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Abstract: In this paper, we introduce the concept of geometricallysipmvex functions on a rectangular box&s. Then, some
Hermite-Hadamard type inequalities for functions whoselttierivatives in absolute value are geometrically coramexgiven.
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1 Introduction Definition 1.1. A function f : A — R is said to be convex
on the co-ordinates o if for everyy € [c,d] andx € [a, b],

Afunction f : 1 CR — R, is said to be convex if for every the partial mappings,
X,y e | andt [O, 1], fy: [a’ b] N ]R, fy(u) _ f(U,y),
ftx+ (1—-t)y) <tf(x)+(1—t)f(y). and
fx:[c,d] = R, fx(v) = f(x,v),

Let f:1 — R be a convex function aral b € | with a < b, are convex. This means that for evéryy), (zw) € A and

we have the following inequality t,s€0,1]
b
f(a+b) - 1 / f(x)dx < f(a)+f(b) flix+(1-t)zsy+(1-s)w)
2 b—al/a 2 < tsf(x,y)+s(1—-t)f(zy)

This remarkable result is well known in the literature as HI=9fxw)+(1-HA-9)f(zw).
Hermite-Hadamard inequality. Both inequalities hold in Clearly, every convex function is co-ordinated convex.
the reversed direction iff is concave. We note that Furthermore, there exist co-ordinated convex functions
Hermite-Hadamard inequality may be regarded as awhich are not convex. Since then several important
refinement of the concept of convexity and it follows generalizations introduced on this category, see [11,
easily from Jensen’s inequality. Since then some18-20] and references therein. Recall that a function
refinements of the Hermite-Hadamard inequality for f : | C R — R, is said to be quasiconvex if for every
convex functions have been extensively investigated by y e | andA € [0,1],

number of authors, see for example [1-10,14-16]). Let

| C R, := (0,:0) be an inerval andf : | — R, be a f(AX+(1-A)y) <max{f(x), f(y)}.
continuous function. Thenf, is said to be geometrically |, [13, M.E. Ozdemir et al. introduced the notion of
convex onl, if for everyx,y € I andA < [0, 1], co-ordinated quasiconvex functions which generalize the
N1 PP notion of co-ordinated convex functions as follows:
FOCY™) < T)7H )™ Definition 1.2. Afunctionf : A =[a, b] x [c,d] — R is said

to be quasiconvex on the co-ordinates&nf for every

In [6], S.S. Dragomir defined convex functions on the YG [c,d] andx € [a,b], the partial mapping,

co-ordinates (or co-ordinated convex functions) on the se
A :=[a,b] x [c,d] in R? with a < b andc < d as follows: fy:[a,b] = R, fy(u) = f(u,y),
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and In [15], M.E. Ozdemir defined convex functions on a
fx:[c,d] = R, fx(v) = f(x,v), rectangular box as follows:

Let us consider the rectangular b@:= [a,b] x [c,d] x

[e, f] in R3. The mapping : Q — R is said to be convex

on Q if for every (x,y,2), (u,v,w) € Q andA € [0, 1],

JAX+(1-2)uAy+ (1-A)v,Az+(1-A)w)
< A9(X,y,2) + (1—A)g(u,v,w).

are quasiconvex. This means that for evety), (z,w) €
A ands;t € [0,1],

ftx+ (1—-t)zsy+ (1—s)w)
< max{ f(x,y), f(x,w), f(zy), f(zw)}.

Since then several important generalizations on this ) , . )
category proved by M.EDzdemir et al. in 9,12,13]. On Afunctiong: Q — R is said to convex on the co-ordinates
the other hand F. Qi and B.A. Xi in1[] introduced the = ©ON< ifforevery(x,y) € [a,b] x[c,d], (x,2) € [a,b] x [e f]
notion of geometrically quasiconvex functions and @nd(¥;2) € [c.d] x [, f], the partial mapping,

established some integral inequalities of ., .

Hermite-Hadamard type. Gz [[2’ E} i E: ?} - Ii’ gz(l:\;\)/ :_g(ul;v, z\),\; ‘ Ee[efcf]é]
Definition 1.3. A function f : | C Rg := [0,00) — Ro, is gy. ' =R, gy(uw) =g(uyw), yeled,
said to be geometrically quasiconvexidfforeveryx,ye 9 [C.d]x[ef] =R, gx(v,w)=g(xvww), xelab],

I andA < [0, 1], are convex. In 4], the notion of co—%rdinated
AclA uasiconvex functions on a rectangular box&in which

FOy™) < max{t(x), f(y)}- generalize the notion of co-ordinatgd convex functions is

