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Abstract: In this paper, we’ll present some new results of blow-up solution to some higher-order nonlinear Schrodinger
equations.  The initial boundary wvalue problem is a generalized nonlinear  Schrodinger equation

U, —iA% = f (u,D,u, D) + A’g(u) » U(X,0) =U,(X),u], =0 is studied. As an extension of u —iAu = f (u, D,u, D;u) and

U, —iAu=-Ag(u) , the global non-existence and blow-up infinite time of solutions to this problems are proved. The

conclusions are complementary to expound the blow-up of solution to nonlinear Schrodinger equations by using eigen-function
method. Main results can be found in theorem 3.1 and theorem 4.1.
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1 Introduction

The nonlinear Schrodinger equation is the basic
equation in nonlinear science and widely applied in
natural science such as the chemistry, biology,
communication and almost all branches of physics
such as the fluid mechanics, plasma physics, and
nonlinear optics as well as the condensed matter
physics. We study this equation to extend in some
generalized equation form are with important
meaning .Now, we may extend some results in [4]
by using eigen-function method in this paper.

As we know the solution of initial problem for
Schrodinger equation bellow,

u, —ia’Au = f(x,t),xe R",t >0,
{u(x,O) =p(x),xeR".

Assume that real part and imaginary part of
o(x), f(x,t) are real analytical function for
xeR", then this solution of the problem may
express in form,

u(xt) = i@(tkAkgo(X) +j; t—7) AL f (x,7)d7).

Let Du=(u,Du)=(u,u,.u, -u,),

(Du)xi :(utxi’u “’uxnxi) (I :1!2""!n)’

%% !

D,Du = ((Du),,.(Du),,,---,(Du), ),(i=12,--,n)
then we consider higher order nonlinear equation.
We consider the initial boundary value of higher
order nonlinear Schrodinger equation:

u, —iA“u= f(u,Du, D) +Ag(u),xeQt>0 (1)
u(x,0) =u,(x),x e Q2 )
Ul =0,x€0Qt>0 (3")

Let k = 2, we have the simple case.
U, —iA’u = f(u,D,u,D,’u)+A*g(u),x et >0 (1)
u(x,0) =u,(x),x e Q2 (2
Ul,, =0,x€dQ,t>0 (3”)

And k =3, we have the simple case bellow.

u, —iA%u= f(u,Du,D,u)+A%g(u),xeQt>0 (1.1)
u(x,0) =u,(x),x e Q (1.2)
o =0,xed)t>0 (1.3)
As convenient in first, we consider that case of

k =3. Where QQ a bounded domain in R" with
suite smooth boundary 0Q, f, g are complex value

u

function, U, (X) is also enough smooth complex
value function.
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By using of eigen-function method, we can get
new results bellow. In first, stating that lemmal.

{A(p+ﬂ(0=0,XeR”, *)

o, =0.
As we all know the first eigen valule 4, >0 of
(*), the corresponding eigen-function ¢, (x) > 0,

assume it with .[Q @ (X)dx =1.
2 Several theorems
Theorem 2.1 Assume that problem (1)-(3) satisfy,

(i) G(0) =0,(2—G o =0,G=ReA*g(u)-A’Imu,
n

(ii) A=Re(f(u,D,u,Du)-A%g(u)) - Imu—CF(Reu),
o :IQ¢Reu0dx,A-a >0, F(u) is continuous,

convex, and even function.

C:{l,(a>0) .
-1, (a <0)
o ds
(iii)F(s) > 0(s > &) and L o~

then the blow-up of classical solution for this
problem (1)-(3) at some time.

Proof. Step I. When A>0,a >0and A-a >0.
In the same way, from
u, —iA%u = f (u,D,u,D2u) + A’g(u),xe Q. (2.1)
We take the real part of both sides of (2.1),

Reu, —ReiA’u =Re f (u,D,u, D u) + Re A’g(u),
Reu, —A® Imu =Re f (u, D,u, D?u) + Re A*g(u),
Multiplying by ¢(X) the both sides of (2.1) and

integrate on Q) for X, then
_ 3
IQ¢ Reu,dx = J'Q o[-A° Imu
+Re f (u,D,u, D u) +A®Re g(u)]dx
Taking a(t) = Iggo Reudx, then

a(t)= '[ngReutdx,

and that
a'(t) = _[Q¢[—A3 Imu+Re f (u,D,u,Du)
+A%Re g(u)]dx
=L}[¢)A(A2 Reg(u)—A® Imu)
—~Ap(Re A*g(u) — A*(Imu)]dx
:IQ[¢Re f (u,D,u, D’u)
—Ap(A’Imu—A®Reg(u))ldx  (2.2)
By (i) and Green’s second formula, we have
IQgDA(AZ Re g(u)—A” Imu )dx
- IQA¢(A2 Reg(u)—A%Imujdx  (2.3)
Substituting (2.3) into (2.2), we get
a'(t) = | [pRe f (u,D,u, D}u)
—A@(A* Imu —A® Re g(u))]dx
= IQ¢[Re f(u,Du,Du)
+A(A% Imu —A* Re g(u))]dx
= IQM[ReAg(u) —Almu]
—AA(A Imu —Re Ag(u))]dx
=+ jQ o[Re f (u, Du, D2u)]

