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Abstract: The aim of this paper is to introduce the notion(ef, € Vgx)*-intuitionistic fuzzyk-ideal, which is the generalization of
(€, € vg)*-intuitionistic fuzzyk-ideal, and characterize hemirings by the propertiegcofe \Vqx)*-intuitionistic fuzzyk-ideals. And
also characterizekiregular hemiring by the properties @f, € Vqi)*-intuitionistic fuzzyk-ideals.
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1 Introduction In this paper we define the concept dfc,
€ Vk)*-intuitionistic fuzzy k-ideals of hemiring and

A non-empty seR together with two associative binary Obtain some result concering it, and characterize
operations, addition+” and multiplication * ” such that = hemiregular hemirings ~with the help of(c,

“ “distributes over %" from both sides, is called a € Vk)"-intuitionistic fuzzyk-ideals.

Semiring. Semirings which are regarded as a

generalization of rings, was first introduced by Vandiver.

By a hemiring, we mean a semiring with a zero and with 2 preliminaries

a commutative addition.

Ideals of hemirings play a central role in the structure Recall that a semiring is an algebraic systéRy +, . )
theory .and are useful 'for many purposes. However, the3f:onsisting of a non empty s&together with t\/\;o b’inary
do not in general coincide with the usual ring ideals. Manyoperations " and ™. " which are called addition and
results in rings apparently have no analogues in hem'”ng%ultiplication, respecti\;ely such thaR, + ) and (R, . )

using on[y idealg. Hen(ilgsem][de_ﬁne.d a more restricted are semigroups linked by the following distributive laws:
class of ideals in semirings, which is called the class of

k-ideals, with the property that if the semirifjis aring  a(b+c) = ab+acand
then a complex iR is ak-ideal if and only if it is a ring (a+b)c = ac+bc
ideal.

The fundamental concept of a fuzzy set, introduced byfor all a,b,c € R.
Zadeh [16], was applied by many researchers to By a zero of a semiringR, +, . ), we mean an
generalize some of the basic concepts of algebral3h [ element 0c R such that 0 x = x. 0 = 0 and
Azirel Rosenfeld used the idea of fuzzy set to introduce0+x = x4 0 = x for all x € R. A semiring with a zero
the notions of fuzzy subgroups. Ir2][ Ahsan et el. such that(R,+) is a commutative semigroup is called a
initiated the study of fuzzy semirings. The fuzzy algebraic hemiring. A non-empty subsétof a hemiringR is called
structures play an important role in mathematics witha sub hemiring ofR if it contains 0 and closed with
wide applications in theoretical physics, computer respect to addition and multiplication & A non-empty
sciences, control engineering, information sciencessubsetof a hemiringRis called a left (right) ideal oR if

coding theory and topological spac&si5|. | is closed under addition andl C I(IR C I).
The general properties of fuz&yideals of semirings  Furthermord is called an ideal if it is both a left ideal and
were described ing,6,8,11,17). right ideal of R. A left (right) ideal of R is called a left
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(right) k-ideal of Rif a,be |, xe R, x+a= b implies
xel.

LetRbe a hemiring anéd C R. Thenk-closureAof Ais
defined byA = {x € R:x+a; = a, for someay,a, € A}.
If Ais a leftideal ofR, thenA is the smallest lefk-ideal of
R containingA.

Let X be a non-empty fixed set. An intuitionistic fuzzy
subsetA of X is an object having the form

A= {{X ua(X), Aa(X) 1 xeX)}

where the functiongia : X — [0,1] andAa : X — [0,1]
denote the degree of membersfiamelypua(x)) and the
degree of nonmembershipamelyAa (X)) of each element
of x e X to A, respectively, and & pa(x) + Aa(x) < 1 for
all x € X. For the sake of simplicity, we use the symBot
(Ua,Ap) for the intuitionistic fuzzy subsetbriefly, IFS
A= {(X Ua(X), Aa(X) :xe€ X)}. If A= (Ua,Aa) @andB =
(us,Ag) are intuitionistic fuzzy subsets f, then

(1) AC B<= pa(X) < pg(x) andAa(x) > Ag(X)
allxe X.

(2)A=B<= ACBandBCA.

(3) Complement ofA is denoted and defined B =
(Ans Hp)-

If {Ai:i€l}is afamily of intuitionistic fuzzy subset
of X, then by the union and intersection of this family we
mean an intuitionistic fuzzy subsets

(4) Uiet Al = (Viel Ha, Niet An)

(5) NietAi = (Aiel U s Viel Aa,) -

Letabe a pointin a non-empty skt If o < (0,1] and

B € [0,1) are two real numbers such thatOao + 8 < 1
then IFS

for

a(a,B) = (xaq,1—a;_p)

is called an intuitionistic fuzzy point(IFP) iX, wherea

andp are the degree of membership and nonmembership

of a(a, ) respectively an@ € X is the support of(a,

B).