Note that if f decreasing and geometrically quasiconvexgiven as follows:

then, it is quasiconvex. If increasing and quasiconvex Definition 1.5. A function g : Q — R is said to

then, it is geometrically quasiconvex. We recall somequasiconvex on the co-ordinates d@ if for every

results introduced in 1[9]. (xy) € [ab] x [cd], (x2 € [ab] x [ef] and

Lemma 1.1. Let f :1 C R, := (0,0) — R, be a (%2 €[c,d] x[e f], the partial mapping,

differentiable function o° anda,b € I° with a < b. If

f/e L([a’b]) then, gz: [aab] X [Cad]%Ra gz(U,V):g(U,V,Z), YAS [e7f]7
(i) gy:[ab x[ef]=R, gy(uw)=g(uyw), yelcd],
(Inb)f(b)— (Ina)f(a) 1 /b f(x) i o:[cd x[ef] =R, gx(vw)=g(xvw), XxE€[ab],
Inb—Ina Inb—Inaja x 1) are quasiconvex. This means that for every
1 X,¥,2),(u,v,w) € Q andt,s,;r € [0,1
— [ atbinat )t (%2, (U W) 0.1]
0 g(tx+ (1 —t)u,sy+ (L—9s)v,rz+ (1 —r)w)
(i) . < max{g(x,y.2),9(x,y.W),9(x,v,2),9(u,y.2),
M(a, b) = / ||n(alitbt)|dt, (2) g(U,V,W),g(U,V,Z),g(U,y,W),g(X,V,W)}~
0
1 Motivated by above results in this paper we introduce the
N(a,b) :=/ a'b'|In(a'th')|dt. (3) notion of “geometrically quasiconvex functions on a
0 rectangular box” ifR3. Then, some results in connection

In [14, M. E. Ozdemir defined the concept of to Hermite-Hadamard inequality are given.
geometrically convex functions on the co-ordinates as
follows: .
Definition 1.4.Let A, := [a,b] x [c,d] be a subset dk2 2 Main results
with a< b andc < d. A function f : AL — R is said to
be geometrically convex on the co-ordinates if for every
y € [c,d] andx € [a, b] the partial mappings,

In this section we introduce the notion; “geometrically
guasiconvex functions on a rectangular box” for a
functions defined on a rectangular &3, which is a

fy:[ab] = R, fy(u) = f(u,y), generalization of the notion “geometrically convex
functions on a rectangular box”. Then, we establish some
and Hermite-Hadamard type inequalities for this class of
fx:[c.d] = R, fx(v) = f(x,v), functions. In this section is a rectangular box i3
are geometrically convex function. This means that fordefined by
every(x,y),(z,w) € A; andt,s€ [0,1], Q, = [ab x[cdx[efl],
—t —
f(xtzl ’yswl ) wherea,b,c,d € R,. In [5] the notion of co-ordinated
< tsf(xy)+s(1-t)f(zy) geometrically quasiconvex functions on the plarRiis
+t(1—s)f(x,w)+(1-t)(1—9)f(z,w). given as follows:
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Definition 2.1. A function f : A, — R is said
geometrically quasiconvex function ofn, C ]Ri if for
every(x,y),(zw) € Ay andA €[0,1],

fOAZ Ay W) < max{ f(x,y), f(zw)}.

Definition 2.2. Let A := [a,b] x [c,d] be a subset dk?
with a< b andc < d. A function f : A, — R is said to
be geometrically quasiconvex on the co-ordinated pic
R? if for everyy € [c,d] andx € [a, b] the partial mappings

fy:[a,b] =R, fy(u) = f(u,y),
and

fx:[c,d] = R, fx(v) = f(x,v),

are geometrically quasiconvex @n,.. For A € [0,1] and
v1,V2 € [c,d], wi, Wy € [g f], one has

(v A wawg ) =g(x,vivy A wpwg )
=g vivs W ws )
<max{g(x,v1, W1 ),g(X, V2, Wo) }
=max{gx(V1,W1),gx(V2,W2) },

which completes the proof of geometrically
quasiconvexity ofyx on[c,d] x [e, f]. Thereforegy andg,
is also geometrically quasiconvex da,b] x [e, f] and
[a,b] x [c,d] for all y € [c,d] andz € [e, f] goes likewise
and we shall omit the details].

Now we introduce the following new lemma which we
need to reach our goal.

are geometrically quasiconvex. This means that for every o ;nma 2.2 Suppose thag : Q, — R be a partial

(%,y),(z,w) € Ay ands;t € [0,1],
f (X2 y WSy < max{ f(x,y), f(x,w), f(zy), f(zw)}.