—AA@p(Re Ag(u) — A lmu)]dx (2.4)
Hence,
a't) = Igw[Re f (u, D,u, D?u)
+(=4)*g(u) - (=4)° Imu)]dx
= _[Q ¢[Re f(u,Du, Du)
~2°g(u) + A% Imu)]dx (2.5)

From A>0, A=Re(f(u,Du,Du), then

Re(f (u, D,u, D’u) - A°g(u)) > A* Imu +CF (Reu) (2.6)

Combing (2.5)-(2.6) and using Jensen inequality,
we obtain that

a'(t) > gF (Reu) > F(_[ngReudx) = F(a(t))
2.7)
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£ ss3

da
Here, F(a(t)) < —.
(a(t)) o

Thus, t < famﬁ,
« F(a)
. » da
and there existsT < j < +00 such that
« F(a)
lima(t) = +oo. (2.8)

t>T

From a(t):fgwReudx and Holder inequality, we
get (1/ p+1/0a/ =1).

a(t) = J-Q pReudx < "(0” Q) ”Re u”L" @)’

_oa) .
that is <lim|Re(u)|,,
[Pl e
a(t)

Therefore, !lrp < !irp”Reu”Lp(Q).
oo
Hence,

lim|Reu],,

Step 1l. When A <0, e < O, taking that
u(x,t) =—u,(x,t), then Reu=—-Reu,.

=400, V1< p < +oo.

Therefore, let a(t) =.|.Q¢Re(ul)dx, we have
a,(t)=-a(t),a,'(t) =-a't).a, =—a > 0.
Combine (1.1)-(2.5) and A<0,(C =-1), we

obtain that
—a(t)<- jQ(pF(— Reu,)dx

Thatis also a, '(t) > IQ oF (—Reu,)dx.

(2.9)

From Jensen inequality and is even function, we

have F(a,) = F(-a,) <(da, / dt), then

dt < 9%
F(a,)
From (2.10) and similar step I, we can get

!Lrp||Reu1||Lp(Q) =400, V1< p < 40,

lim |Reut)|

(2.10)

=lim|-Reu(t)|

(@) t—>T

= +00, V1< p < oo,

(9]

Combine step | and Il, we complete the proof
of theorem 1.

Theorem 2.2 Assume that probelem (1)-(3) satisfy,

(i) G(0) :O,E;—f|aQ =0,G =ReA?*g(u)-A% Imu;

Im(f (u, D, u, D “u)-A°g(u)) + A°(Reu)
F(Imu) '

and |B|—120,,8=J.Q(plmuodx<0; where F(s)

(i) B=

is continuous, convex and even function;
w0 ds
iii) F(s) >0,(s> and —— <+,
(i) F(5)>0,(s> ) and [ =
then the classical solution for the problem (1)-(3)
is blow-up in finite time.

Proof. From |B|—1> 0, we discuss two case,
(1) B=1>0, B <0,u(x,t) =iuz(x,t),

then Imu = Reu..

Taking the imaginary part for both sides of (1.1),
similar the method of proof for Theorem 1, we can
easy have

!Lrp||Re u2||L,,(Q) =400, V1< p < 40,
So we get that
!Lm||lmu(t)||Lp(Q) = +00, V1< p < 40,

(1) |B|-1<0, <0, we may let

u(x,t) :—ﬁa(x,t),
then
Imu = Imu,.

Thus, !inT1||Im Us ()] .5y = +00, VI p < +o.

LP (@)

Taking the imaginary part for both sides of (1.1),
by (1) and similar the method of proof for theorem
1, we can easy have

lim|Reu,| = +00,V1< p < +oo,

t—T LP(Q)
We get that
!Lrp||lmu(t)||Lp(Q) = +00, V1< p < 40,

Combine | and Il, we can complete the proof

of theorem 2.2.
We consider that problem:
u, —iA*'u = f (u,D,u,D’u) + A* g (u),x e Q,t >0
(2.12)
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u(x,0) =u,(x),xeQ (2.12)
Ul =0,x€0Q,t>0 (2.13)

Theorem 2.3 Assume that problem (1)-(3) satisfy,

: 6G
(1) GO) =0~

ol O’

G =ReA*™ ?g(u) — A % Imu;

(iijLet A=Re(f (u,D,u, D?u))+(-1)**g(u))
+(=2)** Imu—CF(Reu), a(t) = IQ¢ Reu,dx,

and A->0, F(u) is continuous, convex and

1a>0,
C:
{ia<0

even function,

(iii))F(s) > 0(s > @) and j“’% <o,

then the classical solution of problem (1.1)- (1.3) is
blow-up in finite time.
(We omit this similar proof).

3 Some notes

Without loss of generality, we can along the
direction of [4] by using similar method to further
given that new conclusion as follows.

