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Abstract: In this article, we have dealt with the controllability fanpulsive (Imp.) neutral fractional functional integrdfdrential
equations with state dependent delay (S-D Delay) subjenbinlocal conditions. We have obtained the appropriatalitions for
Controllability result by using the classical fixed pointhaique and analytic operator theory under the more geceralitions. At
last, an example is presented to demonstrate the appticaitithe obtained result.
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1 Introduction

In this article, we deliberate a class of neutral fractioffbc.) functional (Func.) integro-differential equaitso(Diff.
Eqns.) subject to impulsive (Imp.) and non-local condigiom complex Banach spa%, || - [|x)

CDEN[t,y] = ANt Y] +Bu(t) + f (t,Yp(ty) + (A% 9)(),t € I, #ti, 1)
Y(t)"'h(yplv---vYPn)(t):¢(t)a te (_0050]7 (2)
Ay(tk) = lk(y(tk_))v k=1,2,....,m, (3

where®D¢ denote the Caputo’s Frac. derivative of ordee (0,1);A: D(A) C X — X is the closed linear operator
sectorial type defined oX;N[t,y] = y(t) + p(t,Yp(ty)) and(q+g)(t) = J5a(t —S)9(S Yp(sy,))ds The functionsf;g;p:
IxBp—X,q:J—=X, p:IxB,— (—o,T] andh: B," — X are given and satisfies some assumptions. The history
functiony; : (—,0] — X is demarcated by;(6) = y(t + 8), 6 € (—,0] fits in the abstract phase spag andJ =
(0,T], 0< T < =, is an operational interval such thatlty <t; < --- < tm <tmy1 < T, are impulse point8:U — X'is

a linear bounded operator, and the control ra&p belong in Banach spadé (J,U) of admissible control maps witd

as a given Banach space. The mggp) € Bp,; Ay(t) = y(t") — y(t, ), y(t) andy(t, ), represents the right hand and left
hand limits of functiory(t) att =t andy(t, ) = y(tx) andlx : X — X, k=1,2,...,m, are continuous and bounded maps.

Frac. Diff. Eqns. originate in several fields as engineeniiysics, biology, signal and image processing etc. se@thes
equations become more naturalistic and practical thagéntequations models. For more details descriptions onsamn
[3,25] and references therein. Imp. effects have a realisticirotee evolutionary processes owing to wide applications
in science especially for population description, biotadiand social macro-systems. We mention the reader to see th
papers 1,6,10,11,12,13,14,29] for more details and concept of Imp. effects.

The non-local conditions give improved results when coregdo the normal local condition, for instance, to define
the diffusion phenomenon of a slight quantity of gas in a appitube. For more details of these topics one can refer to
[5,10,12,24,29]. For several decades Frac. Func. Diff. Equs. with S-D Dal&yfrequently applied in many fields, such
as modeling of equations, panorama of natural phenomenpands medial, 2,4,6,7,8,9,15,18,19,20,21,23].

Nowadays, controllability is one of the important ideas iathematical control theory and has a chief role in many
areas of science and technology. In Controllability systeantrol maps, which steers the solution of the problem from
its primary state to last state, where the primary and las¢stmay diverge over the whole space, deals existencéstesul
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Many authors studied Controllability systems and esthblisseveral results. 1”2¢] H. Qin et al. studied the existence of
PC-mild solutions for Imp. Frac. semi-linear integro-DEHigns.

DIx(t) = AX(t) + Bu(t) + f(t,x,Hx(t)),t € J=[0,b],t #t,

AX(ty) = lk(X(t ), k=1,2,...,m, X(0) =xp € X,
and then presented controllability results using fixed ptiiaoremCo—semigroup theory, and the generalized Bellman
inequality. H. Zhang et al.30] studied the following problem

DEx(t) = AX(t) +Bx(t — 1) +Cu(t), t € [0, T]\ {t1,t2,.. ., ti},

Ax(ti) = X(tiJr) - X(tii) = Ii (X(tii))a i= 17 27 EEE) k7

X(t) = (p(t)v te [—T,O],

and established sufficient conditions of controllabilityredards. Z. Tai et al2B] obtained the appropriate conditions for
the controllability with Frac. calculu§—semigroup theory and Krasnoselskii’'s theorem of the folhmyproblem

S0~ 9(tx)) = (A + (B + X, [ hit.sxds.te 0Tt
AX(ty) = lk(x(t ), k=1,2,....m, xo = @ € By.