Definition 2.3 A function g : Q; — R will be called
geometrically quasiconvex on
Q, C R® if for every (xy) € [ab] x [cd],
(%,2) € [a,b] x [e, f] and(y,2) € [c,d] x [e, f] , the partial
mapping,

0z:[abl x[c,d| =R, gz uv)=9g(uv,z), zele/f],
gy : [aa b] X [ev f] — ]Ra gy(U,W) = g(uvva)a ye [Cv d]a
gX . [C7 d] X [e’ f] — Ra gX(va) = g(X7V7W)7 Xe [a7 b]a

the co-ordinates on

differentiable mapping on i@, ). If % € L(Qy)
then,

1
(Inb—Ina)(Ind—Inc)(In f —Ine)

><<C+D—/// dedydz+E—F>
Q Xyz

1 1 (1
_ / / / alftbtclfsdselfrfr
0o Jo Jo
x In(al bty In(ct5dS) In(e! " ")
23%g
otasor

(4)

X (al~'b',ct5dS, el f")dtdsdr,

are geometrically quasiconvex. This means that for every, here

(%,Y,2), (u,v,w) € Q; andt,sr € [0,1]

fu Ly Vs 2wt )
< max{g(x,y,2),9(x,y,W),9(x,v,2),9(u,y,2)
g(u,v,w),g(u, v, 2),g(U, y, W), g(X, v, W) }.

Definition 2.4. A function g : Q; — R is said
geometrically quasiconvex function a@, C R2 if for
every(x,y,2), (u,v,w) € Q; andA € [0,1],

g ut A YA 2w ) < max{g(x.y,2),9(u,v,w) }.

The following lemma holds.

Lemma 2.1.Every geometrically quasiconvex mapping
Q. — Ris geometrically quasiconvex on the co-ordinates.

Proof. Suppose thatg : Q. — R is geometrically
quasiconvex or2... Then for every(x,y) € [a,b] x [c,d],

(%,2) € [a,b] x [e, f] and(y,2) € [c,d] x [e, f] , the partial
mapping,

0z:[abl x[c,d =R, gz uv)=9g(uv,z), ze€le/f],
gy . [aa b] X [e7 f] — Ra gy(UaW) = g(u7y7W)7 y € [C7 d]a
o:[cd x[efl =R, g(vww)=g(xv,w), xe&[ab],

c:=(n f)((lnd) [(inb)g(b,d, f) — (Ina)g(a,d, f)]
—(Inc)[(Inb)g(b,c, f) — (Ina)g(a,c, f)} ),
D:=(Ine) ((m d)[(Ina)g(a,d,e) - (Inb)g(b,d, e)]

— (Inc)[(Ina)g(b,c,e) — (Inb)g(a,c, e)]),
Ei= (|nf)/A+ 79(")’(;’/’”
g(x.y;€)
—(|ne)/A+l Sy axdy
+(Ind)/A g(x’ixj’z)dxdz
—(Inc)/A g(x’ix(zz’z)dxdz

+(In b)/A %dydz
+3

~(Ina) // 9@ Y2 g,
A+3 yZ
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whereA,, =

and

Proof. We denote the right hand side af)(by |. Letting

x=al"bt,y=cl-Sdsandz=e!~" ' fort,sr € [0,1]. By

[a,b] x [c,d], A4, = [a,b] x [e, f] andA,, =
[c,d] x [e, f] are subsets d&2 witha< b, c< dande< f,

- (Inb){(lnd)/f g(b’izd’z)dz

fg(b,c,2)

—(Inc)/e fdz}
—(Ina){(lnd)/ef g(a’izd’z)dz
fg(a,c,2)

—(Inc)/e fdz}
+(|nf){(|nb)/cd&;"”dy
B dg(ayf)

(Ina)/c ; dy}
—(Ine){(lnb)/cdwdy
B dg(ay.e)

(Ina)/c ; dy}
+(Ind){(lnf)/bg(Lx”f)dx
bg(x,d,e)

—(Ine)/a de}

—(|nc){(|nf)/:g(x’7)°(””dx
bg(x,c,e)

—(|ne)/a de}.

integration by parts o®., , we have

(Inb—Ina)(Ind —Inc)(In f —Ine) x
= (Inb—Ina)(Ind—Inc)(Inf —Ine)

/ / / 1 Ibt 1— Sdsel fr
x In(a bty In(ct~5dS) In(e! " ")

039 1-tpt ~A1—SHS ol—T §1
X Saer @ Bhe dS, el =" f")dtdsdr

f rd b 039
/e/c/a(Inx)(lny)(lnz)m(x,y,z)dxdydz

f rd 2 b
- /e/C(|nz)(|ny){(|nx)jy—(§z(x,y,2)

b1 529
_/a X 9y0z —(X,Y, )dx}dydz

2
_ /ef/Cd(lnz)(lny){(Inb)jy—agz(b,y,z)

