ideal of X then

there exists some a ∈ X such that
(µ̃A)

T
α̃(0)≺ t̃ � (µ̃A)

T
α̃(a) i.e., µ̃A(0)+ α̃ ≺ t̃ � µ̃A(a)+ α̃

then µ̃A(a) � t̃ − α̃ but µ̃A(0) ≺ t̃ − α̃. This shows that
a ∈ Uα(µA; t̃) but 0 6∈ Uα̃(µ̃A; t̃). This is a contradiction,
and therefore we must have(µ̃A)

T
α̃(0) � (µ̃A)

T
α̃ (x) for all

x,y ∈ X. If there exists a,b ∈ X such that
(µ̃A)

T
α̃(a) ≺ t̃ � rmin{(µ̃A)

T
α̃(a ∗ b),(µ̃A)

T
α̃(b)} then

µ̃A(a∗ b) � t̃ − α̃ and µ̃A(b) � t̃ − α̃ but µ̃A(a) � t̃ − α̃
This shows thata∗ b ∈ Uα̃(µ̃A; t̃) and b ∈ Uα̃(µ̃A; t̃) but
a 6∈ Uα̃(µ̃A; t̃). This is a contradiction, and therefore
(µ̃A)

T
α̃(x) � rmin{(µ̃A)

T
α̃(x ∗ y),(µ̃A)

T
α̃(y)}, for all

x,y∈ X.

Again assume that there existc ∈ X such that
(νA)

T
β (0) > δ ≥ (νA)

T
β (c) Then νA(c) ≤ δ + β

νA(0)≥ δ +β . Hencec∈ Lβ (νA;s) 0 6∈ Lβ (νA;s). This is
impossible and therefore(νA)

T
β (0) ≤ (νA)

T
β (x) for all

x,y∈ X.

Again assume that there existc,d ∈ X such that
(νA)

T
β (c) > δ ≥ max{(νA)

T
β (c ∗ d),(νA)

T
β (d)}. Then

νA(c∗d) ≤ δ +β andνA(d) ≤ δ +β but νA(c) ≥ δ +β
Hence c ∗ d ∈ Lβ (νA;s) and d ∈ Lβ (νA;s) but
c 6∈ Lβ (νA;s). This is impossible and therefore
(νA)

T
β (x) ≤ max{(νA)

T
β (x∗ y),(νA)

T
β (y)} for all x,y ∈ X.

ConsequentlyAT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) is a cubic ideal of

X.

Theorem 22Let A= (µ̃A,νA) be a cubic subalgebra of X
and let α̃ ∈ D[0,T],β ∈ [0,τ] If α̃ � γ̃,β ≥ δ then the
cubic(α̃,β ) translation AT

(α̃,β ) = ((µ̃A)
T
α̃ ,(νA)

T
β ) of A is a

cubic I-extension of the cubic(γ̂,δ )-translation AT
(γ̃,δ ) =

((µ̂A)
T
γ̃ ,(νA)

T
δ ) of A.

Proof.It is straightforward.

Theorem 23Let A= (µ̃A,νA) be a cubic ideal of X and let
γ̃ ∈ D[0,T],δ ∈ [0,τ]. For every cubic I-extension
B = (µ̃B,νB) of the cubic (γ̃,δ )-translation
AT
(γ̃,δ ) = ((µ̂A)

T
γ̃ ,(νA)

T
δ ) of A., there exists

α̃ ∈ D[0,T],β ∈ [0,τ] such thatα̃ � γ̃,β ≥ δ and B is an
cubic I-extension of the cubic(α̃ ,β )-translation
AT
(α̃,β ) = ((µ̃A)

T
α̃ ,(νA)

T
β ) of A.

Proof.It is straightforward.

Theorem 24A = (µ̃A,νA) be a cubic ideal of X, then the
following assertions are equivalent:
(i) A is a cubic ideal of X.
(ii) For all γ ∈ [0,1], AM

γ is a cubic ideal of X.