Leta(a, B) be an IFP inX, andA = (ua,Aa) is an IFS
in X. Thena(a, B) is said to belong té, writtena(a, ) €
A, if ua(a) > o andAa(a) < B and quasi-coincident with
A, written a(a, B)gA if pya(a)+ o > 1, andAa+p < 1.
a(a, B) € VoA means thaa(a, ) € Aora(a, B)gAand
a(a, B) € AgA means thaa(a, 8) € Aanda(a, B)gAand
a(a, B)e VgA means thaa(a, B) € VgAdoesn't hold.

Letx(t, s) be an IFP inX, andA = (ua,Aa) be an IFS
inR, Thenforallx,y € Randt € (0,1], s [0,1), we define
the following:

(i) x(t,9)qAIf pa(X) +t+k> 1 andAa(x)+s+k< 1.

(i) x(t,s) € VOAif x(t,s) € Aorx(t,s)qkA.

(iii ) x(t,s) € AQAif X(t,8) € Aandx(t,s)qkA.

(iv) x(t,s)€ VOxA means thak(t,s) € VoA doesn'’t
hold.

wherek € [0,1).

2.1 Definition [LO]

An IFS A = (ua,Ap) of @ hemiringR is called an(e, €

Vgk)-intuitionistic fuzzy ideal oR, if V x,y € Randty,t; €
(0,1], s1,% €1[0,1)

(13) X(tl,Sl),' y(tZaSQ) €A

= (x+y)(min(ty,t2),max(s1, %)) € VoA

(2a) x(t1,s1) €A YER

= (yX)(t1,51) € VKA

(2a) x(t1,51) €A, yER

= (xy)(t1,81) € VoA

2.2 Theorem1(Q]

Let A= (ua,Aa) be an intuitionistic fuzzy subset of a

hemiring R. Then (la) = (1b), (2a) = (2b),
(2a) = (2'b) whereV x,y € Randk € [0,1),

(1b) pa(x-+y) > min{ HalX): Ba) | ang

Tz

AA(X+Y) < max{ Aa(X),Aa(y), 15K}

(2b) palyx) > min{pa(x), 35K} and
Aa(yx) < max{Aa(x), 155}

(2b)  paxy) > min{ua(x), 55} and
Aa(xy) < max{Aa(x), 155} .

Converse of the above result is not true

in
generalSee exampl8.5).

2.3 Definition

Let A= (ua,Aa) andB = (g, Ag) be intuitionistic fuzzy
subsets of a hemiring. Then thek- product ofA andB is

denoted and defined bA® B = (Ua® U, Aa© Ag),

where

(MA® HB)(X) =

VX+ZPllaebi:z?:la’jb'.
AR EA(@)) A
A1 ps(bi)) A
(A1spa(a))) A
TCh)
0 if x cannot be expressed as
x+ 3y abi =3, ajb]

(A ®AB)(X) =

Mxeslaiby =3113b]
E\/iril)‘A(ai)g %
Vil As(bi)) v

(\/'J-‘zl)\A(a’j)) v
(v?zl)\s(b'j))
1 if x cannot be expressed as
X+ 3t aby =y, ajbj
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2.4 Definition pa(x) < min{pa(y), ua(2), 55} or
Aa(X) > max{Aa(y),Aa(2), 15¥}. So there exit three
If SC R, then the intuitionistic characteristic function®f  possible cases.
is defined byCs = ( xs, X$) (i)  pa®) < min{pa(y).pa(2),55}  and
10 ifxes Aa(x) < max{Aa(y), Aa(2), 54}
Cs= { EO’ 1% xS (i) pa) = min{pa(y).pa(2). 55"} and
’ Aa(X) > max{Aa(y),Aa(2), 555}
_ ; 1-k
In particular, we lefl = ( xr, X&) be the intuitionistic (i) pax) < min{pa(y),ka(2), %"} and

fuzzy setinR.

2.5 Lemma

Let R be a hemiring an®,Q C R. Then we have
()P C Qifand only if
Cp=(Xp, X6 ) € (XQ: X5 ) =Ca.

(2) CpNCq = Cpno-
(38)Cr®Cq :CP7Q'

ProofThis proof is analogous to1f] Lemma 29).

