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1 Introduction difficult for an expert to exactly quantify his or her
certainty; therefore, instead of a real number, it is more

After the introduction of fuzzy set by Zadehld]), the  adequate to represent this degree of certainty by an
theory of fuzzy sets, a newly developing subject in interval or even by a fuzzy set. In the first case, we get an
mathematics, which makes inroads into differentinterval-valued fuzzy set. In the second case, we get a
disciplines of mathematics. Among various branches ofsecond-order fuzzy set. Saeidl§]) defined interval
pure mathematics, algebra is one of the subjects whergalued fuzzy BG-algebras. Inq[14,6]) different authors
the notion of fuzzy set is applied. Rosenfeld]) first  applied interval-valued fuzzy sets in various algebraic
fuzzified the algebraic concept of ‘Group’ in to fuzzy structures.
subgroup and opened up a new insight in the field of pure
mathematics. Since then, a host of mathematicians have Using a fuzzy set and an interval-valued fuzzy set, Jun
been engrossed in extending the concepts and results et al. ([8]) introduced a new type of fuzzy sets called a
abstract algebra to boarder framework of fuzzy setting.cubic set, and investigated several properties. Jun et al.
Imai and lIseki (B]) introduced BCK-algebra as a applied the cubic set theory to BCK/BCI-algebra8])X[
generalization of notion of the concept of set theoreticSubsequently the theory of cubic sets attracted by several
difference and propositional calculus and in the same yeamathematicians. Jun et al.8(p,10,11,12]) studied the
Iseki ([4]) introduced the notion of BCl-algebra. Xi(f]) theory of cubic sets in different algebraic structures.
applied the concept of fuzzy set to BCK-algebra andYaqoob and others investigated some properties of cubic
discussed some properties and also introduced fuzzKU-ideals of KU-algebras ([8]). Lee et al. (L3]) and
subalgebra and fuzzy ideals in BCK-algebra. After that aJun([7]) discussed fuzzy translations, fuzzy extensions
huge number of literature has been produced on thend fuzzy multiplications of fuzzy subalgebras and ideals
theory of fuzzy BCK/BCl-algebras. In particular, in BCK/BCl-algebras. They investigated relations among
emphasis seems to have been put on the subalgebra afukzzy translations, fuzzy extensions and fuzzy
ideal theory of fuzzy BCK/BCl-algebras. multiplications. In ([l]) Barbhuiya introduced interval

In ([20]) Zadeh generalized the concept of fuzzy setvalued fuzzy translation and interval valued
by an interval-valued fuzzy set. In traditional fuzzy logic multiplication. In this paper, we introduced the concept of
the expert's degree of certainty in different statementstranslation, multiplication and extension of cubic
represent by numbers from the intery@l 1. It is often  subalgebras and cubic idealsBEK/BCl-algebras.
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2 Preliminaries

In this section, we will recall some concepts related to(D[0, 1],=)

rmin(&,b) = [min(a;,by), min(aj, by)] and
rinfi(&) = [Aiai, Aigg] andrsup (&) = [Via, Via]
is _a complete lattice  with

BCK/BCl-algebra, interval-valued fuzzy sets and cubic A = rmin, vV = rmax 0 = [0, 0] and1 = [1, 1] being the

fuzzy sets.

Definition 1([6,7]) An algebra (X, *,0) of type (2, 0) is
called a BCK-algebra if it satisfies the following axioms:
(i) (x*Y) * (x*2)) * (z+y) = O

(il) (xx (xxy))xy=0

(i) x xx=0

(iv)0xx=0

(V) xxy=0andyxx=0=x=yforall x,y,ze X

We can define a partial ordering ¥ ” on X by x <y iff
xxy = 0. A BCK-algebra X is said to be commutative if
it satisfies the identity Xy = yAX where x\y = yx (yx

X) ¥x,y € X. In a commutative BCK-algebra, it is known
that xAy is the greatest lower bound of x and y.

In a BCK-algebra X, the following hold:
() xx0=x

(i) (xXxy)*xz= (X*2)*xy

(i) x xy < x

(V) (xxy)*x2< (X*2) * (Y 2)
(V) x<yimplies xxz<yxzand zy<zxX

A BCK-algebra X is said to be associative if it satisfies the respectively

identity (xxy) *z= Xx (Y*2) VX, y,Z € X. A non-empty

least and the greatest element respectively.
Letd; = [ay, @) anda; = [ap, @] € DI0, 1]. Define on

D[O, 1] the relations<, =, <, +, . by

la) <@ < a <aanda; <a
Qai=&Hea=xpanda=a
3a@ <@ ey <apandar <a
48+ < [y +ap, a1+ a3

541.8 54
[min(ayap, 213, a1ap, A1), Max @y &, 133, A, Ady)| =
(a1, arap]

6.kd = [ka ka] where 0< k < 1.

Definition 4An interval-valued fuzzy set defined on a non
empty set X is an objects having the form
i = {(x [0, I))[x € X}, where yi and 1 are two
fuzzy sets in X such that(x) < Ti(x) for all x € X. Let
p(x) = [u(x),A(x)],¥vx € X is called degree of
membership of an element xfio in which u(x) and i (x)

are refereed to as the lower and upper degrees
of membership x tofi. Then
fi(x) € D[0 1],¥x € X.

subset S of a BCK-algebra X is called a subalgebra of X ifIf fi and¥ be two interval-valued fuzzy sets in X, then we

xxy € S, forallx,ye S. A nonempty subset | of BCK-
algebra X is called an idealJ[7]) of X if (I1) 0e€l,
(I) xxyelandyel =xel,forall xyeX.

Definition 2A fuzzy subset of a BCK-algebra X is called
a fuzzy subalgebra of X jf(x*y) > min{ u(x), u(y)}, for
allx,ye X.

Definition 3([5,7]) A fuzzy setu in BCK-algebra X is
called a fuzzy ideal of X if it satisfies the following
axioms:

(i) K(0) > p(x)

(i) u(x) > min{p(xxy), u(y)}, for all x,y € X.

The notion of interval-valued fuzzy set was
introduced by Zadeh?[]). To consider the notion of
interval-valued fuzzy sets, we need the following
definitions. Let | be a closed unit interval, i.¢.= [0, 1].
An interval number on | denoted by, i5 defined as the
closed sub interval of I, wheren = [a a],satisfying
0 <a<a<1l LetD[0, 1] denote the set of all such

interval numbers on | and also denote the interval

numberg0, 0] and[1, 1] by 0 and1 respectively.
Now consider two intervals
a1 = a1, @), & = [ap, @] € D[0, 1] then we define refine

minimum rmin as
rmin(ay, &) = [min(ay,ap),min(ag,a;)] and refine
maximum as rmax

rmax@, &) = [maxag,ap),maxar,a)] generally if
& = [ai,&],bi = [bi,bi] € D[0, 1] for i= 1,2,3,...then we
define rmax(&.,b)) = [maxa,bi),maxa,b;)]

) and

define

—fi c V& forallx € X, u(x) < v(x) andfi(x) < V(x).

