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Abstract: In this paper, we develop a new modification of Laplace deamitipn method for solving the seventh order KdV
equations. The numerical results show that the method cgeseapidly and compared with the Adomian decompositiothote
The conservation properties of solution are examined byutating the first three invariants.
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1 Introduction seventh-order KdV equations, which play a very
important role in mathematical physics, engineering, and
The general seventh-order KdV equatidnd] reads applied sciences. The proposed iterative scheme finds the
solution without any discretization, perturbation,
Ut + ausuy + buS 4 cuxUo, + du2uzy + elpUay linearization, or restrictive assumptions. As is well
+ fUglag + GUUsy + Uz = O 1 known, conservation laws (CLaws) play an important role

in mathematical physics. The first few CLaws have a

Wherea,b,c,d,e, f, and g are nonzero parameters and physical meaning, such as conservation of momentum

U — %:R' Some particular cases dffre: and energy 15]. From the objectives of this paper are

] X studying the properties of CLaws of seventh-order KdV
(i) Seventh-order Lax equatiofa = 140 b = 70,c = equation 16,17].

280d=70e=70,f =42g=14):

U -+ 140Uy + 7003 + 280Uyl + 70Uz,
+ 70upxUsx + 42UxUgx + 14UUsy + U7 = 0 (2)

2 The numerical method

In this section, we outline the new modification of Laplace
ADM to obtain explicit solution of equatiorif with initial
conditionu(x,0) = f(x).

Let us consider the standard form of a seventh order KdV
equation 1) in an operator form

(i) Seventh-order Sawada-Kotera equatida =
252b=63,c=378d=126e=63 f =42,g=21):

Ut 4 25203Uy + 63U + 378UUkUnx + 12602Ug+
63UoyUsx + 42UxUgy + 21UUsy + U7 = 0 3)

The ADM [3] is applied to generalized KdV Lt (u) + a(Ku) + b(Mu) 4 ¢(Nu) + d(Pu)
equation 4, 5] , fifth order KdV equation ¢-9] fifth order

KdV equation f, 5] , and seventh order KdV +e(Qu) + f(Ru) +g(Vu) + L(u) = 0 (4)
equation [L0l. The modified Laplace decomposition . 3 3
method [L1-13)] is applied to KdV equationi4]. In this where the notationKu = uuy, Mu = uy, Nu =

work, We apply the new modification of Laplace - UlxUz, PU = UPUz, QU = Upus, Ru = UxUs and
Adomian decomposition method to investigate YU = UUsx symbolize the nonl|7near term, respectively.
propagating traveling solitary wave solutions of The notationL; = % andLy = {%7 symbolize the linear
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differential operators. We represent solution as an irinit
series given below,
Unr1(%,t) = 2 HUns1(x,9)}, n>0 (11)
uxt) = - Un(,1) ) Using (L1) the series solqtior} follows immediately. In
’ n; ’ some cases the exact solution in the closed form may be
obtained. In practice all terms of the serigscan’t be
The nonlinear term&u, Mu, Nu, Pu, Qu,Ru and Vu determined, so we have an approximation of the solution
can be decomposed into infinite series of polynomialby the following truncated series,
given by Ku = udux = S oAn, Mu = U3 = 3> By,
NU = Ul = So oCn, Pu = WUz = Sq oDp,

=~

[ =] -1
QU = UgxUzx = Zn=0 En, Ru = UxUgx = 2n=0Fn and (DK(X t) _ Un(X t) (12)
VU = UU5X = 2;0:0 Gn, WhereAn, Bn,Cn, Dn7 En7 Fn andGn ’ = ’
are Adomian polynomials3] of ug,us,---,u, and it can
be calculated by the formula given below
w lim Y (x,t) = u(x,t) (13)
W — 1 d" W /\i ! >0 6 k—s00
n_ﬁ[d)\n (I; ul)]/\=0n— ( )

Where ¥ is the Adomian polynomials for the 3 Numericalillustrations
nonlinear ternt¥(u). C
By applying the Laplace transform to both sides of To demonstrate the applicability of the proposed method,

equation 4), we obtain it has been applied to tow classical problems concerning
the motion of solutions, their interactions and their
1 1 generations from an arbitrary initial condition. Numetica
Z{ux )} = EU(X’ 0) - g(a.i”{Ku} results of the corresponding problems are presented. The
accuracy of the method is measured udip@ndL., error
+bZ{Mu} + cZ{Nu} + d.Z{Pu} + eZ{Qu} norms defined by
+ f.Z{Ru} + g.Z{Vu} + Z{Lx(u)} (7)
A sum of components defined by the decomposition N 1
series Lo=[h}) juget —uh 2|z (14)
]
L{UD} =Ux9) = 5 Un(x9) (8)
n= Lo = maxj|U e —U | (15)
In the new modification 18] , the initial condition can ) ] “
expressed as a series of infinite components i.e., where h is the distance, and)®® U' the exact
solution and the numerical solutionat= hj respectively.
<. The conservation properties of the solution are examined
u(x,0) = nZOUO(X) ©) by calculating the Clawsl[7] :