029 b1 529
~na) 3 (@y2) - / S a0 vz

Inb/ / (Inz)( Iny (b y,z)dydz

—(na) /e /C (Inz)(lny);y—gz(a,y,z)dydz

frd b (Inz)(Iny) d%g
_/e /c /a fm(xﬂyaz)d)(dydz, o

Similarly integration by parts in the right side &)(deduce
that

(Inb—Ina)(Ind—Inc)(Inf —Ine) x|

f d
= () [ <Inz>{<lny>"g<b %2
d
—/C %%(b,y,z)dy}dz
ina) [ (in2)] (Iny) 2
~(na) [ (nz)3 (ny) 5 (@y.2
d
—/C %%(a,y,z)dy}dz
// (Inz)= {Iny g(x,y,z)

d14g
_/C )—/E(x,y,z)dy}dxdz

C

d

c (6)

d

C
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_ (Inb)/ef(lnz){[(lnd) 99 b,d,2) - (Inc)(;g(b ¢.2)]

d14dg
_/C yﬁ(b,y,z)dy}dz

_(Ina)/f(lnz){[(lnd)ag(a d,2)

C

Inol//—)—g x,d,z)dxdz
X 0
(Inz
Inc// xczdxdz
X 0

+///In_z_g (X,y,z)dxdydz

Again integration by parts in the right side &) (deduce
that

d
—(Inc) Zg(a C,2)] — / %%(a Y, )dy}dz

(Inb—Ina)(Ind — Inc)(ln f—Ine) x|

el
o
/gby,

[y, }
/W d

= (Inb)(lnd){ (Inz)g(b,d,2)

—(Inb)(Inc) { Inz)g(b,c,2)

d (Inb)
— [ —=< (b,y,2)
/ y{nz 2

—(Ina)(lnd){ Inz)g(a,d,2)

—~

+ (Ina)(Inc) { Inz)g(a,c,2)

—){Inz g(ay,2) gay, z}dy
y
{Inz (x,d,2) /ngZdz}dx
b(Inc
+/— (In2)g(x,c,2)
a

dxdy

[
+//i{ (In2)g(x,y,2) /gxy, }
c Ja Xy

= (Inb)(lnd){ (Inf)g(b,d, f) — (Ine)g(b,d, )]

_ [fgbda dz}
e Z

(7)

— (Inb)(In c){ [(Inf)g(b,c, f) — (Ine)g(b,c,e)]

~ /f g(b,c2) dz}
e Z

_/Cd('”_yb){(mf)g(b,y,f)—(lne)g(b,y,E)

f
ez

—(Ina)(In d){ [(Inf)g(a,d, f)—(Ine)g(a,d,e)]

_ [feeda dz}
e Z

+(Ina)(Inc) { [(Inf)g(a,c, f) - (Ine)g(a,c,e)]

[ deca dz}
z

+/C (Ir;/a){(I flg(ay, f)— (Ine)g(a,y,e)

f
e Z

_/b (Ind) {(m f)g(x.d, f) — (Ine)g(x,d.e)

X

f

+/a e {(|n fox.c.f) — (Ine)g(x.c.e)

/ gx.c2) dz}dx
/ / { Inf)gxy, ) — (Inejg(x,y.e)
—/ &Zy’z)dz}dxdy.

Dividing both sides of ) by
(Inb—Ina)(Ind—Inc)(Inf —Ine)

implies that the equatioml) holds and proof is completed.
O.

Theorem 2.1.Letg: Q; — R be a partial differentiable
. . 3 3 .
mapping on intQ. ) and ;29 € L(Q,). If | ;29| is a

geometrically quasiconvex function on the co-ordinates on
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Q. then the following inequality holds:
C+D
Ina)(Ind —Inc)(Inf —Ine)
B [fq 2242 dxdydz
(Inb—Ina)(Ind —Inc)(Inf —Ine)
< N(a,b) N(c,d) N(e, f)

23%g
xmax{ 0tdsdr(a’c’e)’
2%g
(ad.e)

otdsor

o0

dtasar &8

Inb—
( (8)

+E-F

3%y

otosor
2%g

3
9 (b f)
2%y

oatdsor
9 bde) 529 b f)\},

2%y
otosor
where, C,D, and N(a,b) are defined, respectively, in
Lemma 2.2 and Lemma 1.1, and
E
Ina)(Ind —
B F
~ (Inb—Ina)(Ind —Inc)(Inf —Ine)’
whereE, F are defined, in Lemma 2.2.
Proof. From Lemma 2.2, it follows that

(a,c,f)‘,

)

)

M

- (Inb— Inc)(Inf —1Ine)’

Th

C+D
(Inb—Ina)(Ind—Inc)(Inf —Ine)
[f 2242 dxdydz EE

(Inb—Ina)(Ind — Inc)(lnf—lne) a
/// 1tbtlsdse1 rgr

x |In(a"b') In(c'°d®) In(e " ")

09 lfttlfss —rer
’ms&r( bt,cl~SdS et f")|dtdsdr.