—ft =V < forall x € X, u(x) = v(x) andfi(x) = V(x).

—(pOv)(x) = pex) v () =
[max{ 1 (x), v(x) },max{H(x), V(x)}].

—([ANV)(x = B A V(X =
[min{p(x), v (x) }, min{TI(x), v(x) }]

=@ x V)Y = px)o oAUy =

in X.
set

Definition 5Let [i be an interval-valued fuzzy set
Then for every [0, O] < f < [1, 1], the crisp
[ = {x € X|fi(x) =t} is called the level subset @f

Definition 6An interval-valued fuzzy setfi in
BCK/BCl-algebra X is called an interval-valued fuzzy
subalgebra of X if fi(xx*y) = rmin{{i(x), fi(y)}, for all
X,y € X.

Definition 7An interval-valued fuzzy s¢t in BCK/BCI-
algebra X is called an interval-valued fuzzy ideal of X if
() f(0) = fi(x) 3

(i) f(x) = rmin{t(xxy), f1(y)}, for all x,y € X.

Combining the notion of interval-valued fuzzy set and
fuzzy set Jun’s introduced cubic set i]jjand is defined
as follows:
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Definition 8Let X be a nonempty set. A cubic set A in X is Example 2Consider BCK-algebra X as in Example

a structure

A= {< X, I:lA(X)a VA

which is briefly denoted by A= (fia,va) where
fa = (U, Fal is an IVFS in X and/a is a fuzzy set in X
and it is written as A=< [ia, Va > .

For two cubic sets A=< [ia, Va > and B=< [ig, Vg > in
X, we define

(X) > [xe X},

-AC B & [ip = fig andva > vg

-A=Bs&forallxe X, [a(X)
ve(X) B

-ANB = {<X|(AaNfig)(x), (vaUVB)(X) > |x € X}
Where (fiaNf)(X) = rmin{ia(x), fi8(x)} and (va U
Ve)(X) = max{ Va(x), Ve (x)}

-ALIB= £<~x~|(uAuuB)( ), (vAﬂvB)S ) > |xe X}
Where(f1aUflg)(x) = rmax{fia(x), fig(x)} and (va N
vg)(X) = min{va(x),ve(X)}.

Definition 9Let A= (fia, Va) be cubic set in X, where X
is a BCK/BCl-subalgebra, then the set A is cubic
BCK/BCl-subalgebra over the binary operater if it
satisfies the following conditions:

(i) fa(xxy) = rmin{fia(x), fia(y)}
(i) va(xxy) < max{va(x),va(y)},

Example 1Consider BCK-algebra %= {0,a,b,c,d} with
the following cayley table.

= [18(x) and va(x) =

forall x,ye X.

OO0 T® O *
Q_OD'Q)O;
O T OOoOD
TO0O O OT
O OT OO0
OO0 OY Ol

Define a cubic set A= ({ia,Va) in X by

- 0 a b C d
Ha= ([0.6,0.7] [0.15,0.25] [0.4,0.5] [0.3,0.4] [0.5,0.65]

(B

Then it is easy to verify that A (fia,va) is @ cubic
subalgebra of X.

)

and
0 a b c d
0.20.704060.3

Definition 10Let A= (fia, Va) be cubic set in X , where X
is a BCK/BCl-subalgebra, then the set A is called cubic
ideal of BCK/BCl-algebra X over the binary operatof

if it satisfies the following conditions:

(i) Aa(0) = fia(x)

(ii) VA(0) < VA(X)

(i) fia(x) = rmin{ fia(xy), fia(y) }

(iv) va(x) <maxXva(xxy),va(y)} forall x,yeX.

Define a cubic set A= ({ia, Va) in X by

~ 0 a b C d
Ha= ([0.7, 0.8] [0.4,0.6] [0.1,0.3] [0.4,0.6] [0.1,0.3]

(S 554)

Then it is easy to verify that A ({ia, va) is a cubic ideal
of X.

)

and
0 a b c d
0.703020302

3 Translation and Multiplication of Cubic
Subalgebras and Ideals of
BCK/BCI-Algebras

In what follows, let X denotes BCK/BCl-algebra and for
any cubic seA = (fia,va) of X, let T =inf{va(x)|x € X}
andT = (T,T) (T <T.) whereT = 1—sup{fa(x) |x €
X}.

Definition 11Let A= (fia,va) be cubic subset of X and
0< @ <T whered = [a @] € D[0,T] andB € [0,1]. An

object of the form = ((Fa)§: (va)p) is called an
cubic (&,B)—translatlon of A if it satisfies
(1)L (x) = [Ia(X) + & and (Va)}(x) = Va(x) — B for al
xe X.

Example 3Consider BCK-algebra X as in Examfdend
a cubic set A= ({ia,va) in X by

. 0 a b c d
Ha= [0.6,0.7] [0.15,0.25] [0.4,0.5] [0.3,0.4] [0.5,0.65)

(B

Here T = 1 —sup{fis(x) [x€ X.} =1-0.7=0.3
and T inf{va(X)|x € X} 0.2. Let
o =[0.15, 0.25 € DI0, T] andB =0.1€ [0,1]. Then the
( , B)-translation ((IJA)[O 15,025 ,(va)d,) of cubic set

(fia, va) is given by

and
0 a b c d
0.20.7 040603

ST _ 0 a b c d
(Fa)p.15.025 = ([0.75,0.95] [0.3,0.5] [0.55,0.75 [0.45,0.65 [0.65.0.9]

-( )

(fia,va) be a cubic fuzzy subset of
X and y € (0,1]. An object having the form
AV = ((Eia)), (va)}) is called a cubic-multiplication of
Aif(fia)} (X) = fia.y and (va)}! = va.y, forall x € X.

and
(v) 0O a b c d
A 0106030502

Definition 12Let A=
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Example 4Consider a cubic set A= (fia,Va) in X as in
Examplel, Lety = 0.6 € (0,1]. Then they-multiplication

of ((fia)s, (va)lls) cubic set A= (fia, va) is given by

~ M 0 a b c d
(Bn)os = ([0.36,0.42] 0.09.0.15] [0.24,0.30] [0.18,0.24 [0.30,0.39]>

and
DM 0O a b ¢ d
(Va)os = | 0.12 042 024 036 018

Definition 13Let A= (fia,Va) be a cubic subset of X and
0<a<T whered = [a,d] € D[0,T], B € [0,7] and
y € (O 1]. A mapping
A?/(I;{Tﬁ y) ((IJA)C{ yv(VA)E y) X — [ [Oa 1]7[031]] is
sald to be a cubic magnlfletga B;y) translation of
= (fia, va) if it satisfies(fia)¥ = yfa(x) + & and

<vA>B;y< ) = yva(x) — yB forall x x.

