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Abstract: The aim of this paper is to introduce the notion of(∈, ∈ ∨qk)
∗-intuitionistic fuzzyk-ideal, which is the generalization of

(∈, ∈ ∨q)∗-intuitionistic fuzzyk-ideal, and characterize hemirings by the properties of(∈, ∈ ∨qk)
∗-intuitionistic fuzzyk-ideals. And

also characterizedk-regular hemiring by the properties of(∈, ∈ ∨qk)
∗-intuitionistic fuzzyk-ideals.
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1 Introduction

A non-empty setR together with two associative binary
operations, addition “+” and multiplication “. ” such that
“ . ”distributes over “+” from both sides, is called a
Semiring. Semirings which are regarded as a
generalization of rings, was first introduced by Vandiver.
By a hemiring, we mean a semiring with a zero and with
a commutative addition.

Ideals of hemirings play a central role in the structure
theory and are useful for many purposes. However, they
do not in general coincide with the usual ring ideals. Many
results in rings apparently have no analogues in hemirings
using only ideals. Henriksen [9] defined a more restricted
class of ideals in semirings, which is called the class of
k-ideals, with the property that if the semiringR is a ring
then a complex inR is a k-ideal if and only if it is a ring
ideal.

The fundamental concept of a fuzzy set, introduced by
Zadeh [16], was applied by many researchers to
generalize some of the basic concepts of algebra. In [13]
Azirel Rosenfeld used the idea of fuzzy set to introduce
the notions of fuzzy subgroups. In [2] Ahsan et el.
initiated the study of fuzzy semirings. The fuzzy algebraic
structures play an important role in mathematics with
wide applications in theoretical physics, computer
sciences, control engineering, information sciences,
coding theory and topological spaces [7,15].

The general properties of fuzzyk-ideals of semirings
were described in [5,6,8,11,17].

In this paper we define the concept of(∈,
∈ ∨qk)

∗-intuitionistic fuzzy k-ideals of hemiring and
obtain some result concerning it, and characterize
hemiregular hemirings with the help of (∈,
∈ ∨qk)

∗-intuitionistic fuzzyk-ideals.

2 preliminaries

Recall that a semiring is an algebraic system(R, +, . )
consisting of a non empty setR together with two binary
operations ”+” and ”. ” , which are called addition and
multiplication, respectively such that(R, + ) and(R, . )
are semigroups linked by the following distributive laws:

a(b+ c) = ab+acand

(a+b)c = ac+bc

for all a,b,c∈ R.
By a zero of a semiring(R, +, . ), we mean an

element 0∈ R such that 0. x = x. 0 = 0 and
0+ x = x+ 0 = x for all x ∈ R. A semiring with a zero
such that(R,+) is a commutative semigroup is called a
hemiring. A non-empty subsetA of a hemiringR is called
a sub hemiring ofR if it contains 0 and closed with
respect to addition and multiplication ofR. A non-empty
subsetIof a hemiringR is called a left (right) ideal ofR if
I is closed under addition andRI ⊆ I(IR ⊆ I).
FurthermoreI is called an ideal if it is both a left ideal and
right ideal of R. A left (right) ideal of R is called a left
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(right) k-ideal of R if a,b ∈ I , x ∈ R, x+ a = b implies
x∈ I .

Let Rbe a hemiring andA⊆R. Thenk-closureAof A is
defined byA= {x∈ R : x+a1 = a2 for somea1,a2 ∈ A}.
If A is a left ideal ofR, thenA is the smallest leftk-ideal of
RcontainingA.

Let X be a non-empty fixed set. An intuitionistic fuzzy
subsetA of X is an object having the form

A= {〈x,µA(x), λA(x) : x∈ X〉}

where the functionsµA : X −→ [0,1] andλA : X −→ [0,1]
denote the degree of membership(namelyµA(x)) and the
degree of nonmembership(namelyλA(x)) of each element
of x∈ X to A, respectively, and 0≤ µA(x)+λA(x)≤ 1 for
all x∈X.For the sake of simplicity, we use the symbolA=
(µA,λA) for the intuitionistic fuzzy subset(briefly, IFS)
A= {〈x,µA(x), λA(x) : x∈ X〉}. If A= (µA,λA) andB=
(µB,λB) are intuitionistic fuzzy subsets ofX, then

(1) A⊆ B⇐⇒ µA(x)≤ µB(x) andλA(x)≥ λB(x) for
all x∈ X.

(2) A= B ⇐⇒ A⊆ B andB⊆ A.
(3) Complement ofA is denoted and defined byA′ =

(λA,µA).

If {Ai : i ∈ I} is a family of intuitionistic fuzzy subset
of X, then by the union and intersection of this family we
mean an intuitionistic fuzzy subsets

(4) ∪i∈I Ai = (∨i∈I µAi ,∧i∈I λAi )

(5) ∩i∈I Ai = (∧i∈I µAi ,∨i∈I λAi ) .

Let a be a point in a non-empty setX. If α ∈ (0,1] and
β ∈ [0,1) are two real numbers such that 0≤ α + β ≤ 1
then IFS

a(α,β ) =
〈

x,aα ,1−a1−β
〉

is called an intuitionistic fuzzy point(IFP) inX, whereα
andβ are the degree of membership and nonmembership
of a(α, β ) respectively anda ∈ X is the support ofa(α,
β ).

Let a(α, β ) be an IFP inX, andA= (µA,λA) is an IFS
in X. Thena(α, β ) is said to belong toA, writtena(α, β )∈
A, if µA(a)≥ α andλA(a)≤ β and quasi-coincident with
A, written a(α, β )qA, if µA(a)+α > 1, andλA+β < 1.
a(α, β ) ∈ ∨qA, means thata(α, β ) ∈ A or a(α, β )qAand
a(α, β )∈∧qA, means thata(α, β )∈Aanda(α, β )qAand
a(α, β )∈ ∨qA, means thata(α, β ) ∈ ∨qAdoesn’t hold.