Controllability of Frac. Imp. neutral evolution integrofDEqns. in a Banach space has been mentioned in the p2ider [
for the following system

%[X(t) —g(t,x)] = At)X(t)(t) + f(t,xt,/th(t,s,xs)ds)Jr (Gu)(t),t € [0,T],
0

AX(tg) = (Xt ), k=1,2,...,m X0 =@ € By, t # 1.

In paper R9 sufficient condition for the controllability is establisthi by means of solution operator of the following
problem

%x(t) = AX(t) + Bu(t) + f(t,x(t),x(as(t),),...,X(am(t))), t € [0, T],t #ti,

X(0) +g(x) = X0, Ay(t) = li(y(t7)), i=1,2... .k

Recently, sufficient conditions are derived by R. Ganeslh. §17 for the exact controllability of nonlinear neutral Imp.
Frac. Func. equation with infinite delay

DEX(t) +g(t, )] = AX(t) +9(t, %)) + F~“[But) + f (t, %, Hx(t))],t € [0,T],
AX(tk) = |k(X(tl:)), k=12,....m Xg= @€ By.

Very recently, author of the pape2q] remarks on some current results on exact controllabilitglestract differential
control systems with a linear part prevailed by a sectordrator. Actually, author shows that the abstract control
problems [L7,26,28] are not exactly controllable becausds consider as unbounded operator, therefore the generated
a-resolvent family is unbounded and due to this fact, resultsabsurd.

Our work is motivated by the mention worll7,26,27,28,29,30]. We followed the idea mentioned 2] and
applying it on ()-(3) and obtained the sufficient conditions for non-local nalutmp. Frac. Func. Diff. Egns. with S-D
Delay regarding infinite delay. In author knowledge thisi¢sgs unread yet. In this work, we established a general
background to find the mild solutions for such Imp. Frac.gnteDiff. Eqns. and demarcated the mild solutions of the
equations1)-(3) by means of the idea presented 14|, in which the mild solutions are related with Mittag—Lefflaap,
resolvent operator and solution operator.

This work is divided in four sections. The second sectioremsfisome definitions and basic preliminaries to be used
in proving our result. In the third section, we obtain the troltability results for the problem. The fourth section is
concerned with an example.

2 Preliminaries and Definitions

Let (X, |- |Ix) be a complex Banach space taking the norm

Iyllx = sup{ly(t)[ -y € X;t € J,}
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andL(X) denotes the Banach space of all bounded linear opetétoXs— X taking the norm
[IKl[Lx) = sup{lIKyllx : [[Yllx < 1,y € X}
We did our computations in an abstract phase sfcdue to infinite delay antB{, due to impulse effect which are same

as described in1[3].

Lemma 1From the paper§] “Ify :(—c,T] — X be amap s.t.¢= ¢,y € %'h, then for all te J, the following conditions
holds:

(C1) ¥t € B,
(C2) [ly(®)]Ix < Hlyt||s,,, where H is a positive constant.
(Ca) Ivtllss, < K(t)sup{[ly(s)|x : 0 < s<t}+M(t)|[@]s,,K,M :[0,00) = [0,00), K(-) are continuous, Nt) is locally
bounded and KM are independent of(¥).
(Cs,) The map t— @ is well defined and continuous from the set

O@7)={p(s¢): (s ) € Ix Bp}
into By, and3 a continuous and bounded maP J0(p~) — (0,) s.t.||@||ss, < I?(t)| ¢||w3, for everyte O(p™).”

Lemma 2From the paper§] “Lety : (=, T| = X be map s.t.y= @,y € %;1, and if (C4,) hold, then

ysllas, < (Mp+3?)[|@lls,, + Ko sup{[|y(8)]|x; 6 € [0,max{0,s}]}, s€ O(p~)UJ,
where ¥ = supcp(p-) (1), Mp = SURc (o 1) M(s) and i = sup o1 K(S).”

Definition 1.From the monographZ5]“The Riemann-Liouville (R-L) Frac. integral operator ofder a > 0, for a map
ge Lt (R, X) is defined by

Ogt) = g(t) “(t)—i/‘a—)a—l (9ds  t>0
Ja(t)=ga(t), kg = @) Jo g(s)ds )

wherel (-) denotes the Euler-Gamma map.”

Definition 2.From the monographZ5] “ Caputo’s Frac. derivative of order > 0 for a mapg € C"(R™, X) is defined by

E s eeererigigas—reg ),

O = gy s

forn—-1<a<nneN.IfO<a<1,then

CDtag(t): ! )/t(t—s)—“g(l)(s)ds

rl—a)lo
Itis cleat that, Caputo’s Frac. derivative of a constantfiom is equal to zero.”