Example 5Consider a cubic fuzzy set-A (fia,Va) in X

as in Example 1, For this cubic set
T =1-sup{ip(x) x € X.} =1-07 = 0.3 and

T=inf{va(x)|x € X} =0.2. Letd = [0.1, 0.2] € D[0, T,

B =0.1¢€¢[0,7] and y = 0.5 € (0,1]. Then the cubic
magnified (@, B;y) translation AF’['JL 020105 Of cubic
set A= (fia, Va) is given by

( 0 a b c d
“A) (01,0205 = | [0.4,0.55 [0.1750.329 [0.3,0.45 [0.25,0.40] [0.35,0.525

and

VA 05 = ( 008 00 0o 0o o
(0.1,05) 0.05030015025010

4 Translations of Cubic Subalgebras

Theorem lLet A=
and let & € D[O,
(&, B)-translation ,%

va) be a cubic subalgebra of X
T],B8 € [0,7]. Then the cubic
of A is a cubic subalgebra of X.

(ﬂ_

ProofHereAT.

(ap) = ((Ba)§, (va)p) and letx,y € X. Then

(AR & (x*y) = fIa(x*y)+a

= rmin{{ia(X), Ba(y)} + @

= rmin{fia(x) + &, fa(y) + '}

= rmin{(fia) & (%), (fia) & (9)}
(VA)g(x*y) = Va(xxy)—B

< max{Va(x),Va(y)} - B

= max{Va(x) — B, Va(y) — B}

= mM(VA)E(X), (VA)E(y)} for all

Therefore the cubic(&,B)-translationA(Ta ) of Alis a
cubic subalgebra of X.

X,y € X.

Theorem 2.et A= (fia,va) be a cubic subset of X such
that the cubic(a, B)-translation A 5 of A is a cubic

)
subalgebra of X for somé& € D[0,T|, € [0,7] Then
= ([fia, va) is @ cubic subalgebra of X.

ProofHereA(Ta B = = ((Fa)§ (va)p) is a cubic subalgebra
of X and letx,y € X, we have

Aa(xxy) +8 = (fia)G(x*Y)

x
X
N

<

>
Z

-
—
=
=

X,y € X.

Which implies fa(x *y) = rmin{fa(x), fa
va(xxy) < maxva(x),va(x)}. HenceA =
cubic subalgebra of X.

(x)} and
(fa,va) is a

Thegem detA=
o <T whered =

(fla, va) be a cubic subset of X aftk
a, a)eD[0,T|,B€[0,T andye1(0 1].

Then A= ([ia, Va) is cubic subalgebra of X |ff B v |s
cubic subalgebra of X.

Prooflt follows from Theorenil and Theoren?2.

Theorem 4intersection and union of any two

(&, B)-translations of a cubic subalgebra of X is also a
cubic subalgebra of X.

ProofLet A(T a.p) and A(TV 5) be two fuzzy translatons a

cubic subalgebra A = (fia,va) of X. Where
a,y€D[0,T],B,d € [0,7] Assume thatr < yandp >

By Theoreml A(Ta 8 andA(TV 5 are cubic subalgebras of
X. Now 7 ’
(B)EO()}) () = "maX{(ﬁA) )y (0}

= rmax{fia(x) )+V}

= fmaX{[uA( + 0, A (X) + T, [Ha(X) + Y. Ba(X) + 1}

= [max{pa(X) +a, pa(X) + y}, Max{ia(X) + T, Fa(X) +V}]

[HA(X) + Y, HR(X) +V]
Ba() +7 = ()} (%)
min{(va)(X) (Va)5(X)}
—B,Va(x) — 8}

((VA)g U (va)3)(X)
min{va(x)
Va(x) - B
= (va)g(®
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Also and
0O a b ¢ d
TRMGITAY — rmin{(Q -

(BRNEW ) = rminA3 0. () " (0-11 061038056 024)
= rmin{{a(X) + &, La(X) + V}
— rmin{ [ (x )+ﬁ,u (X) + 0, [Ha(X) + Y. FA(X) + ¥} Then B= (fig, vg) is an cubic S-extension of A. But it is not
= [min{pa(x) +, uA<x>+x}=min{m<x>+ﬁ,m<x>+7}1 the cubic(d, B)-translation A7 g) = ((Fa)g, (Va)j) of A

= [0+, P00 21 forall & € D[0,T],B € [0, 7].

= Fa(¥) +@ = (Fa)g(x)

(Va)F N (va) 5 () = max( vA) (%), (va)§ (%)} Theorem @ntersection of any two cubic S-extensions of a
e v B un() 8} cubic subalgebra of X is also a cubic S-extension of X.
= 5 [ [ i
- E/C:E(X) ProofLet S= (fis,vs) andT = (fir, vr) be two cubic S-

extensions of a cubiNC suQaIgebka: (fia, va). Therefore
Definition 14For two cubic sets A= (fia,va) and WehaveAL S<—[ia =< [is,va > vs for all x e X. and

B — (fis,ve) of X We define AL T <= [ia = [fir,va> vr forall x € X. Since
AC B« [ipn = [Ig,va > vg for all x € X. Thenwe say =~ o ) i s() > fir ()
that B is an cubic extension of A. (Bsfir) () = rmin{is(x). fir ()} = {L:(::) i 5f(§) = ﬁ;(;()

Definition 15Let A= (fia, va) and B= (fig, Vs) be tWO  (urur (o :max{vs<x>,w<x>}:{”5<x> b
cubic subsets of X. Then, B is called a cubic

S-extension(subalgebra-extension) of A if the followingonce AT ) (X) andva(x) > (ven ve)(x) for
assertions are valid: allxe)‘éA( ) = (s Am) () AL) = (Vsnvr)()

(i) B is a cubic extension of A. . _ ThereforeSM T is a cubic S-extension of X.
(ii) If A is a cubic subalgebra of X, then B is a cubic

subalgebra of X. Remark 2Union of two cubic S-extensions of a cubic
subalgebra of X may not a cubic S-extension of X as

Theorem S_et A= ({ia,va) be a cubic subset of X and shown in following example.

@ € D[0,T],B € [0,71] Then the the cubic
(,B)-translation Al; 5 of Ais a cubic S-extension of A.  Example 7Consider BCK-algebra %= {0,a,b,c,d} with
the following cayley table.