Let x(t, s) be an IFP inX, andA= (µA,λA) be an IFS
in R, Then for allx,y∈Randt ∈ (0,1], s∈ [0,1), we define
the following:

(i) x(t,s)qkA if µA(x)+ t+k> 1 andλA(x)+s+k< 1.
(ii) x(t,s) ∈ ∨qkA if x(t,s) ∈ A or x(t,s)qkA.
(iii ) x(t,s) ∈ ∧qkA if x(t,s) ∈ A andx(t,s)qkA.
(iv) x(t,s)∈ ∨qkA means thatx(t,s) ∈ ∨qkA doesn’t

hold.
wherek∈ [0,1).

2.1 Definition [10]

An IFS A = (µA,λA) of a hemiringR is called an(∈, ∈
∨qk)-intuitionistic fuzzy ideal ofR, if ∀ x,y∈Randt1, t2 ∈
(0,1], s1,s2 ∈ [0,1)

(1a) x(t1,s1), y(t2,s2) ∈ A
⇒ (x+ y)(min(t1, t2),max(s1,s2)) ∈ ∨qkA
(2a) x(t1,s1) ∈ A, y∈ R
⇒ (yx)(t1,s1) ∈ ∨qkA
(2′a) x(t1,s1) ∈ A, y∈ R
⇒ (xy)(t1,s1) ∈ ∨qkA.

2.2 Theorem [10]

Let A = (µA,λA) be an intuitionistic fuzzy subset of a
hemiring R. Then (1a) =⇒ (1b), (2a) =⇒ (2b),
(2′a) =⇒ (2′b) where∀ x,y∈ Randk∈ [0,1),

(1b) µA(x+ y)≥ min

{

µA(x),µA(y)
, 1−k

2

}

and

λA(x+ y)≤ max
{

λA(x),λA(y), 1−k
2

}

(2b) µA(yx) ≥ min
{

µA(x),
1−k

2

}

and
λA(yx)≤ max

{

λA(x),
1−k

2

}

.

(2′b) µA(xy) ≥ min
{

µA(x), 1−k
2

}

and
λA(xy)≤ max

{

λA(x),
1−k

2

}

.
Converse of the above result is not true in

general.(See example3.5) .

2.3 Definition

Let A = (µA,λA) andB= (µB,λB) be intuitionistic fuzzy
subsets of a hemiringR. Then thek- product ofA andB is
denoted and defined byA ⊙ B = 〈µA⊙ µB, λA⊙λB〉 ,
where

(µA⊙ µB)(x) =














































∨x+∑m
i=1aibi=∑n

j=1 a′j b
′
j























(

∧m
i=1µA(ai)

)

∧
(

∧m
i=1µB(bi)

)

∧
(

∧n
j=1µA(a′j)

)

∧
(

∧n
j=1µB(b′j)

)























0 if x cannot be expressed as
x+∑m

i=1aibi = ∑n
j=1a′jb

′
j

(λA⊙λB)(x) =














































∧x+∑m
i=1aibi=∑n

j=1 a′j b
′
j























(

∨m
i=1λA(ai)

)

∨
(

∨m
i=1λB(bi)

)

∨
(

∨n
j=1λA(a′j)

)

∨
(

∨n
j=1λB(b′j)

)























1 if x cannot be expressed as
x+∑m

i=1aibi = ∑n
j=1a′jb

′
j
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2.4 Definition

If S⊆ R, then the intuitionistic characteristic function ofS
is defined byCS=

(

χS, χc
S

)

CS=

{

(1,0) i f x ∈ S
(0,1) i f x /∈ S

In particular, we let1= ( χR, χc
R ) be the intuitionistic

fuzzy set inR.

2.5 Lemma

Let R be a hemiring andP,Q⊆ R. Then we have
(1) P⊆ Q if and only if
CP = ( χP, χc

P )⊆ ( χQ, χc
Q ) =CQ.

(2) CP∩CQ =CP∩Q.
(3) CP⊙CQ =CPQ.

Proof.This proof is analogous to ([14] Lemma 2.9).

3 (∈, ∈ ∨qk)
∗-intuitionistic fuzzy k-ideals in

hemiring

3.1 Definition

An IFS A = (µA,λA) of a hemiringR is called an(∈, ∈
∨qk)-intuitionistic fuzzy leftk-ideal of R, if ∀ x,y,z∈ R
andt1, t2 ∈ (0,1], s1,s2 ∈ [0,1)

(1a) x(t1,s1), y(t2,s2) ∈ A
⇒ (x+ y)(min(t1, t2),max(s1,s2)) ∈ ∨qkA
(2a) x(t1,s1) ∈ A, y∈ R
⇒ (y x)(t1,s1) ∈ ∨qkA
(3a) x+ y= z, y(t1,s1), z(t2,s2) ∈ A
=⇒ (x)(min(t1, t2),max(s1,s2)) ∈ ∨qkA.
(∈, ∈ ∨qk)-intuitionistic fuzzy right k-ideal are

defined similarly. An intuitionistic fuzzy set is called an
(∈, ∈ ∨qk)-intuitionistic fuzzyk-ideal ofR if it is both an
(∈, ∈ ∨qk)-intuitionistic fuzzy left k-ideal and an(∈,
∈ ∨qk)-intuitionistic fuzzy rightk-ideal ofR.

3.2 Theorem

Let A be an intuitionistic fuzzy subset of a hemiringR.
Then(3a) =⇒ (3b), where

(3b) µA(x) ≥ min{µA(y),µA(z),
1−k

2 } and
λA(x)≤ max{λA(y),λA(z),

1−k
2 }.