Since ,|W| is geometrically quasiconvex on the
co-ordinates o2, we have

wheret,s,r € [0,1]. From this inequality and Lemma 1.1,
it follows that

1,1 p1
/ / / a1—t bt C1—sdse1—r fr
0 Jo Jo

x [In(@ bt In(ct~%d%) In(e" " )|

‘mads% (a'b',c'od®, & ) | dedlsdr

< max{ %(a,c,e) ,‘mﬁ;; (a,c,f)‘,
dt(j:s%r (3.d.e), dt‘f;;r (ad.f)),

atdagsga (b, 1)), 5:9;5% (b.c.e)|,

dtf;s%r (b.d.e). dta;s%r (b4 f)‘}

1,1 ,1
X/ / / alftbtclfsdselfrfr
0o Jo JO

x [In(@'h') In(c'5d%) In(e! " )|

= N(a,b) N(c,d) N(e, f)
X max{ 0t(9335%f (ac, e)‘, ‘ 0tdsgdr (a,c, f)‘,
dtf;s%r (3,d.¢)), dtfs%r (ad,f)|,
dtd;s%r (b, e)‘, ‘ a{fs%r (b, f)\,
atdassgar (b.d.e), atfsgar (b,d, ) }

which is the required inequality), since

1,1 1
/ / / al—t bt C1—sdsel—r fr
0 Jo Jo

x [In(@*'b')In(c'%d®%)In(e! " f")|dtdsdr

1
( / a0 |n(a“bt)|dt>
0

‘939 1-tpt ~Al—SqS 1T fr
’atasar (a b ,C d ,el f ) " (/10(1—S)d3||n(Cl—SdS)|ds)
3 3 0
g J°g 1
<
= ma {’dtdsﬁr @ce) ”awsar(a’c’f)" x (/0 e“ff||n(e1'ff)|dt>
%9 9%g = N(a,b) N(c,d) N(e, f).
atasa (a,d,e) 9 atasar (a,d,f) 9
939 9% The proof of theorem is completed.
(b,c, f)], (b,c,e)|, The following corollary is an immediate consequence
atosor otgsor of theorem 2.1.
9°g (b,d,e), 9°g (b,d, )|}, Corolla.ry.2.1. Suppose thg conditions of the Theorem 2.1
dtosor oatosor are satisfied. Additionally, if
(@© 2016 NSP

Natural Sciences Publishing Cor.



Math. Sci. Lett5, No. 1, 59-69 (2016) www.naturalspublishing.com/Journals.asp

N <SS 2 65

(1 )‘dtdsd is increasing on the co-ordinates @n,,
then
C+D
(Inb—1Ina)(Ind—Inc)(Inf —Ine)
[Ifq 552" dxdydz .
_(Inb—Ina)(Ind—Inc)(Inf—Ine)+ a
d%g
N(@.B) N(c.d) Nie. )| 579 a(b.d. 1)
. (©)
(2)‘ dtds%r is decreasing on the co-ordinates &1,
then
C+D
(Inb—Ina)(Ind—Inc)(In f —Ine)
e *Pddydz
(Inb—1Ina)(Ind—Inc)(Inf —Ine)
d%g
< .
N(a.b) N(e.d) N(e ) | 2 - a(a.c.e

(10)

0.

I . <
Theorem 2.2.Letg: Q; — R be a partial d|fferent|able - max{

mapping on intQ, ) and ‘,t‘i,s%r eL(Qy). If | ;23| is a
geometrically quasiconvex function on the co ordmates on
Q. andp,q> 1, % +% =1, then the following inequality

holds:

C+D
(Inb—Ina)(Ind —Inc)(Inf —Ine)

B [fq 2242 dxdydz
(Inb—Ina)(Ind —
< [N(aP,bP) N(cP,dP) N(eP, P)] /P
maxd |29 !
otasor
q
- (@.d.e)
_9°g
otasor

2%g
otosor

+E-F

Inc)(Inf —Ine)

(a,c,e)

2%g
) m(aad, f)
d3g
otasor

1/q

3 q

1229 (b.d.f) ,
otosor

q

(b,c,e)| ,|z—=—==(b,c,T)| ,

q

(b,d,e)

o (11)
where,C, D, E,F andN(a,b) are defined respectively, in

Lemma 2.1, Theorem 2.1 and Lemma 1.1.