VA(X) > (VA)g(X)
ThereforeA C A(T ap) HenceA<T 4.p) 1S @ cubic extension

ProofHereA = (fi, va) @ dA(a —((ﬂA)E,(VA)E)
- ~ T ) - *10 a b c d
Now Ba(x) + @ = (fa)k(x ) Which implies 00 0 0 0 0

A

Ha(X) < ( )a(x) _ o ala 0 a 0 0
Agam VA(X) — — (vA)E(x). Which  implies blb b 0 0 0
cic ¢c ¢ O O
d{d ¢c d a 0

of A. ; ; ~ ;
Define a cubic set A ,va)inXb
Since A is a cubic subalgebra of X. Theref@rg B) of A (Ha; Va) 4
is a cubic subalgebra of X. HencA(Ta‘B) is a cubic . 0 a b c d
S-extension of A. ' o [07, 08] [05, 06] [02, 04] [05, 06] [03, 05]

Remark 1The converse of above theorem is not true asand
seen in the following Example. Vo= ( 0 a b c d)

) ] 0205070506
Example 6Consider BCK-algebra X as in Example

Define a cubic set A (fia, va) in X by Then it is easy to verify that A is cubic fuzzy
subalgebra of X. Let & (fis,vs) and T = (fit,vr) be
. 0 a b c d two cubic subsets of X defined by
Ha= ([0.6,0.7] [0.15,0.25] [0.4,0.5] [0.3,0.4] [0.5,0.65])
_— 0 a b c d
and O ab cd Hs= ([0.75, 0.85] [0.6,0.7] [0.25,0.45] [0.6,0.7] [0.7, 0.8])
Va —
(0.2 070406 0.3) and
Then it is easy to verify that A is cubic subalgebra of Vs = ( O a b cd )
X. let B= (fig, vg) be an cubic subset of X defined by 01504060403

- 0 a b c d ~ 0 a b c d
He = ([0.62,0.8} [0.18,0.3] [0.48,0.52] [0.33,0.43] [0.54,0.7}) Hr =1 [0.8,0.9] [0.65,0.77] [0.3,0.4] [0.62,0.7] [0.5,0.6]
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and Since fia(a* ¢) = fIa(0) = [0.2,0.4] # [0.50.7] =
yy—(0 ab c d rmin{fia(@), fia(c) } and
0.103050.35 04 va(b x b) = VA( 0) = 0.6 £ 0.4 = max{va(b),va(b)}.

T Therefore A= ({ia, Va) is not a cubic subalgebra of X. Let
Now SUT = (K(som), Visur)), Where & = [0.1,02] € D[0,0.2,B = 0.25 ¢ [0,0.3 and
o a b c d f = [0.5,0.8],s = 0.3,. Then W (fia;t) = {ab,c} and
Heom = ([0-8,0-9] [0.65,0.77) [0.3,0.4] [0.62,0.7] [0-7,0-8]> Lg(va;s) = {a,b,c}. Since arc = 0 ¢ Ug(fia;t) and
and axc =0 ¢ Lg(va;s). Therefore both W(fix;f) and

v (0 a b c¢c d
(89T) = 101030503503

Then S and T both are cubic S-extension of A. AlsSd’'S
is cubic extension of A butl$T is not cubic S-extension
of A. Sincefigyr)(d *a) = [gyr)(c) = [0.620.7] #
0650.77] = rmin{[0.650.77},((0.7,0.8]}
rmin{ fiis7r)(8), fsamy(d)} and vigm(d = a)
V(S_JT) (C) =0.35 g 0.3= ma){ V(S_JT) (a), V(S_JT) (d)}
Definition 16For a cubic subset A= (fia, va) of X. Letd €
D[0,T],B € [0, 7] and withf = & Let

Ua (fiait) = {x € X|fia(x) =t —a}

Lg(vass) = {x € X|Va(X) < s+ B}

Theorem 7Af A is a cubic subalgebra of X, thergl(fia; f)
and Lg(va;s) are subalgebras of X for afle Im(fia),s €
Im(vA).

ProofLet x,y € Ug (fia; ). Thereforefia(x)

b (X*y) Hrmlﬂ{uA( ), Ba(y)}

~={—a and

= fa(xxy) =

Which impliesxx*y € Ug (fia; ).
Letx,y € Lg(va;S). Thereforeva(x) < s+ B andva(y) <
s+ . Now

VA(X*Yy) < maxVa(x),va(y)}
<maxs+f,s+B}=s+pP
= Va(Xxy) <s+p.
Which impliesxxy € Lg(Va;S).

Remark 3In above Theorem if A is not a cubic subalgebra
of X, then U (fia;f) and Lz (va;s) are not subalgebras of
X as seen in the following example.

Example 8Consider BCK-algebra X as in Example
Define a cubic set A= ({ia,Va) in X by

Lg(va;s) are not a subalgebras of X.

Theorem&or & € D[0,T,8 < [01] let
A(a ) = ((uA)a,(vA) ) be the cubida, B) translation of
A = (fia,va). Then, the following assertions are
equalent

(|)A aB) = ((uA)a,(VA)ﬁ)isacubic subalgebra of X.

(i) U (fin;©) and Lg(va;s) are subalgebra of X for
t e Im(fia),s€ Im(va) with = a.

Proof Assume thaA(Ta B) is a cubic subalgebra of X.

Then,(ﬂA)g is an interval valued fuzzy subalgebra of X
and (VA)E is a doubt fuzzy subalgebra of X. Let
X,y € Ua(fin;f) and T € Im(fia) with T = &. Then
fax) = T —a and fialy) = £ — a. That is
(i) (X) = fia(x) + & = T and (Fa) L (y) = fia(y) + & = .
Since(fia)f is an interval valued fuzzy subalgebra of X,
therefore, we havefia(x xy) + & = (a5 (X *y) =
rmin{(fa) L (X), (fBa)k(y)} = T which  implies
fia(x*y) = T — @ so thatx* y € Ug (fia; T).

Again let x,y € X such thatx,y € Lg(va;s) and
se Imq;A Then va(x) < s+ B and va(y) < s+
I.e.,(Va)g (X Va(x) B < s and
(Va)p(y) = vA( ) — B <'s. Since(va); is a doubt fuzzy
subalgebra of X, it follows that

VA(X*Y) =B = (Va)j (x+y) < max{(va)j(x). (va)g(y)} <

That is va(x*Yy) < s+ B. So thatx*y € Lg(Va;9).
ThereforeUs (fia;f) andLg(va;s) are subalgebras of X.

