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1 Introduction on|[a,b], then
f(a)+ f(b 1 P
The following definition is well known in literature. @ 3 L b—a/ FOdx
Let | be an interval oR = (—, ). A function f : 2 , ,
| — R is said to be convex if _ (b=a)[f"@)[+f"(b)] 3)
f— 8 .

FAX+(1=A)y) <AT(x)+ (1= A)T(Y) 1) Theorem 1.2[[3]] Let f : 1° C R — R be differentiable

) . mapping orl® anda,b e I° witha<b. If | f/(x)|9forq> 1
holds forx,y € I and A € [0,1]. If the inequality () is a convex function ofg, b], then
reverses, thef is said to be concave dn

One of the most famous inequalities for convex f(a)+ f(b) 1 b
functions is Hermite-Hadamard’s inequality. 2 - b—a/a f(x)dx
Let f: 1 CR — R be a convex function on an interval NG £ (h a1/
| of real numbers and,b € | with a < b. Then - b—a<|f (@)|9+[f"(b)] ) @
- 4 2
and

b
f(izb><b—fa/a f(x)dxgw. )

Hizb)_rla/:f(x)dx
Sb;a(|f’(a)|q;|f’(b>lq>l/q. (5)

If fis concave o, then the inequality 3) is reversed.

On convex functions, there have been the following
results.

Theorem 1.1[[3]] Let f :1° C R — R be a differentiable Theorem 1.3[[4]] Let f : | C R — R be differentiable on
mapping orl® anda,b € 1° with a < b. I |f(x)| is convex  I° anda,b € | with a < b. If |f/(x)|P/(P-V forp> lis a
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convex function onja, b], then monographsd], [6], [7], [13], [14], [15], [1€], [17] and
related references therein.
a+b 1 b b_a/ 4 \YP In what follows, we need some notions of means. For
‘ f (T) ——/ f ‘< 15 <pT1) positive numbersa > 0 andb > 0, the quantities
_ A
> { {|f/(a)|P/(p D43/ (b)|P/(P 1)} Ala,b) = a—zkb (12)

1-1
_|_{3|f/(a)|p/(P*1)_|_|f/(b)|P/(P*1>} /p} (6) and

i i pri_apr111/P
GAconvex function were introduced as folows. | abandp0.-1
Definition 1.1. The functionf : | C Ry = (0,00) — R is Lp(ab)=q L@ b)’l/(b_a) p=-1
said to be geometrically convex orif —é(%) , aZbandp=0
(13)
fOtyt) < [f(X)]A [f(y)] A (7)  are called the arithmetic mean and the generalized

logarithmic mean of ordep € R, respectively.
hoIQs.f.orx,y €landA €10, 1]: _ _ For more information on means, please refedip[#],
Definition 1.2[[5]] The functionf : 1 C Ry — Ris said  [9], [10] and a number of references therein.

to be GA-convex ofh if In this paper, integral inequalities of Hermite
-Hadamard type related to GA-convex functions are
yl ) SAT)+(1-A)E(y) (8) obtained and applied to means.

holds forx,y € | andA € [0, 1].
Hermite-Hadamard type inequalities for geometrically
convex functions and GA-convex functions were obtamed2 A lemma

as follows.
Theorem 1.4[[18] Let f : | c Ry — R, be a ) ] ]
differentiable function orl® anda,b € 1° with a < b. If In order to obtain our main results, we need the following
|f'(x)| is geometrically convex ofa, b, then lemma.
L b ) Lemma2.1.ForneNandn>1,letf:l CR,. —+Rbean
X) o n-time differentiable function off anda,b € | witha < b.
Inb Ina/ ox f(\/a_b)‘ If £V € L([a,b]), then
Inb—1Ina 1/2 1/2\ 2
< ———L([a @[], [blf'(b)] , 9) no(_qyk-1 b
4 { ( )} Z ( ]l;)' [bkf(kfl)(b) _akf(kfl)(a)] _/ f(x)dx
wherelL (a,b) is the logarithmic mean defined by k=1 ' 2
~ (=)™ *(Inb—Ina)
L(a,b) = {gb na’ Zf b, (10) . n!
’ X/ an+ltb(n+l)(l t) £( )( Jo t)dt (14)
0