Proof. Suppose thap > 1. From Lemma 2.2 and well-
known Holder inequality for triple integrals, we obtain

C+D
(Inb—Ina)(Ind—Inc)(Inf —Ine)
If 2222 dxdydz EE

(Inb— Ina)(lnd Inc)(lnf—lne) a
/ / / 1 tbt 1— Sdsel rer
x [In(@'b') In(c'5d®) In(e! " f")|

09 lfttlfss —rgr
’mwr( bt,cl~5dS e f")|dtdsdr

< (/ / / aP(1-t)pPtcP(1-s) g PSgP(1-T) ¢ pr
h o Jo Jo
1

x |In(a~'b") In(c'~5d®) |n(ep<1f>fpf)|pdtdsdr> ’
1 q q
x ( dtdsdr
0

(12)
is geometrically quasiconvex on the

(al—t bt ’ Cl—SdS’ e,l—r f r)

otasor

Since |23 |

co- ordlr%‘%gst om+, we obtain
/ / / atasar (2!, ¢ 5d®, e ) thdsdr
29 (ac.o| .| zo-(ac.h)|
0$§4a¢aq,£§%ﬂ@¢ﬂﬂ
0gg(bcaqagg(bcﬂq
aggﬁbd@qggg(bdﬂq

(13)
We also notice that

11
/ / / Pt pPt P(1-S) gPSgP(1-r) £ pr
0 Jo Jo

x [In(a~'b") In(c'~5d®) In(eP-") £P") | Pditdsdr

1
- ( / aP<1—‘>bp‘||n(a1—tb‘)|pdt>
0
1
x ( / cP-9gPs) |n(c13d5)|pds>
0

X (/1ep(1‘r)fpr In(ep(l‘r)fpr)dr>
0

= N(aP,bP) N(cP,dP) N(eP, fP).
(14)
Combination of 12), (13) and (L4), gives the desired
inequality (1). Hence the proof of the theorem is
completed.
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The following corollary is an immediate consequence

of theorem 2.2.

Corollary 2.2. Suppose the conditions of the Theorem 2.2

are satisfied. Additionally, if

q
(1)’ ETEIST: is increasing on the co-ordinates ¢h.,
then
C+D
(Inb—Ina)(Ind—Inc)(Inf —Ine)
Il 8522 dxdydz g
~ (Inb—1Ina)(Ind—Inc)(In f —Ine) TET
< [N(aP,b?) N(cP,dP) N(e?, £P)] /P
d%g
>< mg(b,d, f)‘.
(15)
(2 )’ |s decreasing on the co-ordinates @n,
then
C+D
(Inb—Ina)(Ind—Inc)(Inf —Ine)
If 222 dxdydz .
~ (Inb—1Ina)(Ind—Inc)(Inf —Ine) TET
< [N(aP,b") N(cP,dP) N(&”, £P)] /P
d%g
X ‘atasarg(a,c,e)‘.
(16)
0.

Theorem 2.3.Letg: Q, — R be a partial differentiable

mapping on intQ., ) and ataﬁsgér eL(Q). If |atasar Iis a

geometrically quasiconvex function on the co-ordinates on

Q. for g > 1, then the following inequality holds:

C+D
(Inb—Ina)(Ind—Inc)(Inf —Ine)
eGPy

(Inb—Ina)(Ind—Inc)(Inf —Ine)
< M(ab) M(c.d) M(e, )]/
3
<q;1) N (a0 D), po/(a-)
q
1-1/q

N (c9/(@-1) g/ (@ 1) N (/a1 fa/(a-1))

(17)

(93
tosr >°
q

q 039
) m(aa c,f)
q

)

X [maX{
3
g
tosar > 4-©

2%g
Jtosar >C®

3%y
| Gtasar @
2%g
) m(b, c,f)

1/q
3 q
129 (h,d,1) ,
atosor

where, C, D, E,F and M(a,b),

d, f)

q q

)

039 q

Jtosor %)

N(a,b) are defined,

respectively, in Lemma 2.2, Theorem 2.1 and Lemma 1.1.