In the case of Rar(lo1) = 6
and the new recursive relationship can be expressed in
the form ~
3-2f
1 w4+ 16
Uo(x,8) = gug(x) L=t 51 (16)

In the case of Rar{loz) =8

_ 1 n+1 1 Py e
Unia(x) = JUp (%) — S (@2 {An} 5, 10745t +age: 20 ,
2 =
+bZ{Bn} +cZ{Cn} +dL{Dn} +eZ{En} 1764

+1.2{Fa} +92{Ga} + Z{Lu(th(x.1)}), n>0 L 1-2f
7

uuZ + ug, 7)

Finally, by applying inverse Laplace transformationwe ~ Each of the Lax ?”d Sawada-Kotera equations admit
get: p1 andpz, wheref = 2. €= g%.
In the case of Rar{loz) = 12

1
Uo(x,0) = £ “{Uo(x,5)} For the seventh order Lax equation we have
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Table 1: L, andL., errors.

t Lo Lo
p3 = 3 U — > —uj+ Ougx 0.1 | 6.42564e-10| 1.67514e-9
2744" 28 7 0.2 | 1.5258e-9 | 3.73702e-9
9 , 155, 9 5, 0.3 | 2.67549e-9 | 6.18565e-9
— Ul — GaU Uy + 77Ul (18) 0.4 | 4.10451e-9 | 9.02102e-9
) 0.5 | 5.81966e-9 | 1.22431e-9
For the seventh order Sawada-Kotera equation we have
4 17 U 16 3
p3= 21609 P+ u4x 147 kKt ﬁ Table 3: Result of the proposed method compared with results
in[10]. We will taket = 0.3 andx € [0.1, 0.5]. ENML denotes the
U — — Bl 16u U2 (19) absolute error by the new modification of Laplace decomjusit
1029 %49 X method and EADM denotes the absolute error by Adomian

Since the conservation constants are expected to

decomposition method

remain constant during the run of the algorithm to have X ENML EADM
accurate numerical scheme, conservation constants will 0.1 | 5.10963e-10] 3.50406e-8
be monitored. As various problems of science were 0.2 | 1.40584e-9 | 6.95085e-8
modeled by non linear partial differential equations and 0.3 | 2.68464e-9 | 1.03998e-7
since therefore the seventh order KdV equation is of high 0.4 | 4.34734e-9 | 1.38303e-7
importance, the following examples have been 0.5 | 6.39397e-9| 1.72205e-7
considered.
Example 3.1. Let us consider seventh-order Lax equation
(2) with the initial condition

u(x,0) = 2k?sech?(kx) (20) uz(x,t) = 2 HUs(x,9)} =
By applying Laplace transform and using given initial {4480(10)( 4k6X4 } 448K % x +4k oxt (25)
condition we get:

1 1

Z{u(x, 1)} = Zu(x 0) — (1402 {Ku} uz(xt) = .2 HUs(x,9)}

+70.2{Mu} + 280Z{Nu} + 70.Z{Pu} o1 {_ 34k8x B

+702{Qu} +42%{Ru} + 14L{Vu} + Z{Lx(u)})

10, 16 12,
(21) 17920< X +70(71680< 832:;8 x3)

The initial conditionu(x,0) can expressed as a series S

of infinite componentsii.e. 2
P — — —-(56448%1%7 + 403200+
U(x.0) = 22— A AEX 34EKE 43680%"0C + 17k%¢°) (26)

3 45
124k10X8 2764&2x10
315 14175

Using recursive relation 1) with Adomian
polynomials yield the components

K (22)

lo(x) = £ HUo(x,9)} =2 2 } 2 (23)
ut) = 2 HUi(x 9} =2 Y 2k4x}
= -2k (24)

And so on, in this manner the rest of components of
the decomposition series were obtained. Substitufiy (
(26) into (5)gives the solutioru(x,t) in a series form and
in a close form by

u(x,t) = 2k?sech?(k(x— 64k%)) (27)
This result can be verified through substitution. The

Lo, L errors norm and the three invariams, p», p3 for

the problem are documented in Table 1 and Table 2

respectively. The results produced by the new

modification of Laplace decomposition method are in a

very good agreement with the best of the results of the

methods listed in Table 3. The profile of the solitary wave
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Table 2: The invariantgs, p2, P3
t\X p1 P2 P3
0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5