To circumvent the reappearances of some definitions usédsipaper we refer the researcher: such as Mittag—Lefller
type function R5], sectorial operatord[3], solution operator]4] and a-resolvent family B].

Definition 3.A function y: (—e, T] — X such that §t) € B}, is called the mild solution of the probleri){(3) if for any
ueL?J,U)andyt) = @(t) —h(Yp,-.-,Yp,)(t) fort € (—e0,0], and it satisfy the following integral equation

Su (1) (@(0) — h(Ypy; - --,¥pn) (0) + P(0,(0) — h(Ypy, -, Ypa) (0)) — P(L, Yot y)

+Jo Ta(t = 9{F(S Vp(sye) + Jo (S — €)T(E, Yp(e ;) dE +Bu(s) }ds te (0],

Su (1) (@(0) — h(Ypy:- - Yon) (0) + P(0, @(0) — h(yp ,---,ypn>(0>>—p(t,ypm)

+Scr(t_tl){|( ( ))+p(tlvyp (t1.y(ty )+2(y ))) p(tlayp (t1.¥t) )}

y(t) = + JoTa(t=9){f (S Yp(sys) + Joa(S— )g(f Yo(z.ye))d€ + Bu(s) }ds te (o, to], 4)

Sa(t)(w(o)—h(ypl,- -2¥pn)(0) + P(0,®(0) — (Yo, - -, Ypn)(0)) — P(t, Yp(ty))
+ 3% Su(t—t){li(y(t ))+p(t|7yp (ty( (y(’))))_ Pt Yp(tp,)) }
+ Jo Ta(t = 9{f (S Yp(sye) + Jod(s— €)g (E Yo(&.ye))d€ + Bu(s) }ds te (tm, T].
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where
Su(t) = /e’“)\" IR(AT, A)dA; Tt /ef“ R(AY,A

are called analytic solutions operatax-resolvent family and is a suitable path lying oy g ¢, .

RemarkThe functionsSq (t); Ta (t) are strongly continuous. i € (0,1) andA € A% (6o, wp) thenvx € X andt > O there
3 M such that|Sa ()| ix) < M; [ Ta () Lex) < M-

Note that, the mild solutiord) depends on control maps:-). The solution of equationd)-(3) under a controli(-),
refereed ag(-;u), is said to the trajectory (state) map &j (inderu(-), set of all possible final states, refereed as

Kt (f):={y(T;u)e X:uelL?J;U)},

is said to the approachable set of equatirat terminal timeT . System 1)-(3) is called the controllable on Jk (f) =
X.

3 Controllability Result

To prove our primary results we shall assume that the fungioJ x B, — (—o0, T] is continuous map ang € By,.
If y € B, we definedy ™ (—,T) — X as the denotation of to (—, T] s.t.y(t) = @ —g(Yp,, ---,Yp,)(t). We defined
Y: (=, T) = Xs.t.y=y+xwherex: (—,T) — Xis the denotation ap € By, s.t.x(t) = Sy (t)(@(0) —9(Yp;, - - - Ypp) (0)
fort € J. In the continuation, we introduce the coming axioms:

(A1) The functionf € C(J x B; X) and thered a; € (0,1) andL¢(t) € L‘Tll (J,R) s.t.

1t @) — FtX)Ix < Le O — Xllw, ¥.X € B
(A2) The functiong € C(J x Bp; X) and thered a, € (0,1) andLgy(t) € La_lz (J,R) s.t.

la(t, ) —a(t. X)lIx < Lo®)[[¢ = X8y, ¥, X € B
(Az) The functionp € C(J x Bp; X) and thered a3 € (0,1) andL(t) € Lo'_ls (J,R) s.t.

Ip(t, @) — Pt X)lIx < Lol = Xl W, X € B
(A4) The functionh € C(J x B}; X) and thered a4 € (0,1) andLy(t) € L“_14 (J,R) s.t

[Ih(t, ") = ht, X" lIx < La@®lY = X[, VN, X € B
(As) The functiondy € C(X;X) and thered as € (0,1) andL, (t) € L"_ls (J,R) s.t.
M) = (Y)llx < Li®)x=yllx, xy € X.
(Ae) The linear operatordi : L2([ty_1,t];U) — X defined by
WU — /O Tt — 9BU(S)ds

has an invertible operattsﬁik’1 taking values irL?(Jty_1,t];U) \ Ker(W) and thered aM > 0 s.t. ||BV\{<’1|| <M, Vk
Now, we are in a situation to state the existence of theoresacan Contraction principal.
Theorem 1Let the assumption®§)-(Ag) hold and therél a constant