Proof.(3a)⇒ (3b)
Let A be an intuitionistic fuzzy subset of a hemiringR,

and(3a) holds. Suppose that(3b) doesn’t hold. Then there
existx,y,z∈ Rsuch that

µA(x) < min
{

µA(y),µA(z),
1−k

2

}

or
λA(x) > max

{

λA(y),λA(z), 1−k
2

}

. So there exit three
possible cases.

(i) µA(x) < min
{

µA(y),µA(z),
1−k

2

}

and
λA(x)≤ max

{

λA(y),λA(z),
1−k

2

}

(ii) µA(x) ≥ min
{

µA(y),µA(z),
1−k

2

}

and
λA(x)> max

{

λA(y),λA(z),
1−k

2

}

(iii ) µA(x) < min
{

µA(y),µA(z),
1−k

2

}

and
λA(x)> max

{

λA(y),λA(z),
1−k

2

}

.
For the first case, there existt ∈ (0,1] such that
µA(x) < t < min

{

µA(a),µA(b),
1−k

2

}

. Now choose
s = 1− t. Then clearlyy(t,s) ∈ A and z(t,s) ∈ A but
(x) (t,s)∈ ∨qkA. Which is a contradiction. Second case is
similar to this case.

Now consider case(iii )
µA(x) < min

{

µA(y),µA(z),
1−k

2

}

and
λA(x) > max

{

λA(y),λA(z), 1−k
2

}

. Then there exist
t ∈ (0,1] ands∈ [0,1), such that

µA(x)< t ≤ min
{

µA(y),µA(z),
1−k

2

}

and λA(x)> s≥
max

{

λA(y),λA(z),
1−k

2

}

=⇒ y(t,s) ∈ A andz(t,s) ∈ A but (x)(t,s)∈ ∨qkA.
Which is again a contradiction. So our supposition is
wrong. Hence(3b) holds.

3.3 Definition

Let A = (µA,λA) be an IFS of a hemiringR. ThenA is
called an(∈, ∈ ∨qk)

∗-intuitionistic fuzzy leftk-ideal ofR
if it satisfies the conditions(1b), (2b) and(3b).

3.4 Remark

Every (∈, ∈ ∨qk)
∗-intuitionistic fuzzy left k-ideal

A= (µA,λA) of Rneed not be an(∈, ∈ ∨qk)-intuitionistic
fuzzy leftk-ideal ofR.

3.5 Example

Let N be the set of all non negative integers and
A= 〈µA, λA〉 be an IFS ofN defined as follows

µA (x) =







0.4 if x∈ 〈4〉
0.3 if x∈ 〈2〉− 〈4〉

0 otherwise

λA (x) =







0.4 if x∈ 〈4〉
0.3 if x∈ 〈2〉− 〈4〉

0 otherwise
For all x,y,z∈N

(1b) µA(x+ y) ≥ min{µA(x),µA(y),0.4} and λA(x+
y)≤ max{λA(x),λA(y),0.4}

(2b) µA(xy) ≥ min{µA(y),0.4} and
λA(xy)≤ max{λA(y),0.4}

(3b) x+ y= z
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=⇒ µA(x) ≥ min{µA(y),µA(z),0.4} and
λA(x)≤ max{λA(y),λA(z),0.4}

Thus A = (µA,λA) is an (∈, ∈ ∨q0.2)
∗-intuitionistic

fuzzyk-ideal ofN. But
2(0.25, 0.35) , 2(0.25, 0.35) ∈ A
=⇒ (2.2)(0.25, 0.35)∈ ∨q0.2A. ThusA= (µA,λA) is

not an(∈, ∈ ∨q0.2)-intuitionistic fuzzyk-ideal ofN .

3.6 Definition

Let A andB be intuitionistic fuzzy subsets of a hemiringR.
Then the intuitionistic fuzzy subsetsAk, A∩kB, andA⊙kB
are defined as following:

A∩k=
〈

µA∧
1−k

2 , λA∨
1−k

2

〉

= Ak

A∩k B =

〈

(µA∧µB)∧
1− k

2
, (λA∨λB)∨

1− k
2

〉

= (A∩B)k

A⊙k B =

〈

(µA⊙ µB)∧
1− k

2
, (λA⊙λB)∨

1− k
2

〉

= (A⊙B)k

3.7 Theorem

If A andB are(∈, ∈ ∨qk)
∗-intuitionistic fuzzyk-ideals of

R, thenA⊙kB is an(∈, ∈∨qk)
∗-intuitionistic fuzzyk-ideal

of RandA⊙k B⊆ A∩k B.

Proof.Let A andB be (∈, ∈ ∨qk)
∗-intuitionistic fuzzyk-

ideals ofR andx,y∈ R. Then(µA⊙k µB)(x) =

∨x+∑m
i=1aibi=∑n

j=1 a′j b
′
j























(

∧m
i=1µA(ai)

)

∧
(

∧m
i=1µB(bi)

)

∧
(

∧n
j=1µA(a′j)

)

∧
(

∧n
j=1µB(b′j)

)























∧
1− k

2

and(µA⊙k µB)(y) =

∨y+∑p
k=1ckdk=∑q

l=1c′l d
′
l















(

∧p
k=1µA(ck)

)

∧
(

∧p
k=1µB(dk)

)

∧
(

∧
q
l=1µA(c′l )

)

∧
(

∧q
l=1µB(d′

l )
)















∧
1− k

2

Thus

(µA⊙k µB)(x)∧ (µA⊙k µB)(y)∧ 1−k
2 =

















∨x+∑m
i=1aibi=∑n

j=1 a′j b
′
j























(

∧m
i=1µA(ai)

)

∧
(

∧m
i=1µB(bi)

)

∧
(

∧n
j=1µA(a′j)

)

∧
(

∧n
j=1µB(b′j)

)