Conversely, suppose thaks (fia;f) and L(va;s) are
subalgebras of X fof € Im(fia),s € Im(va) with > &.
If AT @p) = = ((fin) ], (vA)B) is not a cubic subalgebra of X.
Then there exists songb, ¢c,d € X such that at least one
of (fni(axb) < rmin{(ﬂA)E(a),(ﬂA)E(b)} and
(v )E(C*d) > max{(vA)E( c), (v, )T( )} hold. Suppose
)&

fip) L (axb) < rmin{(fia) L (a), (uA) (b)} holds. choose
€ D[0;1] such that

(Fia)g(axb) < T < rmin{(fia)§ (a), ()5 ()}
thenfia(a) = t— & andfia(y) = f— & butfia(axb) <f—a

—

fip = ( 0 a b c d ) This shows thaa € Ug (fia;T) andb € Ug (fia; ) butaxb ¢
[0.2,0.4] [0.5,0.7] [0.6,0.75] [0.7,0.8] [0.3,0.5] Ua (fia;f) This is a contradiction, and therefoffia) (x
and y) = rmi'n{('ﬂA)g(x), (fip)L (y)} forall x,y € X.
0 ab cd Again if (va)g(c*d) > max{(va)g(c),(va)p(d)}
AT (o.e 030405 o.s) holds. ~Then choose 5 € (0,1] such that
(@© 2017 NSP
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(vA)E(c* d > 9o > max{(vA)E(c),(vA)E(d)}. Then
va(c) < 0+ B andva(d) < d+ B butva(cxd) > 0+ B.
Hence ¢ € L(va;s) and d € Lg(vais) but
cxd ¢ Lg(va;s). This is impossible and therefore
(va)p(xxy) < max{(va)g(x),(va)p(y)}. for all x,y € X.
Consequently A<TM> = ((Fa)§:(va)p) is a cubic
subalgebra of X.

Theorem 9et A= (fia,va) be a cubic subalgebra of X
and leta € D[0,T],B € [0,T] If & >~ y,B > d then the
cubic (@, ) translation Aap) = ((uA)a,(VA) )of Aisa

cubic S-extension of the cub(g, J)- translatlon A'{M) =
((a)y»(va)g) Of A,
ProofStraightforward.

Theorem 10.et A= ([ia,Va) be a cubic subalgebra of X
and lety € D[0,T],d € [0, T]. For every cubic S-extension
B = (fis,vs) of the cubic (y,d)-translation
A(yﬁ) ((Ba)y,(va)§) of A, there exists
& € D[0,T|,B € [0,1]. such thatd = ¥, > d and B is a
cubic S-extension of the cubida,f3)-translation
Az p) = (BT, (va)}) of A

Example 9lllustration of Theorem 10
Consider a cubic set A (fia, va) in X as in Exampld,

. 0 a b c d
Ha= ([0.6,0.7] [0.15,0.25] [0.4,0.5] [0.3,0.4] [0.5,0.65])

and
Vs 0 a b cd
A=\10207040603

Then it is easy to verlfy that A (IJA, va) is a cubic
subalgebra Here
T = 1— sup{Ha(x) |x e X.} = 1—07— 0.3 and

T=inf{va(x)|x € X} =0.2. Lety=[0.05, 0.1] € D[0, T|

and 6 = 0.1 € [0,7]. Then the (V,é)—translation

é(r‘A)[To.os, 0'1],(VA)51) of cubic set A= (fia,Va) is given
y

ST _ 0 a b c d
(Fa) 005,01 = ([o.es,o.so] [0.2,0.35 [0.45,0.6] [0.35,0.5] [o.55,o.75]>

and
vl — 0 a b c d
(VaJo1=1 01 06 03 05 02

Let B= ({fig, Vg) be a cubic subset of X defined by

~ 0 a b [ d
He = ([0.75,0.91] [0.35,0.50 [0.51,0.75) [0.45,0.61] [0.65,0.86])
and
e 0O a b ¢ d
B~ 10.0105202042014

Then B is a cubic S-extension(§f d)-translation '%Tycs of

A and it can be easily verified that B is a cubic subalgebra 1

of X. But B is not a cubi¢a, 8)-translation of A for all

& € D[0,T],B € [0, 7]. If we taked = [0.1,0.2] and B =
0.15thend =, 2 0 and the cubida, B) -translation
A(TM) = ((Fia)g-(va)p) of Ais given by

_ 0 b d

(Br)o1.02 = ([0.7,0.9] [0.25?0.45] [05,0.7] [0.4,00.6] [o.e,o.ss])
and

c d
05 055 025 045015

Since fig(x) = (fia)}(x) and vg(x) < (vA)E) Therefore

A(T a.B) C B i.e., B is an cubic S-extension of the cubic
(&, B)-translation 'dtra p) OF A

Theorem 11A = ({ia, Va) be a cubic subalgebra of X, then
the following assertions are equivalent:

(i) Ais a cubic subalgebra of X.

(i) For all y € (0,1, A';," is a cubic subalgebra of X.

ProofLet A = (fia,va) be a cubic subalgebra of X.

Therefore [ia(x * y) = rmin{fia(X),fia(y)} and
va(xxy) < maxva(x),va(y)}, forall x,y € X
(Ba)y (x*y) = Ba(x*y).y = rmin{fia(x), fia(y)}.y

= rmin{fia(X)., Ba(y)-y}

= rmin{(fia)y' (%), (Fa)y' ()}
(VA)y (x*Y) = Va(xxy).y < max{Va(x),va(y)}.y

= max{Va(x).y; Va(y)-y}

= max{Va(X).y, Va(y).y}

=max{(va)y (X), (Va)} ()}

HenceA';," is a cubic subalgebra of X.
Conversely ley € (0,1] be such thadl! = ((fia)}', (va)}')
is a cubic subalgebra of X. Then for ally € X, we have

fia(xxy).y = (Ba)y (xxy) = rmin{(fia) (X), (fia)y' ()}
= rmin{fia(X).; Aa(y)-y}
= rmin{fia(x), fia(y) }-y
VA(XY).y = (Va)y (xxy) < max{(va)y (x), (va)y ()}

= max{ Va(X).y, Va(y).y}
= max{Va(X), Va(y)}.y
Thereforefia(x+y) = rmin{fia(X), fia(y)} andva(xxy) <

max{Va(X),va(y)} forall x,y € X sincey # 0. HenceA =
(fia, va) be a cubic subalgebra of X.