0.1 | -1.142e-7| -3.411e-7| -5.634e-7| 1.513e-8| 4.529e-8| 7.509e-8| 1.156e-10| 3.450e-10| 5.692e-10
0.2 | -1.142e-7| -3.411e-7| -5.634e-7| 1.513e-8| 4.529e-8| 7.509e-8| 1.156e-10| 3.449e-10| 5.690e-10
0.3 | -1.142e-7| -3.411e-7| -5.634e-7| 1.513e-8| 4.529e-8| 7.510e-8| 1.156e-10| 3.448e-10| 5.688e-10
0.4 | -1.142e-7| -3.411e-7| -5.634e-7| 1.513e-8| 4.530e-8| 7.511e-8| 1.156e-10| 3.446e-10| 5.686e-10
0.5 | -1.142e-7| -3.411e-7| -5.634e-7| 1.513e-8| 4.530e-8| 7.512e-8| 1.156e-10| 3.447e-10| 5.684e-10

- ualt

- ue t

Fig. 1: The graph of the exact (ue) and approximate (ua) solution,

(top)t =0.5,x € [—10, 10, (bottom)t = 1.0, x € [-10, 10] .

at timest = 0.5 andt = 1.0 compared in Figure 1.
Example 3.2.

Let us consider seventh-order Sawada-Kotera equation

(3) with the initial condition

4K2

u(x,0) = 3 —(2—3tanh?(kx)) (28)

By applying Laplace transform and using given initial
condition we get:

Z{u(x,t)} = %u(x, 0)— %(ZSM{KU}

+632{Mu} +378Z{Nu} + 126 #{Pu}

+632{Qu} +42Z{Ru} +21.2{Vu} + .L{Ly(u)})
(29)

The initial conditionu(x,0) can expressed as a series
of infinite components i.e.

8k 68K
2,
u(x,0) = — — 4k*x 5
248k10x8 5528&!2x10 1
315 14175 bk (30)
Using recursive relation 1) with Adomian

polynomials yield the components

2 2

() = 2 HUo(x 9} = 2 H o) = 5 (a1)

k) = 2 HUx 9} — 2 H ) e
(32)

ux(x,t) =2 HUy(x,9)} =21

1 6

{114222& * + 8';:4} 2(1433<1°tx+ KSx*)  (33)

us(xt) =2 HUz(x, 9} =2 Y _648::)(6 _

lZlS?&lox 1126 1174841(§1216 + 143%6]%1%@)}

S

+ X
j5 102760448R'%2 + 13708861%

+ 250880 %x% 4 17k8x°)

(34)

And so on, in this manner the rest of components of
the decomposition series were obtained. SubstituBiy (
(34) into (5) gives the solutiomu(x,t) in a series form and
in a close form by

u(x,t) = %2(2 — 3tanh?(k(x — 255‘60))

This result can be verified through substitution.
The Ly, Ls, errors norm and the three invariamts p2, p3

(35)
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Table4: L, andL., errors.

t

Lo

Lo

0.1
0.2
0.3
0.4
0.5

7.35372e-9
2.14924e-8
4.26366e-8
7.08343e-8
1.06102e-7

1.44404e-8
3.81436e-8
7.11095e-8
1.13338e-7
1.6483e-7

Table 6: Result of the proposed method compared with results
in[10]. We will taket = 0.4 andx < [0.1, 0.5]. ENML denotes the
absolute error by the new modification of Laplace decomjuosit
method and EADM denotes the absolute error by Adomian

decomposition method

X ENML EADM
0.1 | 1.15762e-8| 3.82381e-8
0.2 | 3.23494e-8| 6.68601e-8
0.3 | 6.23195e-8| 9.49483e-7
0.4 | 1.01486e-7| 1.22581e-7
0.5 | 1.49851e-7| 1.49860e-7

Fig. 2: The graph of the exact (ue) and approximate (ua) solution,
(top)t =0.5,x € [-10, 10, (bottom)t = 1.0,x € [-10, 10.

4 Conclusion

In this paper, the new modification of Laplace
decomposition method has been successfully applied to
finding the solutions of the seventh order KdV equations,
Lax equation and Sawada-Kotera equation. The obtained
solutions are compared with those of ADM [10]. All the
examples show that the results of the present method are
in approximate agreement with those of ADM. The
conservation of the invariants can be seen to be almost
constant. The results show that the new modification of
Laplace decomposition method is a powerful
mathematical tool for solving linear and nonlinear partial
differential equations, and therefore, can be widely
applied in engineering problems.
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