Theorem 1.5[[19] Let f : 1 C R+ — R be a differentiable
function onl®, a,b € | with a< b, andf’ € L([a,b]). If
|f'(x)|% is GA-convex ona, b] for g > 1, then

‘[bf / f (x)dx

(Inb—lna)/l 2?2V f (albl Yot
[(b—a)A(a lo)]l 1/a

= 21/:1 {[L(az,bz) _az}”/(a)'q :/bxf/ x)dx = xf (X |g—/bf(x)dx
+ B2 L(&2 )] I (o)} . (12) _ bf(b / fix

whereL (u,V) is the logarithmic mean.

In recent years, some other kinds of Hermite Hence, the identity 14) holds forn = 1.
-Hadamard type inequalities were generated. For more When n = m—1 and m > 2, suppose that the
systematic information, please refer to papers anddentity (14) is valid.

Proof. Whenn = 1, integrating by part and letting =
albltfor0<t<1lleadto

(@© 2016 NSP
Natural Sciences Publishing Cor.



J. Ana. Num. Theo#, No. 1, 15-22 (2016) www.naturalspublishing.com/Journals.asp NS = 17

Whenn = m, by the inductive hypothesis, integrating Proof. By GA-convexity of \f \q Lemma 2.1, and
by part and lettingc = alb ' for 0 <t < 1 yield Holder’s inequality, one has

(=1)™1(Inb—Ina)
m!

i (_1k)|kfl [bkf(k,l) (b) — k=1 (aﬂ — /b f(x)dx

1 K=l
(ML)t (1) (1-t) 1t
x [ a b albt Hdt
( /10)m . (@bt Slnbr;lna/la(nJrl)tb(nJrl)(lft)‘f(n) (atblft)‘dt
— — H 0
T m / X" (x)ax Inb—Inaf (! 1-1/q
( 1).m a < ' { / a(n+1)tb(n+1)(lt)dt:|
_1ym -~ nl 0

= [b™f (M () —a™f (M (a)]

_1\m-1 ;b
_ ( 1) / Xm—l f (m-1) (X)dX
a

y {/la(n+1)tb(n+1)(1—t) [t| f<n)(a)|q
0
(m—1)!

/q
m - 1—1)[f(b)|*dt
O T Jo}

= a 1-1/q 1-1
1 _ (Inb—1Ina) [L(a”“ bn“ﬂ /d
Therefore, whenn = m, the identity (4) holds. By nt(n+ 1)1/q ’
induction, the proof of Lemma 2.1. is complete.
Remark 2.1.Under the conditions of Lemma 2.1, taking X { {L(a”*l, b™t) — an”} £V (a)|?
n=1, we get

/ f(x

=(Inb— Ina)/ a2V f' (albt Y, Theorem 3.1 is thus proved.
0

1/a
+ [an' _ L(an+1’ bn+1):| | f(n)(b) |Q} )

. ) Corollary 3.1.1. Under the assumptions of Theorem 3.1,
which may be found in 19]. if q= 1, we have

3 Hermite-Hadamard type inequalities for
n-time differentiable and GA-convex
functions

- (_1)k71 bkf(kfl) b) — kf(kfl) _ bf d
> S e @) - [
{ [L(anﬂ, bn+1) _ a‘n+1] | £(0) (a)

IN

(n+1)!
Now we start out to establish some new Hermite
-Hadamard type inequalities fortime differentiable and + {bml - L(anH,an)} |1 (b)] }7 (16)
GA-convex functions.