Proof. By Lemma 2.2, Holder's inequality, and the
geometric quasicanvexity ¢f"—g TonQ., we have

otasar
C+D
(Inb—1Ina)(Ind—Inc)(Inf —Ine)
Ifo %2 dxdydz
(Inb—Ina)(Ind—Inc)(Inf —Ine)
101 1
< / / / alftbtclfsdselfrfr
~ Jo Jo Jo
x [In(a ") In(c'%d®) In(e* " )]
09 17tt 1-sqs ol—r¢r
‘mdsd (@ 'b,cd® e ' f1)|dtdsdr

IN

{ / / / 900 (G-D)pt/(@-D a(1-9)/(a-1)
0 Jo Jo

« d98/(a-1) d(1-r)/(a=1) far/(a-1)
x |In(al~th) In(ct5d) In(el " ") |dtdsdr

y {/01/01/01‘|n(a1_tbt)|n(Cl_Sds)|n(el_rfr)|

X 039
otosor

< {/1/1/13"(“)/@1>bq‘/(q1)cq<1s)/<ql>
0o Jo JO

 98/(a-1)ga(1-1)/(a-1) far/(a-1)

]1—1/q

(al—t bt, Cl—sds’ e1—r fr)

q 1/q
dtdsdr]

x [In(a" 0" In(c*%d®) In(e* " ")| dtdsdr

dtosaor &%)

:|ll/q

3

99
Jtasor
q

q

(a,c,e)

039
otosor
039
| dtdsor

25 _(ad,f)

q
————(b,c, )| ,

03g q

%y
dtosar > 4-©

| gtasar 29 1)
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Note that by Lemma 1.1 we deduce that,

///aqlt (a-1)pat/(a-1)ca(1-s)/(a-1)

« 49/ (a-1)ga(1-1)/(a-1) gor/(a-1)

x [In(@~'b") In(c'5d®) In(e" " )| dtdsdr

whereC, D, E,F andN(a,b) are defined, respectively, in
Lemma 2.2, Theorem 2.1 and Lemma 1.1.

Proof. From Lemma 2.2, Holder’s inequality, and the

geometric quasiconvexity qf‘% |q on the co-ordinates
on Q. we get,

_ ( /0 ! 200/ (a- D)t/ (01 |n(a1—‘b‘)|dt)
y ( /0 ' 19/ (a-1ges/ (a1 |n(clst)|ds>
y ( /0 leCI(lr)/(ql>fqr/(q1)||n(elrfr)‘dr)
_ (‘1—731)3 N (a9/(@1) po/(a-D)

q
N (c/(@-1) /(-1 N (/@D fa/(@-D)),

///\m (aXb") In(cL~5d%) In(e*" 1) ditdis

= M(a,b) M(c,d) M(e, f).
The proof of Theorem 2.3 is completéd.

an

Theorem 2.4.Letg: QJr — R be a patrtial differentiable

mapping onQ and € L(Qy). s a

5t08¢9r If | 0tds¢3r

geometrically quasiconvex function on the co-ordinates

onQ, andg> ¢ > 0, then

C+D
(Inb—Ina)(Ind—Inc)(Inf —Ine)
[1fq %555 dxdydz .
~ (Inb— Ina)(lncxiﬂ— Inc)(Inf —Ine) TE-F

q—1 3(1-1/a) 9\ 3/d
< [ —— -
(o) ()
1
[N b)) N e 1))
[N(am—a/(q—l)’b(q—f)/(q—l))

X
< N(cl8-0/(@-D) gla-0/(a-)
«N(e >/<q—1>7ﬂq—é)/(q—l))}“‘l/q)
039 q 039 q
X [max{ 0t0$0|’ (a,C,e) ) m(avcaf) )
039 q 039 q
dtosar 299 5rasar @4 1|
79 0o 2o |
Ftasar Atasar ’
1/q
039 039 q
atosar 99| | 5rasgr (P4 1) )
(18)

IN

IN

IN

C+D
(Inb—Ina)(Ind—Inc)(Inf —Ine)
[ 2222 dxdydz

(Inb—Ina)(Ind—Inc)(Inf —Ine)
/1 /lflalftbtclfsdselfr fr

0o Jo JO
x [In(a'b') In(c'%d®) In(e! " f")|

(99 1—tt1—ss —rer
‘mw( bt,ct=SdS e f")|dtdsdr

[/// a(0-0(1-0)/(@-Dp(a-0t/(a-1) (a-0)(1-9/(a-1)

% d(@=0s/(@=1)gla-0)(1-1)/(a=1) §(a-0O)r/(a-1)

1-1/q
x [In(@~'b") In(ct~%d®) In(e*" f’)|dtdsdr}

1,1 1
« |:/ / / ||n(aﬁ(1—t)bét)|n(cé(1—s)dZS)|n(e€(1—r)f[r)‘
0
2%y
odtasor

[/ / / a(@-0(1-0/(@-1)p(a-0t/(a-1) (a-0(1-9)/(a-1)