5 Translations of Cubic Ideals
Theorem 12 et A= (fia, va) be a cubic ideal of X and let

& € D[0,T],B € [0,7]. Then the cubicd, B)-translation
A( 8) of Ais a cubic ideal of X.
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ProofHereA(a p) = ((Fa)g:(va)p) and letxy € X. Then  Lemma lLet A= (fia, va) be a cubic ideal of X. If x y,
(in3(0) = B(0) + & = fia(x) + @ = (Fw§(x) and N0 = flaly) andva) < va(y) thalisfi s order
(VA)E)(O) — VA(0)— B < va(X) = B = (v ) )(x) for all reversing and/a is order preserving.
x e X. Also ProofLetx,y € X be such that <y. Thenxxy = 0 and so
~ T o~ ~ . . N N N N
(Pna®) =Pa)+a Fa(x) = rmin{fia (x+y), fia(y)} = rmin{fia(0), Fa(y)} = fia(y)
= rmin{ fia (xxy), A~(Y)~}+a ) VA(X) < max{Va(x*Y),Va(y)} = maxva(0),va(y)} = Va(y)
= rmin{fa(x=y) +a, da(y) + G} ,
— rmin{ (1)L (x+y), (A5 (v)} This completes the proof.
(Va)g() = va(x)—B Theorem 13et & € D[0,T], B € [0, 7] and A= (fia, va) be
< max{Va(xxYy),Va(y)} — B a cubic ideal of X. If X'is a BCK-algebra, then the cubic
— max{Va(x*Yy) — B, Va(y) — B} (&, B)-translation ,%Ta B) of A'is a cubic subalgebra of X.
—max{(vA) (xxy), (v, ) (y)} forall xyeX.

Therefore the cubic(&,B)-translationA(Ta‘B) of Alis a
cubic ideal of X. '

Theorem 13.et A= ({ia,va) be a cubic subset of X such
that the cubic(&, B)-translation A ;) of A is a cubic

ideal of X for somed € D[O,T],B € [0,7]. Then
A= (fia,va) is a cubic ideal of X.

ProofWe haveA(~ = ((fia) 5, (v A)E) and letx,y € X,

we have
AA0)+& = (fia)(0)
= (fa) (%)
= fIia(x) + &
VA(0)— B = (va)3(0)
< (Va)p(¥)
= vA(x) —pB, forall xyeX.

A(X) andva(0) < va(X)

= rmin{ fia(x
B :<vA>,§><x>

< max{(va)g (x*y), (Va)g(¥)}

=max{Va(xxy) — B,Va(y) — B}

= maxX{Va(x*y),va(y)} — B, forall
Which implies [ia(x) = rmin{{ia(X * ), fia(y)} and

VA(X) < max{Va(x*Y),Va(y)}. HenceA = (fia,Va) is @
cubic ideal of X.

Va(X)

X,y € X.

Theorem 14.et A= ([ia,Va) be a cubic subset of X and
0< @ <T whered = [a,a] € D[0,T|,B[0,7] andy €
(0,1]. Then A= (fia, va) is cubic ideal of X iff A5 is
cubic ideal of X.

Prooflt follows from Theorenl2 and Theoreni3.

ProofSincexxy < xfor all x,y € X , then by lemmd. we
havefia(x*y) = [fa(X) andva(x*y) < va(x). Now

A(X*Y) + @
A(x)+&

(Fa)g (x*Y)

= T

Y Yy 1y |l

(VA)E(X*)’) = VA(X*Y) —B
<Vva(X)—B
< max{Va(X*Yy),Va(y)} — B
< max{Va(X),Va(y)} — B
= max{Va(x) — B, Valy) — B}
= max{ (va)g(x),(va)p(y)} forall xyeX.

Hence the cubicﬁd,B)—translationA(Ta‘m of A is a cubic

subalgebra of X.

Theorem 18.et A= (fia,va) be a cubic ideal of X such
that the cubic fuzzy (@, B)-translation
A(a g = = ((fia) L, (VA) ) of A'is a cubic ideals of X for all

a eD[0,T],B €0, r] If (xxy)xz=0forall x,y,z€ X,
then (Fwf(0 = min{(LwI(y).(lW}(@)} and
(va) (%) < max{ (Va)§ (). (Va)§ (2)}.

ProoflLetx,y,z € X, be such thatxxy) xz= 0. Then,

(Ba)E(0 = rmin{(ia)§ (x+Y), ()& ()}
= rmin{rmin{ (Fia)g ((x+Y) *2). (F)§ (2} (T (2)}
= rmin{rmin{(fia)z (0), (Fn)§ (2}, (AR (¥)}
=rmin{(Fa)§(2). (Ba)G (¥)} ~ Since(fia)g(0) = (fia)g (¥)
= min{(Fa)§ (), (fn)&(2)}

)é
)a

(VAR < max{(va)f (x+Y). (va) g1}
< max{max{(va) ((x+Y) #2). (Va)§ (D)}, (va) 5 (¥)}
(0).(Va)§ (@}, (va)p ()}

=max{(va)g(2),(va)g(y)} Sincgva)j(0) <
)

(VA

< max{max{ vA)E
2),(
(

=max{(va)g (2}

)VA
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Theorem 17ntersection and union of any two Definition 18For a cubic fuzzy subset A (fia,va) of X.
(0, B)-translations of a cubic ideals of X is also a cubic Letd € D[0,T], 3 € [0, 7] and withf > &. Let

ideal of X. ~ e
\deal o Uz (i) = {x € X|fia = T— &1}
ProofSame as Theorerh Lg(vass) = {x€ X|va < s+ B}

Definition 17Let A= (fia,va) and B= (fig,vg) be two  Theorem 20f A is a cubic ideal of X, then k fia;f) and
cubic subsets of X. Then B is called a cubic I-extension (g(va;s) are ideals of X for alé € D[0,T|, 8 € [0, T].
ideal-extension) of A if the following assertions are valid

(i) B is a cubic extension of A. ProofLet x € Ug(fia;f). Thereforefia(x) =t —a. Now

(ii) If Ais a cubic ideal of X, then B is a cubic ideal of X. ~ fia(0) = fia(X) = T~ & = [ia(0) = T — &. Which implies
0 € Ug(fia;f). Again letx € Lg(va;s). Thereforeva(x) <

Theorem 18.et A= (fia,va) be a cubic ideal of X and S+ B.Now Va(0) < Va(X) < 5+ B = Va(0) < s+ B. Which
ac D[0,T],B € [0,7]. Then the cubi¢d, B)-translation  jmpjies 0e Lg(Va;S). Let xxy,y € Ua(fia;f). Therefore
A((m) of Ais a cubic I-extension of A. pa(x+y) =T — & andpa(y) = £ — &. Now