Theorem 3.1.Forne N, suppose that : | C Ry =+ R is
ann-time differentiable function oi® and (™ ¢ L([a, b))
fora,be I witha< b. If |fW|%is a GA-convex function ~Theorem 3.2.Forne N, suppose that : | C R — R is
on|[a,b] forq> 1, then ann-time differentiable function ot and f(" ¢ L([a, b])
for a,b e I with a < b. If |("|%is a GA-convex function

whereL(u,v) is the logarithmic mean.

n b
z bk (k— l>(b) (kD) (a)} LTy onJa,b] for g > 1, then
k=1 a
1_1/q _ n _1 k—1 _ _ b
_(Inb—Ina) [L(an+1 bn+1)]1 v 5! k)! [k Y () — af K Y(a)] - / f (x)clx
T oni(n+1)Y =1
Inb—lInaf / ann aneny]t 9
% {{L(anﬂ,bnﬂ) —an+1}|f(n)(a)|q < — L(a T ba )
1/q ki |94 £ () |47 M/
+ [anrl _ L(anJrl’ bn+1)} | f(n)(b) |Q} 7 (15) l: 2 > a7
whereL(u,v) is the logarithmic mean. whereL(u,v) is the logarithmic mean.
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Proof. Since |f M|

is a GA-convex function orja, b],

which completes the proof of Theorem 3.3.

from Lemma 2,1 and Holder’s inequality, we deduce that corollary 3.3.1. Under the assumptions of Theorem 3.3,

n (_1)k—1

b
> b(a)] - /a (x)dx

- Inb—1Ina /1 AT Dtp(n+) (1) ‘ £V (atptt) ’dt
- n! 0

[bkf(k—l) (b) _ akf (k

< M [/1 d(n+1t/(a=1)pa(n+1)(1-t)/(a-1) g
- n! 0
1 1/q
x{/ [t\f<“>(a)\q+(1—t)|f<“>(b)\q}dt}
0
n 1-1/q
b ”)}

y [‘f(n>(a)‘q+|f(n>(b)|q]l/q
3 :

:|ll/q

_ q(n+1)
_ Inb ' Ina [L(aq_i_
n

Theorem 3.2 is thus proved.
Theorem 3.3.Forne N, suppose that : | CR. — R is
ann-time differentiable function of® and f(" ¢ L([a, b])

for a,b e I with a < b. If |(W|is a GA-convex function
on[a,b] forgq> 1, then

<

i bk (1) () — akf k=) (a)] — / ” f(x)dx

k=1

(Inb— Ina)l_l/q

D=8 fT) (qam+) pans1)y _gan+1)] [ £(m) ([
s {[ ( ) a1 |1 a)|

1/q
b)|“} , (18

whereL (u,V) is the logarithmic mean.

Proof. Using GA-convexity of|f(™|?, Lemma 2.1, and
Holder’s inequality turns out that
b
V(@) —/ f (x)dx
a

(alb? )|

1-1/q
) { / 20+ 1)tpa(n+1) (1)
0
1/a
t)|f(n)(b)‘ﬂdt}

n [bq<n+1> — L (2t bq<n+1>)} £

n (_1)k—1

2 K

K=1
Inb Ina/ a(MUtp(n+1)(1-1) ‘f

[bkf(k—l) (b) _ akf (k—

Inb Ina(

x [t\f<">(a)\q+ 1
B (Inb—Ina)lfl/q
ol [q(njtl)]l/q

« { |:L(aq(n+1)’ bq(n+1)) _aq(n+1)} ‘ §(n) (a)‘q

1/q
+ [bq(n+1) _ L(aq(n+1)7bq(n+1))} ‘ f(n)(b)‘Q} ’

if g=1, we have

1
[bkf(k—l) (b) _ akf (k=1

b
)] _/a F(x)dx
1

= { [L(an+1,bn+1) _an+1] ‘ £(0) (a)‘
I [bn+1 _ L(an+1’ bn+1)} | £ () | }’

IN

(19)

whereL(u,v) is the logarithmic mean.