{MKbIILhI dom L IER & ) Rollell g )+ml\W(||L|II & A2l g )
IR ‘ <1,

4(JR) L9 (JR) L3 (JR)
AR g e ollol o >+TMC*

whereq* = sup.; /s ||a(t — s)||ds Then there3 a control of the systentf-(3).
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Proof.Le@ z < B}, be any arbitrery function, now to transfer the systdin(B) from the primary state to finial sta®T),
we consider the control function

W, [z(t1) — S (t1)[9(0) — h(Yay, - Yo ) (0) + PO, @(0) = N(Ypy -, Ypu) (0)] + P(ts, Yoty )

— Jo! Ta(ti = 9{F(SYp(sye) + J5AUS— E)I(E, Yp(z ) )dE FAS (1), t € (0,ta],
W [2(t2) — Su(t2)[@(0) — h(Ypy, - aan)(0)+D( ,®(0) = (Ypy, - - Yo ) (0)] + P(t2, Yoty 1))
—Su(t2—t){1a(Y(ty ) + Pt Yoyt ) +1a vt ) — P Yoy}

u(t) = { —Jo2 Ta(tz— 9{f (S Yp(sys) + Joa(s— &)g (f Yp (£y))dE S (1), t e (t,t),

Wit [2(tm) — Sa (tm) [@(0) — h(Ypy. - - . Ypy ) (0) + P(0, @(0) — h(Ypy. - Ypn) (O)] + P(tm, Yp(tmye))
i1 S (tm =) {1 (Y(E)) + P Yorh yi 4n vt 1)) — P Yor))
— o Ta(tm— S){ (S Yp(sye)) + o AS— E)I(E,Yp(z ) )AE S (¢ ) te (tm, T},

Let @: (—o0,T) — X be the extension of to (—w, T] such thatp(t) = ¢(0) onJ. Consider the spa ={ye B :

y(0) = @(0) — h(Yp,---,Yp,)(0)} andy(t) = @(t) — h(yp,,...,¥p,)(t)),fort € (—o0,0] having the umform convergence
topology. Now, let us define an operafr B{, — B} by

Sa(t)((p(O) - h()Tpl’ B ’YPH)(O) + p(O, (p(O) - h()TPP ce 7>7Pn)(0)) - p(tv}Tp(t,Yt))

+ o Ta(t = 9{F(S Vp(sye) + Jod(s— E)I(E, Vp(e 5))dE +Bu(s)}ds t e (0,t],
S ()(9(0) = h(Ypy. - -, Yp) (0) + P(0, 9(0) — (Y, - - - ¥Ypy ) (0)) — PL, Y e57))

Sa(t —t2){I2(¥(t; ))+p(tlvyp tlﬂtl (vt ))))—p(tldp(tlﬁl))}

Piy(t) = { TJoTalt=9{F(sYp(s5e) + o a(S— &)A€ Yo (e 57))d& + Buls) }ds t € (ty, o),

Sa(0)(@(0) ~ Ty Yo ) () + P(O. 9(0) — N(Fpy.- . Fou) 0)) — Pt.Tp(e5))
Yt Sa(t—t){li(y(t )+ Pt Y ) i (™ ) — P Yo 7))}
+ Jo Ta(t = 9{ (S Vp(sye) + Jo A(S— E)I(E. Vp(e 5,))dE +Bu(s) }ds t € (tm, T],

wherey : (—o0, T] — X is such thay(0) = ¢(0) —h(yp,, - - .,¥p,)(0) andy =y onJ. This is obvious that operat®¥is well
specified. We will express that the opera®ar3) — B} has a fixed point. Without loss of generality, we prove theltes
for the intervalt € (ty,t1]. For convenience, let us take

Sa(1)(@(0) = h(Ypy -, ¥pn) (0) + P(0, 9(0) = h(¥py, -, ¥pn) (0)) = P(t: Ypie50))
Ply)=4q* S Sat—t){li(y ) + P(tis Yo, ,ﬂt;)ﬂi(y(ti*)))) = P, Yp(tiy)) }
+ JoTalt = 9){f(8.Ypsy) + /55— €)I(E Vp(ez,))dE s + o Ta(t —9)Dj(s.y)ds

where

BW () — Sa(t)[9(0) ~ N(Fpus- - Fpu) (0) + PO, 9(0) — (T Y ) O)] + PLEj Yo 5, )
Di(s:y) = § =21 Sa(t =t (Yt )) + P Yoo g1t 1v) — P Yot}
—Jo Taltj = {1 (8. Yp(s50)) + 5 A= )G Yp(e 7)A€ HS(9)

for j =1,2,...,mand using the given assumptions, we have

IDj(sY) = Dj(sY")llx < MIMKp|[Lnll & (1+lLpll 2 ) +KplLp|l 4

L% (JR) L93 (JR) “3 (JR)
+mM(||L + 2Kp|IL +TM(Kp|lL + g Kp||L -
(Il |HL715(J’R) bl pHLles(J,R)) (Kol fHLa%u,m q Kol gHLle(J’R))]Hy Y'lIx
<C*ly—y|Ix.
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To showP has a fixed point, let us considgy* € B{ then