« d(@-0s/(@-Dgla-0)(1-1)/(a-1) § (@-0)r/(a-1)

q 1/q
(altbt, ct5dS el " 1) dtdsdr}

x [In(a''b") In(c'%d®) In(e* " f")| dtdsdr

« [/1/1/1|ae(1t)bmcz(1s)desez(lr>fer
0 Jo JO

1/q
x In(al~tb") In(ct~5d%) In(e*" ff)\dtdsdr]

—r(a,d,e)

Tl/q

2%y

otadsor
q

q 3

99
' Gtasar
q

q
(a7c7 f) )

(a,c,e)

039
otosor
0739
otosor

2 _(ad,f),

q q

———(b,c,e)| ,|=——(b,c,T)| ,

1/q
(939 ¢ Q}‘|

q

dtosar 04O | graser A1)
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_ (q;;)“’l/‘” [N(@@-0/(a-, -0/
q —
x N (¢l

< N(ele0/ (@), f(Q*f)/(Q*:L))} 1-1/q

‘ (%)yq N0 N(a) N(e 1)

0/(@-1) gla-6/ (qfl>)

q

X [max{ 0taasgd (a,c,e) ataasgdr(a’c’f) q’
0t0035%r ade, atfs% @a.).
0tad3s% boe) . ataassga |

/
dti?ss%r (b.d.e) , q dtaz;s%r (b.d.f) qH 1 q’

The proof of theorem is completed.

Theorem 2.5. Let f : Q. — R be a geometrically
quasiconvex function on the co-ordinates ©h.. If
geL(Q4), then

f((ab)"/2, (cd)2, (ef)?)
1
= (Inb—Ina)(Ind—Inc)(Inf —Ine)

b
///fxy’ dxdydz

< max{g(a,c.e),g(a.c,f),g(b,c.e),g(b.c,f),
g(a,d,e),g(a,d, f),g(b,d,e),g(b,d, f)}.

(19)

Proof. By geometric quasiconvexity df on co-ordinates
onQ,, we have

f((ab)Y/2, (cd)¥?, (ef)V/?)
< max{ f(al bt ct5dS et " 1),
f(a'bl ™t csdl s, et 1)}
< max{g(a,c,e),g(a,c,f),g(b,c,e),g(b,c,f),

(20)

by integrating in 20) we get

f ((ab)l/Z’ (Cd)l/z, (Ef)l/z)

1 ,1 ,1
< max{ / / / f(alblt, oS, et 1 )dtdsdr,
0 Jo Jo
1 1 ,1
/ / / F(albt ™, cdl S, e 1) dtdsdr,
0 Jo JO
1 ,1 ,1
/ / / f(a‘bl—‘,chl—S,el—fff)dtdsdr}
0 Jo JO

(Inb—Ina)(Ind — Inc)(lnf—lne)

b
/// T%2) 4 yelz

max{g a,c, e),g(a, c,f),a(b,c,e),g(b,c, ),
g(a,d,e),g(ad, f),g(b,d,e),g(b,d, )},

and proof is completed..

Theorem 2.6. Suppose thatgh : Q. — R are
geometrically quasiconvex functions on the co-ordinates
onQ..If ghe L(Q4). Then,

IN

1
(Inb—Ina)(Ind — Inc)(lnf—lne)

///gxy, dxdydz

< max{g(x,y,2) h(u,v,w)

[a,b], y,v e [c,d],
wze [e f]}.
Proof. Let x = al 'b', y=al"%bs, z=¢€l""f', t,sr e

[0,1] and using the geometric quasiconvexityoli on the
co-ordinates o2 yields

1
(Inb—Ina)(Ind — Inc)(lnf—lne)

/ / / 90,2 4 vz
_ / / / f(alftbt lesds elfrfr)
0 Jo Jo ’ ’

x g(al~'b',ct5dS, el " f")dtdsdr

g(a,d,e),g(a.d, f),g(b,d,e),g(b,d, f)}. < maxXg(a,c,e),g(a,c,f),g(b,ce),gb,c, f),
_ g(a,d,e),g(a,d, f),g(b,d,e),g(b,d, f)}
Since
x max{g(a,c,e),g(a,c, f),g(b,c.e),g(b,c,f),
/l/l/lf(alftbt,clfsds,elffff)dtdsdr g(a,d,e),g(a,d, f),g(b,d,e),g(b,d, f)},
0 Jo JO .
11 1 and proof is completed..
- / / / f(a‘bl“,csdl‘s,el"f')dtdsdr
0 Jo JO
- 3 Conclusion
(Inb—1Ina) Ind Inc)(lnf—lne)
b f(x,y,2) This paper is concerned with the celebrate
/ / / g dvdz, Hermite-Hadamard inequality for functions of three
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