∧ 1−k
2

















∧













∨y+∑p
k=1 ckdk=∑q

l=1c′l d
′
l













(

∧p
k=1µA(ck)

)

∧
(

∧p
k=1µB(dk)

)

∧
(

∧q
l=1µA(c′l )

)

∧
(

∧
q
l=1µB(d′

l )
)















∧ 1−k
2













∧

1− k
2

=





































∨
x+∑m

i=1aibi=∑n
j=1 a′j b

′
j

y+∑p
k=1 ckdk=∑q

l=1c′l d
′
l





























(

∧m
i=1µA(ai)

)

∧
(

∧m
i=1µB(bi)

)

∧
(

∧n
j=1µA(a′j)

)

∧
(

∧n
j=1µB(b′j)

)

∧
(

∧p
k=1µA(ck)

)

∧
(

∧
p
k=1µB(dk)

)

∧
(

∧q
l=1µA(c′l )

)

∧
(

∧
q
l=1µB(d′

l )
)





























∧ 1−k
2





































∧
1− k

2

≤




























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Thus
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Analogously we can prove that
(µA⊙k µB)(x)∧ 1−k

2 ≤ (µA⊙k µB)(rx) and
(λA⊙k λB)(x)∨ 1−k

2 ≥ (λA⊙k λB)(rx) for all x,y∈ R.
This means thatA⊙k B is an (∈, ∈ ∨qk)

∗-intuitionistic
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fuzzy ideal ofR. Now to prove the condition(3b). Let
x+a= b, observe thata+∑m
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



























∨ 1−k
2









































∨
1− k

2

≥ ∧x+∑u
s=1 gshs=∑v

t=1 g′th
′
t















(

∨u
s=1λA(gs)

)

∨
(

∨u
s=1λB(hs)

)

∨
(

∨v
t=1λA(g′t)

)

∨
(

∨v
t=1λB(h′t)

)















∨
1− k

2

= (λA⊙k λB)(x).
HenceA⊙k B is an(∈, ∈ ∨qk)

∗-intuitionistic fuzzyk-
ideal ofR.

By simple calculations we can prove thatA⊙kB⊆A∩k
B.
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3.8 Corollary

If A is an(∈, ∈ ∨qk)
∗-intuitionistic fuzzy rightk-ideal of

R andB is an(∈, ∈ ∨qk)
∗-intuitionistic fuzzy leftk-ideal

of R, thenA⊙k B⊆ A∩k B.

3.9 Definition

Thek-sumA+k B of an intuitionistic fuzzy subsetsA and
B is defined by

A+k B= 〈µA+k µB, λA+k λB〉 , where
(µA+k µB)(x) =

∨x+(a1+b1)=(a2+b2)
[

µA(a1)∧µA(a2)∧
µB(b1)∧µB(b2)

]

∧

1− k
2

and
(λA+k λB)(x) =

∧x+(a1+b1)=(a2+b2)
[

λA(a1)∨λA(a2)∨
λB(b1)∨λB(b2)

]

∨

1− k
2
wherex,a1,b1,a2,b2 ∈ R.

3.10 Theorem

Thek-sum of(∈, ∈ ∨qk)
∗-intuitionistic fuzzyk-ideals of

R is also an(∈, ∈ ∨qk)
∗-intuitionistic fuzzyk-ideal ofR.

Proof.Let A andB be (∈, ∈ ∨qk)
∗-intuitionistic fuzzyk-

ideals ofR. Then forx,y∈ R, we have
(µA+k µB)(x)∧ (µA+k µB)(y)∧ 1−k

2

=









∨x+(a1+b1)=(a2+b2)
[

µA(a1)∧µA(a2)∧
µB(b1)∧µB(b2)

]

∧1−k
2









∧









∨y+(a′1+b′1)=(a′2+b′2)[

µA(a′1)∧µA(a′2)∧
µB(b′1)∧µB(b′2)

]

∧1−k
2









∧
1− k

2

=



















∨
x+(a1+b1)=(a2+b2)
y+(a′1+b′1)=(a′2+b′2)







µA(a1)∧µA(a2)∧
µB(b1)∧µB(b2)∧
µA(a′1)∧µA(a′2)∧
µB(b′1)∧µB(b′2)







∧1−k
2



















∧
1− k

2

≤ ∨
x+(a1+b1)=(a2+b2)
y+(a′1+b′1)=(a′2+b′2)







µA(a1+a′1)∧
µB(b1+b′1)∧
µA(a2+a′2)∧
µB(b2+b′2)







∧
1− k

2

≤ ∨(x+y)+(c1+d1)=(c2+d2)
[

µA(c1)∧µB(d1)
µA(c2)∧µB(d2)

]

∧
1− k

2

= (µA+k µB)(x+ y).

And
(λA+k λB)(x)∨ (λA+k λB)(y)∨ 1−k

2

=









∧x+(a1+b1)=(a2+b2)
[

λA(a1)∨λA(a2)
∨λB(b1)∨λB(b2)

]

∨1−k
2









∨









∧y+(a′1+b′1)=(a′2+b′2)[

λA(a′1)∨λA(a′2)∨
λB(b′1)∨λB(b′2)

]

∨1−k
2









∨
1− k

2

=



















∧
x+(a1+b1)=(a2+b2)
y+(a′1+b′1)=(a′2+b′2)







λA(a1)∨λA(a2)∨
λB(b1)∨λB(b2)

λA(a′1)∨λA(a′2)∨
λB(b′1)∨λB(b′2)







∨1−k
2



















∨

1− k
2

≥ ∧
x+(a1+b1)=(a2+b2)
y+(a′1+b′1)=(a′2+b′2)

[

λA(a1+a′1)∨λB(b1+b′1)
λA(a2+a′2)∨λB(b2+b′2)

]

∨
1− k

2

≥ ∧(x+y)+(c1+d1)=(c2+d2)
[

λA(c1)∨λB(d1)
λA(c2)∨λB(d2)

]

∨

1− k
2

= (λA+k λB)(x+ y).
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Similarly we can prove the conditions(2b) and(2′b).
Let x+a= b. Now to prove the condition(3b), let
a+(a1+b1) = (a2+b2) and
b+(c1+d1) = (c2+d2). Then

x+a+(c1+d1) = (c2+d2)

where

x+a+(c1+d1)+ (a1+b1) = (a1+b1)+ (c2+d2)

and

x+(a2+b2)+ (c1+d1) = (a1+b1)+ (c2+d2).