Theorem 3.4.Forn € N, suppose that : | C Ry — R is
ann-time differentiable function ot and (" ¢ L([a, b])
for a,b e I with a < b. If |(W|is a GA-convex function
on[a,b] for g > 1, then for 0< m,r < (n+ 1)q,

n /_1\k-1 b

z%[bkf<'<*l>(b)—akf("*l> - / F(x)dx

2 K A
Inb—Ina

gn+H)-m  g(n+1)—r 1-1/q
< 7 [L(a CE N s R )}
n!(mina—rinb) a

x { {a’“— L(@™, b’)] [t (a)|?

i [L(am, b') — br} |f(”>(b)‘q}l/q’

whereL (u,V) is the logarithmic mean.
‘q

(20)

Proof. From the GA-convexity of f™|*, Lemma 2.1, and

Holder's inequality, we write

n (_1)k—1 b
z ' [bkf(k—l)(b)_akf(k—l a)] —/ f(x)dx
& K a

o Inb—1Ina 1a(n+1)tb(n+1)(1—t)’f(n) (atbl—t)’dt

n! /o
- ! 0

n
T l/q{/ ampr (-t
x [t 1™ @)+ ( b)| }dt} .

_ 1-1/q

— (n+1)—m (n+1)

Inb—Ina . [L(aqgl,bw)}
n!(mIna—rInb) .

S« pla+D—rIL-t)/(

1-1)[F(

« {[am_ ()] @)

b)\q}l/q

The proof of Theorem 3.4 is established.

+ [L(am, b') — br} £
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Corollary 3.4.1. Under the assumptions of Theorem 3.4, 4 Applications in special means

1.if m=0andr =q(n+1),

n (_1)k—1
k!

_ n 171/q
< Inb—Ina . {L(a%ﬁl_),l)}
nt[q(n+1)Inb] 4

x { [L(,69 ) — 1] 1) (@)

[0 (-2 (b) — akf (k-1 (a)] — / "t (x)dx

k=1

1/q
T {bq(n-&-l) ~L(1, bq(n+1))} ‘ f(n)(b)‘q} : (21)

2.iff m=n+1andr=q(n+1),

Inb—Ina 1-1/q
L n+1 1
Tl [(n+1)(|na—q|nb)}l/q[ @ )]

% { [an+1 _ L(a”“, bq(n+1))} | £ () |q
1/q
n [L(anJrl’bq(nJrl)) B bq(n+1)} | f(n)(b)|Q} L@
3.iff m=q(n+ 1) andr =0,

n (_1)k71

2w

=1
< Inb—Ina . {L(l,b%_n%))
n![q(n+1)Ina] ”®

« { [aq(nJrl) _ L(aq(n+1)’ 1)] ‘ £(n) (a)‘q

[0%F (D) (b) — gk £ (=D ()] — / "t (x)dx

T—l/q

1/q
+ [L(aQ(nJrl)7 1) _ 1} ‘ f(”>(b)‘q} ; (23)
4.if m=q(n+1)andr =n+1,

(-1 *

n
2w

[0%F (D) (b) — gk £ (=D ()] — / (X

Inb—Ina
L 1,bn+1
= n! [(n+1)(q|na—|nb)}l/q[ ( )

« { |:aq(n+l) _ L(aq(nJrl)’ bn+1):| | f(n)(a) |q

]1—1/q

1/q
+ {L (aq(n+1)7bn+l) _ bn+1} |f(n)(b)|Q} 7 (24)

whereL (u,V) is the logarithmic mean.

Now using the results of Section 3, we get some
inequalities for special means of real numbers.

Forne N, let f(x) = r,_((s;lgf;n, xe Ry, s> 0, then

|1 (x)|? = x¥ is GA-convex function ok, for g > 1.
Taking f(x) = ’;_((S;iln)f;; in Theorem 3.1, Theorem 3.2,
Theorem 3.3 and Theorem 3.4, respectively, the following
results are obtained.