Proof.Let A= (µ̃A,νA) be a cubic ideal of X. Therefore we
have
µ̃A(0) � µ̃A(x), νA(0) ≤ νA(x), µ̃A(x) � rmin{µ̃A(x∗
y), µ̃A(y)} andνA(x)≤ max{νA(x∗y),νA(y)} for all x,y∈
X. Now

(µ̃A)
M
γ (0) = µ̃A(0).γ � µ̃A(x).γ = (µ̃A)

M
γ (x)

(νA)
M
γ (0) = νA(0).γ ≤ νA(x).γ = (νA)

M
γ (x)

(µ̃A)
M
γ (x) = µ̃A(x).γ � rmin{µ̃A(x∗ y), µ̃A(y)}.γ

= rmin{µ̃A(x∗ y).γ, µ̃A(y).γ}
= rmin{(µ̃A)

M
γ (x∗ y),(µ̃A)

M
γ (y)}

(νA)
M
γ (x) = νA(x).γ ≤ max{νA(x∗ y),νA(y)}.γ

= max{νA(x∗ y).γ,νA(y).γ}
= max{(νA)

M
γ (x∗ y),(νA)

M
γ (y)}

Converse part let γ ∈ [0,1] be such that
AM

γ = ((µ̃A)
M
γ ,(νA)

M
γ ) is a cubic ideal of X. Then, for all

x,y∈ X, we have

µ̃A(0).γ = (µ̃A)
M
γ (0)� (µ̃A)

M
γ (x) = µ̃A(x).γ

c© 2017 NSP
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νA(0).γ = (νA)
M
γ (0)≤ (νA)

M
γ (x) = νA(x).γ

Which impliesµ̃A(0) � µ̃A(x) andνA(0) ≤ νA(x) for
all x∈ X sinceγ 6= 0.

µ̃A(x).γ = (µ̃A)
M
γ (x) � rmin{(µ̃A)

M
γ (x∗ y),(µ̃A)

M
γ (y)}

= rmin{µ̃A(x∗ y).γ, µ̃A(y).γ}
= rmin{µ̃A(x∗ y), µ̃A(y)}.γ

νA(x).γ = (νA)
M
γ (x) ≤ max{(νA)

M
γ (x∗ y),(νA)

M
γ (y)}

= max{νA(x∗ y).γ,νA(y).γ}
= max{νA(x∗ y),νA(y)}.γ

Therefore µ̃A(x) � rmin{µ̃A(x ∗ y), µ̃A(y)} and
νA(x)≤ max{νA(x∗y),νA(y)} for all x,y∈ X sinceγ 6= 0.
HenceA= (µ̃A,νA) is a cubic ideal of X.

6 Conclusion and Future Work

In this paper, we have introduced translation in cubic sets,
particularly we studied translation of cubic subalgebras
and cubic ideals in BCK/BCI-algebras. The relationships
between cubic translations and cubic extensions of cubic
subalgebras and cubic ideals are also discussed. The cubic
translationAT

(α̃,β ) = ((µ̃A)
T
α̃ ,(νA)

T
β ) of a cubic set A can

also be represenred byAT
(α̃ ,β ) = ((µ̃A)

T
˜α+,(νA)

T
β−), where

(µ̃A)
T
α̃+(x) = rmin{µ̃A(x) + α̃ , 1̃} and

(νA)
T
β−(x) = max{νA(x)−β ,0} for all x∈ X, α̃ ∈ D[0,1]

andβ ∈ [0,1]. In this caseAT
(α̃ ,β ) may be called as cubic

translation operator and it has two components(µ̃A)
T
α̃+

and (νA)
T
β− respectively called as̃α-up and β -down

operators. We can study the action of operatorAT
(α̃,β ) in

any cubic structure. It is our hope that this work would
other foundations for further study of the theory cubic
sets. In our future study of cubic sets, we try to introduced
cubic matrices and represent these operators in terms of
cubic matrices.
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