Thus

x+(a2+ c1)+ (b2+d1) = (a1+ c2)+ (b1+d2).

Therefore(µA+k µB)(a)∧ (µA+k µB)(b)∧ 1−k
2

=









∨a+(a1+b1)=(a2+b2)
[

µA(a1)∧µA(a2)∧
µB(b1)∧µB(b2)

]

∧1−k
2









∧









∨b+(c1+d1)=(c2+d2)
[

µA(c1)∧µA(c2)∧
µB(d1)∧µB(d2)

]

∧1−k
2









∧
1− k

2

=















∨
a+(a1+b1)=(a2+b2)
b+(c1+d1)=(c2+d2)







µA(a1)∧µA(a2)∧
µB(b1)∧µB(b2)∧
µA(c1)∧µA(c2)∧
µB(d1)∧µB(d2)






∧ 1−k

2















∧
1− k

2

≤ ∨
a+(a1+b1)=(a2+b2)
b+(c1+d1)=(c2+d2)

[

µA(a1+ c2)∧µA(a2+ c1)∧
µB(b1+d2)∧µB(b2+d1)

]

∧
1− k

2

≤ ∨x+(a′+b′)=(c′+d′)
[

µA(a′)∧µA(c′)∧
µB(b′)∧µB(d′)

]

∧
1− k

2

= (µA+k µB)(x).

And

(λA+k λB)(a)∨ (λA+k λB)(b)∨ 1−k
2

=









∧a+(a1+b1)=(a2+b2)
[

λA(a1)∨λA(a2)∨
λB(b1)∨λB(b2)

]

∨1−k
2









∨









∧b+(c1+d1)=(c2+d2)
[

λA(c1)∨λA(c2)∨
λB(d1)∨λB(d2)

]

∨1−k
2









∨
1− k

2

=



















∧
a+(a1+b1)=(a2+b2)
b+(c1+d1)=(c2+d2)







λA(a1)∨λA(a2)∨
λB(b1)∨λB(b2)∨
λA(c1)∨λA(c2)∨
λB(d1)∨λB(d2)







∨1−k
2



















∨
1− k

2

≥ ∧
a+(a1+b1)=(a2+b2)
b+(c1+d1)=(c2+d2)

[

λA(a2+ c1)∨λA(a1+ c2)∨
λB(b2+d1)∨λB(b1+d2)

]

∨
1− k

2

≥ ∧x+(a′+b′)=(c′+d′)
[

λA(a′)∨λA(c′)∨
λB(b′)∨λB(d′)

]

∨
1− k

2

= (λA+k λB)(x).

HenceA+k B is an(∈, ∈ ∨qk)
∗-intuitionistic fuzzyk-

ideal ofR.

3.11 Theorem

An intuitionistic fuzzy subsetA= (µA,λA) of a hemiring
Rsatisfies condition(1b) and(3b) if and only if it satisfies
the condition

(4) A+k A⊆ Ak

Proof.SupposeA = (µA,λA) satisfies conditions(1b) and
(3b) andx∈ R. Then

(µA+k µA)(x) =




∨x+(a1+b1)=(a2+b2)
[

µA(a1)∧µA(a2)∧
µA(b1)∧µA(b2)

]





∧
1− k

2
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=





∨x+(a1+b1)=(a2+b2)
[

µA(a1)∧µA(b1)∧
1−k

2
∧µA(a2)∧µA(b2)∧

1−k
2

]





∧
1− k

2

≤

(

∨x+(a1+b1)=(a2+b2)

[µA(a1+b1)∧µA(a2+b2)]

)

∧
1− k

2

by condition(1b)

≤ µA(x)∧
1− k

2

by condition(3b) and
(λA+k λA)(x) =





∧x+(a1+b1)=(a2+b2)
[

λA(a1)∨λA(a2)∨
λA(b1)∨λA(b2)

]





∨
1− k

2

=





∧x+(a1+b1)=(a2+b2)
[

λA(a1)∨λA(b1)∨
1−k

2
∨λA(a2)∨λA(b2)∨

1−k
2

]





∨
1− k

2

=





∧x+(a1+b1)=(a2+b2)
[

λA(a1)∨λA(b1)∨
1−k

2
∨λA(a2)∨λA(b2)∨

1−k
2

]





∨
1− k

2

≥

(

∧x+(a1+b1)=(a2+b2)

[λA(a1+b1)∨λA(a2+b2)]

)

∨
1− k

2

by condition(1b)

≥ λA(x)∨
1− k

2

by condition(3b).
Thus condition(4) is holds.
Conversely assume thatA+k A ⊆ Ak. Then for each

x∈ R we have

µA(0) ≥ µA(0)∧
1− k

2
≥ (µA+k µA) (0)

=





∨0+(a1+b1)=(a2+b2)
[

µA(a1)∧µA(a2)∧
µA(b1)∧µA(b2)

]





∧
1− k

2

≥ µA(x)∧
1− k

2
because 0+ x+ x= x+ x
ThusµA(0)≥ µA(x)∧

1−k
2 and

λA(0) ≤ λA(0)∨
1− k

2
≤ (λA+k λA)(0)

=





∧0+(a1+b1)=(a2+b2)
[

λA(a1)∨λA(a2)∨
λA(b1)∨λA(b2)

]





∨
1− k

2

≤ λA(x)∨
1− k

2
because 0+ x+ x= x+ x
ThusλA(0)≤ λA(x)∨

1−k
2 .