Theorem 4.1.Forne N, if0 <a<b,s>0andq>1,
then

r(s+1)
[(s+n)

% [Lsin(a,b)]*""

(-1 |

n
Hr(st1
FEENHDIEHY Y S n2—l

< Inb—Ina 7 {L(an+1’bn+1)
nl(b—a)(n+1)

x [(sa+n+ DL (@ b
1/q

]1—1/q

— sl (@, b7 L (%, b | (25)

whereL(u,v) andLp(u,v) are the logarithmic mean and
the generalized logarithmic mean of order € R,
respectively.

Corollary 4.1.1. Under the assumptions of Theorem 4.1,
if g=1,

L5+ C (—1)k-1
r(s+n) +(s+n+1)r(s+ 1)k;k!r(5+ nt2— k)‘
X [LSJrn(a7 b)} stn
= % [(S—l— n-+ 1)L(aS+n+1’ bs+n+1)
—sL(@ LM L& b) . (26)
If g=1andn=1,
[Lsa(a b)] < %‘ [(s+ 2)L(a%2,b%2)

—sl_(az,bZ)L(aS,bS)}, 27)

whereL(u,v) andLp(u,v) are the logarithmic mean and
the generalized logarithmic mean of order € R,
respectively.
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Theorem 4.2.Forne N, if 0 <a< b, s> 0 andq > 1,
then

r(s+1) (—1)k1
F(s+n)+(s+n+1)r (s+1) Z KIF(s+n+2-k)
% [Lsin(a,b) %"
- Inb—Ina L(aq(ﬁa qﬁ%a) ll/q{A(asq b r/q
— n!(b—a) 9 ) ) )

(28)

where A(u,v), L(u,v) and Lp(u,v) are the arithmetic
mean, the
logarithmic mean of ordep € R, respectively.

Corollary 4.2.1. Under the assumptions of Theorem 4.2,

ifn=1

Inb—1Ina
S+l<
b—a

[Ls+1(a, b)] [L(aqqu,quql)] 1-1/q
X [A(asq, bm)] Ya

where A(u,v), L(u,v) and Lp(u,v) are the arithmetic
mean,
logarithmic mean of ordep € R, respectively.

, (29)

Theorem 4.3.Forne N, if0 <a<b, s> 0 andq> 1,
then

r(s+1) (—1)k1
F(s+n)+(s+n+1)r (s+1) Z KIF(s+n+2-Kk)
x [Lsin(a,b)]*™"

Inb—Ina

> n! (b— a) [q(n+ 1)} 1/q
X {Q(n +1+ s)L(aQ(n'*‘l-i'S)7 bq(n+1+s))

1
" (30)

— sl (D) pAHY | (2%, bsq)}
wherelL(u,v) andLy(u,v) are the logarithmic mean and

the generalized logarithmic mean of ordgr € R,
respectively.

Corollary 4.3.1. Under the assumptions of Theorem 4.3,

if =1, we have
r(s+1) (—1)k-t
F(s+n)+(s+n+1)r (s+1) Z KIF(s+n+2-k)
% [Lsin(a,b) %"
Inb—Ina

= (n+1)!(b—a) [(n +1+4g)L(@M1rs phrits)

—sL (@)L (e ) . (31)

logarithmic mean and the generalized

1/
the logarithmic mean and the generalized +sq(|nb—Ina)L(am,br)L(asq,bsq)} q,

In particular, whem =1 andq = 1,

s+1 _Inb—Ina

[Ls+1(a, b)] = m

|:(2 + S)L (a2+s’ b2+s)

sL(a%,b2)L(@%b%) |, (32)

whereL(u,v) andLy(u,v) are the logarithmic mean and
the generalized logarithmic mean of ordgr € R,
respectively.

Theorem 4.4.Forne N, if 0 <a< b, s> 0 andq > 1,
then

r(s+1) (-1t
F(s+n)+(s+n+1)r (s+1) Z KIF(s+n+2-Kk)
% [Lsin(a,b)]*™"
Inb—Ina
" nl(b—a)(mina—rinb)**

(n+1)—m

[ o)

X { [(m-+sg)Ina— (r+sg) Inb] L (a™, b +4)

:|1—1/q

(33)

whereL(u,v) andLy(u,v) are the logarithmic mean and
the generalized logarithmic mean of ordgr € R,
respectively.