By inductively in the same way, we may consider
that

u, —iA*u = f(u,D,u, D)+ A*g(u),x e Q,t >0

(3.1)
u(x,0) =u,(x),xeQ (3.2)
Ul =0,x€0Qt>0 (3.3)

Taking a(t) = IQ @Reudx, then

a'(t)= J.Q @ Reu,dx,
we have that
a(t) = jg o[Re f (u, D,u, D2u) +

(=A™ g(u) —(=A)™ Imu)]dx
We easy obtain following conclusion.
Theorem 3.1 Assume that problem (1)-(3) satisfy,

(i) G(0) =0,(’;—(s|aQ =0,G =ReA™g(u)-A*" Imu;

(ii)Let A= Re(f (u,Du, D2u)) +(-1)*g(u))
+(=2)* Imu —CF(Reu), a(t) = ngoRe U, 0x,
and A-a >0,
F(u) is continuous ,convex and even function ,

lLa>0,
C=
{—1,a<0.

» (s
i) F(s)>0(s>a) and | —— <.

(iii) F(s)>0(s>a) LF(S)

Then the classical solution of problem (3.1)-(3.3) is

blow-up in finite time. (We omit this similar proof)

4 Main results

We consider the initial boundary value of higher
order nonlinear Schrodinger equation as form,
(k >1—integer)

u, —iAu= f(u,Du, D’u)+A*g(u),xe Q,t >0

(4.1)
u(x,0) =u,(x),xeQ 4.2)
Ul =0,x€0Qt>0 (4.3)

Taking a(t) = IQ ¢ Reudx, then

a'(t)= J.ngRe u,dx,
and we obtain that
a(t)= jg o[Re f (u, D,u, D2u)
+(=A)*g(u) — (=) Imu)]dx
= IQ¢[Re f (u, D,u, D2u)
—2%g(u) + A¥ Imu)]Jdx.

By inductively in the same way for generalized
form bellow.

u, —iA*u = f (u,D,u, D?u) +A*g(u), x e Q,t >0,
a't) = ngo[Re f (u, D,u, D2u)
+(=2)* g(u) — (-A) Imu)]dx
Let k =5, 6, therefore, then we shall obtain that
form in this case.

a(t)= IQQ[Re f (u, D,u, D?u)
—2°g(u) + A° Imu)]dx
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£ g5

a'(t) = jggo[Re f (u, D,u, Du)

+(=2)° g(u) = (=4)° Imu)]dx
Theorem 4.1 The problem (4.1)-(4.3) satisfy

(i) G(0) :O,Z—ﬁ =0,G=ReA“'g(u)-A""Imu;

. Im(f (u, D,u, D,’u) +(=2)"g(u)) - (-2)" (Reu)

(ii) B= ,
F(Imu)

|B|-1>0, ﬂ:IQ¢Imu0dx<O, where F(s) is

continuous convex and couple function.

w0 ds

i) F(s)>0,(s>p) and ——— < 400,

(i) F(5)>0,(s> ) and [ "=

then the classical solution of problem (4.1)-(4.3),
with blow-up in finite time.

Proof. From |B| —1>0, we discuss two case,
(1) B=1>0, 8 <0,u(x,t) =iuas(X,t), then

Imu = Reus,.
Taking the imaginary part of (1), similar as the
proof for method of theorem 1, we can easy have

!LnT1||Re u2||Lp(Q) =400, V1< p < +o0,
So we get that
!LrTT]||Imu(t)||Lp(Q) =400, V1< p <+,

(1) B+1<0, 5 <0, we may let
u(x,t) =—us(x,t),

then Imu = Imus.
Thus,

!irp||lmu3(t)|| = +00, V1< p < 40,

L (@)
We get that

!inT1||Imu(t)|| =400, V1< p < +o0,

LP(Q)
Combine (I)—(Il), we can complete the proof

of theorem 4.

Remark. The system of two equations may be

considered and will be proved to it in more holding

meaning by variable method. In [11], the author

discuss the Cauchy problem of the fourth order
nonlinear Schrodinger equation.

iu, —A? +|u|2 =0;t>0,x e R,
u(o, x) = u,.

holds new meaning. Note fourth order Schrodinger
equation are introduced by Karpman. Such fourth—
order Schrodinger equation are written as

ig +en’p+|p|" " =0,p=p(t,x): 1 xR > C.

5. Concluding Remarks
Recently, the higher-order Schrodinger equations
is also a very interesting topic and we may see them
in [3] and [4] etc. It applies some physics and
mechanics to some fields with nonlinear
Schrodinger equations and some compute methods.
In our future work, we may try to do some
research in this field and may obtain some good
results. Recently, the author gives some extending
conditions for it, and it proves to be a very
interesting topic, too. It applies some physics and
mechanics to some more fields with some model
equations. It is need to be noted that the above
equation is a special case of last equation by taking
parameter £ =—1, #=0,and p=1+8/d =3.
Moreover, as regards the solution u(t, X) to the

Cauchy problem, there are two conservation laws
in H2(see [11]), which express as follows.
(ii) Conservation of energy

Eut)) :=% [ [autt, dx—% [l Juct 0] dx=E(u,).
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