Let x,y∈ R. Then

µA(x+ y) ≥ µA(x+ y)∧
1− k

2
≥ (µA+k µA) (x+ y)

=





∨(x+y)+(a1+b1)=(a2+b2)
[

µA(a1)∧µA(a2)∧
µA(b1)∧µA(b2)

]





∧
1− k

2

≥

{

µA(0)∧µA(x)∧
µA(0)∧µA(y)

}

∧
1− k

2

because(x+ y)+ (0+0)= (x+ y).

=

{

µA(x)∧µA(y)∧
1− k

2

}

becauseµA(0)≥ µA(x)∧
1−k

2 and

λA(x+ y) ≤ λA(x+ y)∨
1− k

2
≤ (λA+k λA)(x+ y)

=





∧(x+y)+(a1+b1)=(a2+b2)
[

λA(a1)∨λA(a2)∨
λA(b1)∨λA(b2)

]





∨
1− k

2

≤

{

λA(0)∨λA(x)∨
λA(0)∨λA(y)

}

∨
1− k

2
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=

{

λA(x)∨λA(y)∨
1− k

2

}

becauseλA(0)≤ λA(x)∨
1−k

2 .
ThusA satisfies condition(1b).
Let a,b,x∈ Rbe such that
x+(a+0) = (b+0). Then

µA(x) ≥ µA(x)∧
1− k

2
≥ (µA+k µA)(x)

=





∨x+(a1+b1)=(a2+b2)
[

µA(a1)∧µA(a2)∧
µA(b1)∧µA(b2)

]





∧
1− k

2

≥

{

µA(0)∧µA(a)∧
µA(0)∧µA(b)

}

∧
1− k

2

=

{

µA(a)∧µA(b)∧
1− k

2

}

becauseµA(0)≥ µA(x)∧
1−k

2 .
And

λA(x) ≤ λA(x)∨
1− k

2
≤ (λA+k λA)(x)

=





∧x+(a1+b1)=(a2+b2)
[

λA(a1)∨λA(a2)∨
λA(b1)∨λA(b2)

]





∨
1− k

2

≤

{

λA(0)∨λA(a)∨
λA(0)∨λA(b)

}

∨
1− k

2

=

{

λA(a)∨λA(b)∨
1− k

2

}

becauseλA(0)≤ λA(x)∨
1−k

2 .
This shows thatA satisfies condition(3b).

3.12 Theorem

An intuitionistic fuzzy subsetA = (µA,λA) of a hemiring
R is an(∈, ∈ ∨qk)

∗-intuitionistic fuzzy left(right)k-ideal
of R if and only if

(1) A+k A⊆ Ak

(2) 1⊙k A⊆ Ak
(

A⊙k 1⊆ Ak
)

.

Proof.Let A = (µA,λA) be an(∈, ∈ ∨qk)
∗-intuitionistic

fuzzy left k-ideal ofR. Then by Theorem3.11A satisfied
(1). Let x ∈ R. If (χR ⊙k µA)(x) = 0 and
(χc

R⊙k λA)(x) = 1, then
(χR⊙k µA)(x) ≤ (µA)(x)∧

1−k
2 , and

(χc
R⊙k λA)(x) ≥ (λA)(x)∨ 1−k

2 , otherwise there exist
elementsai.bi .a′j ,b

′
j ∈ Rsuch that

x+∑m
i=1aibi = ∑n

j=1a′jb
′
j . Then we have

(χR⊙k µA)(x) =

∨x+∑m
i=1aibi=∑n

j=1 a′j b
′
j























(

∧m
i=1χR(ai)

)

∧
(

∧m
i=1µA(bi)

)

∧
(

∧n
j=1χR(a′j)

)

∧
(

∧n
j=1µA(b′j)

)























∧
1− k

2

=







∨x+∑m
i=1aibi=∑n

j=1 a′j b
′
j

{(

∧m
i=1µA(bi)

)

∧
(

∧n
j=1µA(b′j)

)

}







∧
1− k

2

=













∨x+∑m
i=1 aibi=∑n

j=1 a′j b
′
j















(

∧m
i=1µA(bi)
∧1−k

2

)

∧
(

∧n
j=1µA(b′j)
∧1−k

2

)



























∧
1− k

2

≤







∨x+∑m
i=1 aibi=∑n

j=1 a′j b
′
j

{(

∧m
i=1µA(aibi)

)

∧
(

∧n
j=1µA(a′jb

′
j)
)

}







∧
1− k

2

=













∨x+∑m
i=1aibi=∑n

j=1 a′j b
′
j















(

∧m
i=1µA(aibi)
∧1−k

2

)

∧
(

∧n
j=1µA(a′jb

′
j)

∧1−k
2

)



























∧
1− k

2

≤





∨x+∑m
i=1aibi=∑n

j=1 a′j b
′
j

{

µA(∑m
i=1aibi)∧

µA(∑n
j=1a′jb

′
j)

}



∧
1− k

2

≤ µA(x)∧
1− k

2
.

c© 2016 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. Lett.4, No. 2, 55-67 (2016) /www.naturalspublishing.com/Journals.asp 65

and(χc
R⊙k λA)(x) =

∧x+∑m
i=1 aibi=∑n

j=1 a′j b
′
j























(

∨m
i=1χc

R(ai)
)

∨
(

∨m
i=1λA(bi)

)

∨
(

∨n
j=1χc

R(a
′
j)
)

∨
(

∨n
j=1λA(b′j)

)























∨
1− k

2

= ∧x+∑m
i=1aibi=∑n

j=1 a′j b
′
j

{(

∨m
i=1λA(bi)

)