Corollary 4.4.1. Under the assumptions of Theorem 4,4,
lL.ifm=0andr=q(n+1),

r(s+1)
[(s+n)

n (_1)k71

s+n
8 kZz KIF (s+n+2—K) [I-s+n(<’il7 b)}
Inb—Ina (n+1)

L qTi‘ 1

_n!(b—a)[q(n+1)|nb}1/q[ (a ’ )
B {[Q(n+ 1+s)Inb—sqina] L(asq’bq(n+1+s))

1/q

+(s+n+1)r(s+1)

]1—1/11

+sq(|na—Inb)L(l,bQ(”“))L(aSq,bsq)} (34)
Whenn=1
[Lsia(a,b)]*™
___Inb—ina 1 [L<aqz_q1’1>r‘1/q
(b—a)(2qinb)™®
x {[q(2+s)lnb—sqlna} L (a%,bA39)
+sa(ina—mb)L(LbF)LEE %)} (@)

(@© 2016 NSP
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i _ r(s+1)

2.iff m=n+1andr=q(n+1), I_(S+n)+(s+n+1)l'(s+1)

ris+d) (s+n+1)r(s+1) < (=D [Lsin(a,b)]"™"

[ (s+n) kzzk|l'(s+n+2 k)[L ST

n k—1 1-1/q
( ) s+n | |na bn+l
8 kzz KIF (s+n+2-K) [Lstn(a,b)] < (inf )[ S )} e
1-1/q nl(b—a)[(n+1)(gina—Inb)]
1
(Inb—1Ina) [L(a’”r ,1)} y {sq (Inb—Ina)L (%MD pH*1)L (2% b))

n!(b—a)[(n+1)(Ina—qnb)] " +[q(n+1+5)Ina— (n+ 1+ sq) Inb]

X {[ n+1+sg)lna—q(n+1+s)inb] L (a9 bn+1+sq)}1/q' (40)

x L(a"sa pan+1t9)) 4 5q(Inb — Ina)

fn=1
1/q
x L ("2, baM )L (a9 p) L (36)
} [Lsia(a,b)]>
Wh =1 1-1
e (b na)[L(L.63)]
Leia(a, b)]sﬂ < {sq(lnb— Ina)

1-1/q

(Inb—Ina) [L(a2,1)]
<
" (b—a)[2(Ina—qlnb)] ™"

{[(2+Sq)lna q(2+s)Inb]L(a a2+ bq(2+s)

+sq(|nb—Ina)L(aZ,bzq)L(asq,bsq)} /q; (37)
3.if m=q(n+1)andr=0

[(s+1)
I (s+n)

+(s+n+1)r(s+1)

( 1)k 1
zk'l‘ (s+n+2-Kk)

_ 1)\ 111/
Inb—Ina - {L(l,bqﬁl_ﬂ
nl(b—a)[q(n+1)Inal

X {sq(ln b—Ina)L(a¥™Y), 1)L (a%,b%)

+ [a(n+1+s)Ina— sginb]L (a9"F1+9) p) } (38)

[Lsin(a,b)]5™"

Ifn=1
Lsia(ab))*™
Inb—Ina 29\ 114
L{ 1,bo1
: (b—a)(ZqIna)l/q{ < )]
X {sq(lnb— Ina)L(a®, 1)L (a%,b™)
+ [a2+9)Ina-sginb]L (2929, 6 }; (39)

4.if m=q(n+1)andr =n+1,

" (b—a)[2(gina—Inb)]*®
x L(a®,b?)L(a¥,b%) + [q(2+s)Ina

1
— (24 sq)Inb] L (a2 *9), p?*=a) } o (41)

whereL(u,v) andLp(u,v) are the logarithmic mean and
the generalized logarithmic mean of order € R,
respectively.
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