),

ProofHereA = (fia, va) andA%; 5 = ((fa)g, (Va)) Ba(x) = rmin{fia(x*Yy), da(y) }

Now  fia(x) + Er = (uA)g(x) Which  implies = rminff—a,t-a}

fia(x) < (Fa)§ (x). Again va(x) — B = (va)" g(x). Which =t-a

impliesva(x) > (VA)E( ). = fia(x) =t-a

ThereforeA C A( ) HenceAw B) is a cubic extension  \wnich impliesx € Ug (fia; ).

of A. Let XY,y € Lg(Va;s). Thereforeva(xxy) < s+ 8 and

Since A is a cubic ideal of X. Therefov@e{a p OfAisa  y,(y) <s+pB. Now
. . T . . _ .
cubic ideal of X. Hence‘\(aﬁ) is a cubic I-extension of A. Va(X) < max{Va(x=y), Va(y)}
<maxs+fB,s+B}=s+
Remark 4The converse of above theorem is not true as_, y,(x) <s+p
seen in the following Example. - .
) Which implies x € Lg(va;s). Hence Uga(fia;f) and
Exa_mple 1CQonS|der B:CK-aIgebra X as in Example Lg(va;s) are ideals of X.
Define a cubic set A ({ia, va) in X by
Remark 6In above Theorem if A is not a cubic ideal of X,
then U (fia; f) and Lz (va; s) are not an ideals of X as seen

~ 0 a b C d ; ;
_ the fol le.
Ha= ([0.7, 0.8] [0.4,0.6] [0.1,0.3] [0.4,0.6] [0.1,0.3] ' fhe foflowing exampie

Example 11Consider BCK-algebra X as in Example
and Define a cubic set A (fia, va) in X by

Vs 0 ab cd
A=10703020302

- 0 a b C d
Then A= (fia,va) is a cubic ideal of X. let B= (fig,Vs) Ua = < >
be an cubic subset of X defined by [0.2,0.4] [0.5,0.7] [0.6,0.75] [0.7,0.8] [0.5,0.8]

and
He = ([0.73,0,9] [0.42?0.69] [0.11?0,37] [0.42,(:0.69] [0.11.,do,37]> Va — ( 0 abcd )
A=10603040503
and
0O a b ¢ d Since fin(a* ¢) = [a(0) = [0.2,0.4] # [0.5,0.7] =
Ve = (0.75 031029 031 029) rmin{ fia(@), fa(c) } and
va(b x b) = va(0) = 0.6 £ 0.4 = maxva(b),va(b)}.
Then B= ({ig, vg) is an cubic I-extension of A. Butitis not Therefore A= (fia,va) is not a cubic ideal of X. Let

the cubic(d, B)-translation A 5 = ((fia)§. (va)p) of A @ = [0.1,0.15 € D[0,0.2,8 = 0.25 € [0,0.3] and
forall @ € D[0,T},B € [0, T]. t =[0.4,0.6],s=0.3,. Then W (fia;f) = {a,b,c,d} and
. ] ) Lg(va;s) = {a,b,c,d}. Since a<c = 0 ¢ Ug(fia;f) and
Th 1dntersection of any two cubic I-ext fah S AL
eorem ldntersection of any two cubic I-extensions of g, ¢ — 0 ¢ Ly(va;s). Therefore both W(fix;f) and
a cubic ideals of X is also a cubic I-extension of X. Lp(va;$) are not an ideals of X.
ProofSame as Theoresi Theorem2lFor & € D[0,T,B € [0,1]. let

Remark 5Union of two cubic I-extensions of a cubic ideal Al g) = ((Fa). (Va)3) be the cubidd, B)-translation of
of X may not a cubic ideal of X. A = ({la,va). Then the following assertions are
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equivalent; Again assume that there existd € X such that
(i) A(Ta B = ((Fa)§: (va)p) is & cubic ideal of X. (va)p(c) > & > max{(va)g(c * d),(va)g(d)}. Then

(ii) U}(;]A;t”) and Lg(va;s) are ideals of X for

teIm(fia),s€ Im(va) withf = .

ProofAssume thatA; 5 is a cubic ideal of X. Then
(Fa)§ is an interval valued ideal of X anfva) is a
doubt fuzzy ideal of X. Lek € X such thai € Ug (fia;{)
andt € Im(fia) with = &. Thenfia(x) = £ —a. That is
(Bp)L(X) = fia(x) + @ = f. Since (fia)} is an interval
valued fuzzy ideal of X, therefore, we have
Fa(0) + & = (Fa)§(0) = (B} (%) = fa(x) + & >  that

is [ia(0) = T — & so that 0c Ug (s ).

Letx,y e X such thaix*y,ye
with £ > &. Then fia(xxy) >t —a and uA(y) >t
That is (fia)Tz(x xy) = uA(x* y)+a =<t and
()T 5(y) = ﬂA(y) +a =< {. Since(fip)} is an interval
valued fuzzy ideal of X, therefore, we hayig(x) + & =

()5 () = rmin{(fia)§ (x* y), (i )§( y)} = . That is,
fia(x )>t—asothatxeua(uA, £).

Again letx € X such thatx € Lg(va;s) ands € Im(va).
Thenya(x) < s+ i.e.,(vA)E(x) = Va(X) — B < s. Since
(vA)E is a doubt fuzzy ideal of X it follows that
VA(0) = B = (Va)p(0) < (va)g(x) = Va(x) — B < s. That
is VA(0) < s+ B. So that 0c Lg(Va;9)-

Again let x,y € X such thatxxy,y € Lg(va;s) and
s € Im(va) Thenva(xxy) < s+ B and va(y) < s+
ie.(va)g(x * )

|m(l1A)

= valx) — B < s and
(Va)g(y) = Va(x) — B < 's. Since(va) is a doubt fuzzy
ideal of X, it follows that
Va(X) — B = (Va) (%) < max{(va) (x+y), (Va)§(¥)} < s.

Thatisva(x) < s+ . So thatxxy € Lg(va;s). Therefore
Ua (fia;T) andLg(va;s) are ideals of X.

ConverselyUg (fia;f) and Lg(va;s) are ideals of X
for £ € Im(fia),s € Im(va) with £ > a. If possible
Alip) = ((IJA)aa(VA)E) is not a cubic ideal of X then
there exists some a € X such that
(EA)L(0) < T = (AL (@) i.e., fa(0) + & < < fin(@) + &
then fia(a) = t— & but fia(0) <t — &. This shows that
a € Uqg (ua;) but 0¢ Ug (fia;f). This is a contradiction,
and therefore we must haygia)L (0) = (fia) L (x) for all
X,y € X. |If there exists a,b € X such that
(fia) 5 (@) < £ < rmin{(fia) (@ b). (f)T4(b)} then
fia(axb) = T— & and fia(b) = T — & but ia(z a) =f-a
This shows thatx b € Ug (fia;f) andb € Ug (fia;f) but
a & Ug(fia;f). This is a contradiction, and therefore
(Fa)" g (x) = rmin{(fia)T 5 (x * y), (Fa) T 5(y)}, for all
X,y € X.