∨
(

∨n
j=1λA(b′j)

)

}

∨
1− k

2

= ∧x+∑m
i=1aibi=∑n

j=1 a′j b
′
j

{(

∨m
i=1λA(bi)∨

1−k
2

)

∨
(

∨n
j=1λA(b′j)∨

1−k
2

)

}

∨
1− k

2

≥ ∧x+∑m
i=1aibi=∑n

j=1 a′j b
′
j

{(

∨m
i=1λA(aibi)

)

∨
(

∨n
j=1λA(a′jb

′
j)
)

}

∨
1− k

2

= ∧x+∑m
i=1aibi=∑n

j=1 a′j b
′
j















(

∨m
i=1λA(aibi)
∨1−k

2

)

∨
(

∨n
j=1λA(a′jb

′
j)

∨1−k
2

)















∨
1− k

2

≥ ∧x+∑m
i=1aibi=∑n

j=1 a′j b
′
j

{

λA(∑m
i=1aibi)∨

λA

(

∑n
j=1a′jb

′
j

)

}

∨
1− k

2

≥ λA(x)∨
1− k

2
.

This implies that1⊙k A⊆ Ak.
Conversely assume that given conditions(1) and (2)

hold. Then by Theorem3.11 A satisfies(1b) and (3b).
Now we show thatA satisfies the condition(2b). Let
x,y∈ R. Then we have

µA(xy) ≥ µA(xy)∧
1− k

2
≥ (χR⊙k µA) (xy)

=

















∨xy+∑m
i=1aibi=∑n

j=1 a′j b
′
j























(

∧m
i=1χR(ai)

)

∧
(

∧m
i=1µA(bi)

)

∧
(

∧n
j=1χR(a′j)

)

∧
(

∧n
j=1µA(b′j)

)







































∧
1− k

2

=







∨xy+∑m
i=1aibi=∑n

j=1 a′j b
′
j

{ (

∧m
i=1µA(bi)

)

∧
(

∧n
j=1µA(b′j)

)

}







∧
1− k

2

≥ µA(y)∧ 1−k
2 becausexy+0y= xy

and

λA(xy) ≤ λA(xy)∨
1− k

2
≤ (χc

R⊙k λA)(xy)

=

















∧xy+∑m
i=1aibi=∑n

j=1 a′j b
′
j























(

∨m
i=1χc

R(ai)
)

∨
(

∨m
i=1λA(bi)

)

∨
(

∨n
j=1χc

R(a
′
j)
)

∨
(

∨n
j=1λA(b′j)

)







































∨
1− k

2

=







∧xy+∑m
i=1aibi=∑n

j=1 a′j b
′
j

{(

∨m
i=1λA(bi)

)

∨
(

∨n
j=1λA(b′j)

)

}







∨
1− k

2

≤ λA(y)∨ 1−k
2 becausexy+0y= xy.

This shows thatA is an(∈, ∈∨qk)
∗-intuitionistic fuzzy

left k-ideal ofR. Similarly we can prove the case of an(∈,
∈ ∨qk)

∗-intuitionistic fuzzy rightk-ideal ofR.

3.13 Theorem

A non empty subsetA of R is ak-ideal ofR if and only if its
intuitionistic characteristic functionCA is an(∈, ∈ ∨qk)

∗-
intuitionistic fuzzyk-ideal ofR.

Proof.Proof is straightforward.

4 k-regular hemiring

4.1 Definition [1,14]

A hemiringR is said to bek-regular if for eacha∈R, there
existx,y∈ Rsuch thata+axa= aya.
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4.2 Theorem [14]

A hemiringR isk-regular if and only if for any rightk-ideal
A and any leftk-idealB, we haveAB= A∩B.

4.3 Theorem

A hemiring R is k-regular if and only if for any(∈,
∈ ∨qk)

∗-intuitionistic fuzzy rightk-ideal A and any(∈,
∈ ∨qk)

∗-intuitionistic fuzzy leftk-ideal B of R, we have
A⊙k B= A∩k B.

Proof.Let R be a k-regular hemiring andA,B be (∈,
∈ ∨qk)

∗-intuitionistic fuzzy right k-ideal and (∈,
∈ ∨qk)

∗-intuitionistic fuzzy leftk-ideal ofR, respectively.
Then by corollary3.8 A⊙k B ⊆ A∩k B. To show the
reverse inclusion, letx ∈ R. SinceR is k-regular, so there
exista,a′ ∈ Rsuch thatx+ xax= xa′x. Then we have

(µA⊙k µB)(x) =

∨x+∑m
i=1aibi=∑n

j=1 a′j b
′
j























(

∧m
i=1µA(ai)

)

∧
(

∧m
i=1µB(bi)

)

∧
(

∧n
j=1µA(a′j)

)

∧
(

∧n
j=1µB(b′j)

)























∧
1− k

2

≥ min{µA(xa), µA(xa′), µB(x)}∧ 1−k
2

≥ min
{

µA(x) ,µB(x), 1−k
2

}

∧ 1−k
2

= (µA∧k µB)(x) and
(λA⊙k λB)(x) =

∧x+∑m
i=1aibi=∑n

j=1 a′j b
′
j























(

∨m
i=1λA(ai)

)

∨
(

∨m
i=1λB(bi)

)

∨
(

∨n
j=1λA(a′j)

)

∨
(

∨n
j=1λB(b′j)

)























∨
1− k

2

≤ max{λA(xa), λA(xa′), λB(x)}∨ 1−k
2

≤ max
{

λA(x), λB(x), 1−k
2

}

= (λA∨k λB)(x).
This implies thatA⊙k B⊇ A∩k B. ThereforeA⊙k B=

A∩k B.
Conversely, letA andB be any rightk-ideal and left

k-ideal of R, respectively. Then the intuitionistic
characteristic functions CA and CB are (∈,
∈ ∨qk)

∗-intuitionistic fuzzy right k-ideal and (∈,
∈ ∨qk)

∗-intuitionistic fuzzy leftk-ideal ofR, respectively.
Now, by assumption(CAB)k = (CA ⊙CB)k = CA ⊙k CB =
CA ∩k CB = (CA ∩ CB)k = (CA∩B)k. This follows that
AB = A ∩ B. Hence by Theorem4.2, R is k-regular
hemiring.