IP(Y) = POY)llx < [1Sa @)oo H(h¥pys -+ Ypa) =¥y, Yoo lIx
+[IP(0, @(0) = h(Ypy; - Yon)) — P(0,@(0) — h(¥p,, -, ¥p,))lIx

AT p(t,v;(t,ﬁ>>||x+i=§i|sa<t—ti>|L<x>{||h<y<tr>>—Ii<y*<tr>>|x
IR Yot 5t sn 1)~ POT 5yt

HIP T 50) ~ P Ty )+ [ Tat =9 LX)

{118 Fpisga) — 18Tz I+ [ lals— ) Ixa(E Fpie ) — (& Fpe ) IxdE Hs

t
+ [ ITa(t =)l IDj(sy) ~Dj(s.y")xds
< MKpllLnl| o (A Lpl o ) FKsllLpll o ML 2+ 2KelLpl g )
L% (JR) L9 (JR) L9 (JR) L95 (JR) L9 (JR)
FTMKILe] g @ KollLgl g+ TMC)ly—y

L9 (JR) L%2 JR)

Sinced < 1, its implies thatP is contraction and has a unique fixed pojrat %ﬁ. Hence the system of equatiori3(3)
are controllable on interval This completes the proof.

4 Application

In this section, we look at an example to prove our result.

i el [t o yds—0u9o(2).y)
m—a[Z(t,y)er/ 2s1) o 5
02 —t t . - 7
e B

et 1 sy As—aus)oe(|2).Y)
+<1+t><et+e—t>9/ At s o902y

e g Aoz 1

+(1+t)(1+et)/ocos(t—s) = ds+Bulty), t# 5, 5)

2(t,0)=0=z(t,m), t >0, (6)

2+ g [ S+ sy))ds= ottt € (~.0] e [0 Q
et Uy L)

Al = (I1+e " 16+u(y,i)’ ®

wheregt—(f, is Caputo’s fractional derivative of orderc (0,1) 0 <ty <ty <--- <ty < T are prefixed numbers amge By,.
From paper 14]. “Let X = L?[0, 1] and define the operatdr: D(A) C X — X which is the infinitesimal generator of a
solution operatof Sy (t) }t>o, such that| Sy (t)[[ (x) < M fort € (0,T]. Leth(s) = e s<0thenl = [° h(s)ds= 3<
oo, fort € (—o0,0] and define

0
lolls,= [ h(s) sup ()] 2ds
- 6¢[s.0]

Hence for(t, @) € [0, T] x By, whereg(0)(y) = ¢(8,y), (0,y) € (—,0] x [0, 1].”
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Setz(t)(y) = t, Y) andp(t @) = pa(t)p2(/|@(0)||) we have
299 e! @
o)) = (1+t et+e 9/ 1+qods 9t @)ly) = (1+t)(1+€)25

—t
p(t, @)(y) = et+e_ / s dsl()(y)zlié)%p,

e @)y) = 15 eft) /O sin(1+ @)de.
Then, with these above settings, the systB)¥(8) can be written in the abstract pattern of the syst&x(3J). To treat this

system, we take tha : [0,0) — [0,), i = 1,2, are continuous functions. Now, let us see that(fop), (t, ) € J x By,
we have

m(1 et 0 S [0) 0 12
nun@—fmwng=[j;{5515@;;3¢/m¥“a+¢ps—/mé L} d ]

m(1 et 0 0] 1] 2 12
1 et Oy e ¥
= /o {9(1+t)(et+et) /_wez T 1+cp”ds} dy}

1 e 0 Lo llo-wl 2.7
/o {5(1+t)(ef+e—‘) /—wez (1+¢)(1+lﬂ)ds} dy]

<
: 1/2
Tl et 0 2
I — (9) B
: /0 {9(1+t)(ef+e—t) /_wez supl|¢ Lﬂlds} dy]
m et
< ¥ o~ llas,

= 9 (1+t)(é+e)

Hence functionf satisfies £1). Similarly, we can show that the functiogsp, I, h satisfy &), (A3), (A4) respectively.
Hence, all the conditions of the Theordnhave been attained, so, we derived that the sys&+(B] has a control od.
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