Again assume that there exist € X such that
(va)p(0) > & > (va)p(c) Then va(c) < & + B
Va(0) > 0+ B. Hencec € Lg(va;s) 0¢Z Lg(Va;S). Thisis
impossible and thereforéva);(0) < (va)z(x) for all
X,y € X.

va(cxd) <3+ B andva(d) < 3+ B butva(c) > 0+
Hence c x d € Lg(va;s) and d € Lg(va;s) but
c ¢ Lg(vais). This is impossible and therefore
(Va)g (9 < max{(va)j (x*Y), (va)g(y)} for all x,y € X.
ConsequentI)A B = ((fin)}, (vA)ﬁ) is a cubic ideal of

Theorem 224.et A= (fia, va) be a cubic subalgebra of X
and leta € D[0,T],B € [0,T] If a»yﬁ>5then the
cubic(a, 8) translation Aap) = = ((fia) L, (vA) )of Aisa

cubic I-extension of the cubig, 9)- transla‘uon 'At
((Bn)y,(va)5) Oof A,
Prooflt is straightforward.

Theorem 23 et A= (fia, va) be a cubic ideal of X and let
y € D[0,T],d € [0,7]. For every cubic I-extension
B = (fis,vg) of the cubic (,0d)-translation

A(TM) = ((f)y.(va)5) of A, there exists
& € D[0,T],B € [0,7] such thatd = §,8 > d and B is an

cubic I-extension of the cubic(a,f)-translation

A(aB ((UA)aa(VA) ) of A.

Proofltis straightforward.

Theorem 24A = ([ia, va) be a cubic ideal of X, then the
following assertions are equivalent:

(i) Ais a cubic ideal of X.

(ii) For all y € [0,1], A}l is a cubic ideal of X.

ProofLet A= ([ia, Va) be a cubic ideal of X. Therefore we
have

Fa(0) = fia(x), va(0) < VA(X), [ia(X) = rmin{ fia(x*
Y), fa(y)} andva(x) < max{va(x+y),va(y)} forall x,y €
X. Now

(1)) (0) = fia(0).y = fia(X).y = (fIa)y (X)

(VA)y (0) = Va(0).y < VA(X).y = (Va)}(X)
(Fa)y (X) = fia(X).y = rmin{ fa(x+y), fa(y)}.y

= rmin{ fia(X*y).y, fa(y).y}

= rmin{({la)y (x*Y), (Fa)y' (¥)}
A(X).y < max{Va(xy), Va(y)}-y

(VA)y (x) = V.
= max{Va(X*Yy).y, Va(y).Y}
=max{ (va)l (xxy), (V)i (y)}
Converse part lety € [0,1] be such that

A} = ((fia)), (va)}!) is a cubic ideal of X. Then, for all
X ye X, we have

fia(0).y = (fia)y (0) = (fia)} (X) = Fa(X).y
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< (VA)y () = Va(X).y

Va(0).y = (Va)}(0)
= [a(X) andva(0) < va(x) for

Which implies[ia(0)
all x e X sincey # 0.
fa(¥).y = (Fa)) () = rmin{(fia)} (x=y), (Fn)}) (¥)}
= rmin{fia(x* ).y, fa(y).y}
= rmin{fa(x* ), fa(y)}.y
() < max{(va)ll (xxy), (va)M ()}
= max{Va(X*Y).y, Va(y).y}
= max{Va(xxy),Va(y)}.y
Therefore  [ia(x) = rmin{fia(x = y),fa(y)} and

va(X) < maxX va(xxy),va(y)} for all x,y € X sincey # 0.
HenceA = (fia, va) is a cubic ideal of X.

VA(X).y = (Va)}'

6 Conclusion and Future Work

In this paper, we have introduced translation in cubic sets
particularly we studied translation of cubic subalgebras

[71Y. B. Jun, Translation of fuzzy ideals in BCK/BCI-Algebras,
Hacettepe Journal of Mathematics and Statistics, Volume
40(3) (2011),349-358.

[8] Y. B. Jun, C. S. Kim and K.O. Yand;ubic setsAnn Fuzzy
Math Inform 4(1) (2012), 83-98.

[9]Y. B. Jun, C. S. Kim and M.S. KangCubic subalgebras
and ideals of BCK/BCl-algebradsar East J Math Sci 44
(2010),239-250.

[10] Y. B. Jun, K. J. Lee and M.S. Kar@ubic structures applied
to ideals of BCl-algebrasComput Math Appl 62(9) (2011),
3334-3342.

[11]Y. B. Jun, C. S. Kim and J.G. Kand;ubic g-ideals of
BClalgebras Ann Fuzzy Math Inform 1(1) (2011), 25-34.

[12] Y. B. Jun, S. T. Jung and M.S. KinGubic subgroupsAnn
Fuzzy Math Inform 2(1) (2011), 9-15.

[13] K. J. Lee, Y. B. Yun, M. I. Doh ,Fuzzy translation
and Fuzzy multiplications of BCK/BCI-algebraSpmmun
Korean Math.So@4(3)(2009) 353-360.

[14] Mostafa, S. M., Abd-Elnaby, M. A., Elgendy, O.Rterval-
valued fuzzy KU-ideals in KU-algebraimt. Math. Forum
6(64),(2011), 3151-3159.

[15] A. Rosenfeld,Fuzzy subgroupsJ Math Anal Appl. 35
(1971),512-517.

and cubic ideals in BCK/BCl-algebras. The relationships|i] o g saeid nterval-valued fuzzy BG-algebrasangweon-
between cubic translations and cubic extensions of cubiC  kyungki Math.Jour14(2) (2006), 203-215.

subalgebras and cubic ideals are also discussed. The cuhjity

translationA(Ta’B) = (([ia)§ (va)) of @ cubic set A can
al~so be represenred Nﬁuﬁg = ((ﬁA)}Jr ,~(v§)57), where
(Fn) gy (%) rmin{fia(x) + a1} and
(Va)p_(x) = max{va(x) — B,0} for all x € X, & € D[0,1]
andp € [0,1]. In this caseA p) May be called as cubic

(@,
translation operator and it has two compone(iig)f .
and (vA)E_ respectively called agi-up and 3-down

operators. We can study the action of operaﬁ@ip) in

any cubic structure. It is our hope that this work would
other foundations for further study of the theory cubic

sets. In our future study of cubic sets, we try to introduced
cubic matrices and represent these operators in terms of

cubic matrices.
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