From Theorem4.2, it follows that in a k-regular
hemiring everyk-idealA is k-idempotent, that isAA= A.
On the other hand, in such hemirings we have
A ⊙k A = Ak for all (∈, ∈ ∨qk)

∗-intuitionistic fuzzy
k-ideals.

4.4 Theorem

Let R be a hemiring with identity 1. Then the following
assertions are equivalent:

(1) Eachk-ideal ofR is idempotent.
(2) A⊙k A = Ak for every (∈, ∈ ∨qk)

∗-intuitionistic
fuzzyk-ideal ofR.

(3) A⊙k B = A∩k B for all (∈, ∈ ∨qk)
∗-intuitionistic

fuzzyk-idealsA= (µA,λA) andB= (µB,λB) of R.

Proof.(1) =⇒ (2) Let x ∈ R. The smallestk-ideal of R
containingx has the formRxR. By hypothesis, we have

RxR= (RxR)(RxR) = RxRRxR.

Thusx∈ RxRRxR, this implies

x+
m

∑
i=1

r ixsiuixti =
n

∑
j=1

r ′j xs′ju
′
jxt′j

for somer i ,si ,ui , ti , r ′j ,s
′
j ,u

′
j , t

′
j ∈ R.

As µA(x)∧
1−k

2

= µA(x)∧µA(x)∧
1− k

2

=

(

µA(x)∧
1− k

2

)

∧

(

µA(x)∧
1− k

2

)

∧
1− k

2

≤ µA(r ixsi)∧µA(uixti)∧
1− k

2
(1≤ i ≤ m), so
µA(x)∧ 1−k

2 ≤
(

∧m
i=1µA(r ixsi)

)

∧
(

∧m
i=1µA(uixti)

)

∧ 1−k
2

Similarly µA(x)∧
1−k

2 ≤
(

∧n
j=1µA(r ′j xs′j)

)

∧
(

∧n
j=1µA(u′jxt′j)

)

∧ 1−k
2

ThereforeµA(x)∧ 1−k
2 ≤













(

∧m
i=1µA(r ixsi)

)

∧
(

∧m
i=1µA(uixti)

)

∧
(

∧n
j=1µA(r ′j xs′j)

)

∧
(

∧n
j=1µA(u′jxt′j)

)













∧
1− k

2

≤ ∨x+∑m
i=1 r ixsiuixti=∑n

j=1 r ′j xs′j u
′
j xt′j













(

∧m
i=1µA(r ixsi)

)

∧
(

∧m
i=1µA(uixti)

)

∧
(

∧n
j=1µA(r ′jxs′j )

)

∧
(

∧n
j=1µA(u′jxt′j)

)













∧
1− k

2
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= (µA⊙k µA)(x).
And λA(x)∨

1−k
2 = λA(x)∨λA(x)∨

1−k
2

=
(

λA(x)∨
1−k

2

)

∨
(

λA(x)∨
1−k

2

)

∨ 1−k
2

≥ λA(r ixsi)∨λA(uixti)∨ 1−k
2 (1≤ i ≤ m), so

λA(x)∨ 1−k
2 ≥

(

∨m
i=1λA(r ixsi)

)

∨
(

∨m
i=1λA(uixti)

)

∨ 1−k
2

Similarly λA(x)∨
1−k

2 ≥
(

∨n
j=1λA(r ′j xs′j)

)

∨
(

∨n
j=1λA(u′jxt′j)

)

∨ 1−k
2

ThereforeλA(x)∨
1−k

2 ≥













(

∨m
i=1λA(r ixsi)

)

∨
(

∨m
i=1λA(uixti)

)

∨
(

∨n
j=1λA(r ′j xs′j)

)

∨
(

∨n
j=1λA(u′jxt′j)

)













∨
1− k

2

≥ ∧x+∑m
i=1 r ixsiuixti=∑n

j=1 r ′j xs′j u
′
j xt′j













(

∨m
i=1λA(r ixsi)

)

∨
(

∨m
i=1λA(uixti)

)

∨
(

∨n
j=1λA(r ′jxs′j)

)

∨
(

∨n
j=1λA(u′jxt′j)

)













∨
1− k

2

= (λA⊙k λA)(x).
HenceAk ⊆ A⊙k A and by Theorem3.7, A⊙k A⊆ Ak.

ThusA⊙k A= Ak.
(2) =⇒ (1) Let A be a k-ideal of R. Then the

intuitionistic characteristic functionCA of A is an (∈,
∈ ∨qk)

∗-intuitionistic fuzzy k-ideal of R. Hence by
hypothesis

(CA)k =CA⊙kCA = (CA⊙CA)k = (CAA)k.

This follows thatA= AA.
(2) =⇒ (3) Let A andB be(∈, ∈ ∨qk)

∗-intuitionistic
fuzzyk-ideals ofR. We know that

(A∩k B)⊙k (A∩k B)⊆ (Ak)⊙k (Bk) = (A⊙k B).

Since (A ∩k B) is an (∈, ∈ ∨qk)
∗-intuitionistic fuzzy

k-ideal of R, so by hypothesis(A∩k B) is idempotent.
Thus (A∩k B) = (A∩k B)⊙k (A∩k B) ⊆ (A⊙k B). By
Theorem3.7, A⊙k B⊆ A∩k B. HenceA⊙k B= A∩k B.

(3) =⇒ (2) Obvious.
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