3 (€, € Vo) *-intuitionistic fuzzy k-idealsin
hemiring

3.1 Definition

An IFS A= (ua,Aa) of a hemiringR is called an(e, €
VQk)-intuitionistic fuzzy leftk-ideal of R, if V x,y,z€ R
andty,t € (0,1], 51,5, € [0,1)

(1a) X(t1,51), y(t2,S2) € A

= (X+y)(min(ty,t2), max(sy,s2)) € VoA

(2a) X(t1,51) €A, yeR

= (Y X)(t1,81) € VaA

(3a) Xx+y=2zy(t1,%1), Z(t2,%) €A

= (X)(min(ty,t2),max(si,S)) € VaA.

(€, € Voy)-intuitionistic fuzzy right k-ideal are
defined similarly. An intuitionistic fuzzy set is called an
(€, € Vak)-intuitionistic fuzzyk-ideal of Rif it is both an
(e, € Vo)-intuitionistic fuzzy left k-ideal and an(e,
€ VQ)-intuitionistic fuzzy rightk-ideal of R

3.2 Theorem

Let A be an intuitionistic fuzzy subset of a hemirifiy
Then(3a) = (3b), where

(3) a0 = min{pa(y). ka2, 17"}
Aa(X) < max{Aa(y),Aa(2), 555}

Proof.(3a) = (3b)

Let Abe an intuitionistic fuzzy subset of a hemiriRg
and(3a) holds. Suppose th&Bb) doesn’t hold. Then there
existx,y,z € Rsuch that

and

Aa(x) > max{Aa(y), Aa(2), 555} .

For the first case, there exist (0, 1] such that

pa(x) <t < min{pa(a), Ha(b), 55¥}. Now choose
s=1—t. Then clearlyy(t,s) € A and z(t,s) € A but
(x) (t,s) € VOkA. Which is a contradiction. Second case is
similar to this case.

Now consider caséii)

HaX) < min{pa(y), ua(2), 15} and
Aa(X) > max{Aa(y),Aa(2),5%}. Then there exist
t € (0,1] ands € [0,1), such that

HA(X) <t < min{pa(y). Ha(2), 555} and Aa(x) > s>
max{Aa(y),Aa(2), 1*}

= Yy(t,s) € Aandz(t,s) € A but () (t,s) € VQKA.
Which is again a contradiction. So our supposition is
wrong. Hence3b) holds.

3.3 Definition
Let A= (Ua,Aa) be an IFS of a hemirin@R. ThenA is

called an(e, € vay)*-intuitionistic fuzzy leftk-ideal of R
if it satisfies the conditionglb), (2b) and(3b).

3.4 Remark

Every (€, € vgg)*-intuitionistic fuzzy left k-ideal
A= (ua,Aa) of Rneed not be afe, € Vgy)-intuitionistic
fuzzy leftk-ideal of R.

3.5 Example

Let N be the set of all non negative integers and
A= (Ua, Aa) be an IFS ofN defined as follows

{ 0.4 if xe (4)

pa(x) =< 0.3 ifxe (2)—(4)
0 otherwise
04  ifxe(4)

Aa(X) =< 0.3 ifxe (2)—(4)

0 otherwise
Forallx,y,ze N
(1b) pa(x+y) > min{ua(X), Ua(Y),0.4} and Aa(X+

min{uA(y)70'4}

y) < maX{/\A(X)v/\A(y)v 04}

(2b) Ha(xy) > and

Aa(xy) < max{Aa(y),0.4}

(3b) x+y=1z

(@© 2016 NSP
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= pa(X) = min{ua(y),Ha(2),0.4}  and
An(X) < max{Aa(y),Aa(2),0.4}
Thus A = (Ua,Aa) is an (€, € VQp2)*-intuitionistic
fuzzyk-ideal ofN. But
2(0.25,0.35), 2(0.25,0.35 € A
= (2.2)(0.25, 0.35)€ V(o 2A. ThusA= (ua,Ap) is
not an(e, € Vo 2)-intuitionistic fuzzyk-ideal ofN .

3.6 Definition

(Ma G HB)(X) A (Ha O UB) (Y) A 155 =

Vi3 aibi=5"_ &b

g/\inllﬂA(ai)g/\
AZaps(B)) A |
1HA( ))/\ Nz

_ (j:1u8<b',->)

\/y""ZE:l ade=3 ", df

é/\gluA(ck); A

Ne_1MB(dk)) A ALk A
Let AandB be intuitionistic fuzzy subsets of a hemiriRy (g\/'\ 1“A(?;),g)/\
Then the intuitionistic fuzzy subsetg, ANk B, andAc¢B - 1=1H8
are defined as following: 1-k
Ank= (puan K AV 5K = A 2
1—k 1_k VX+Z{;llaibi:qu:1alj bj
ANgB = <(IJA/\ Us) A =—=—, (AaV Ag) V —> VS Gk=E g o
2 2 ?AﬂlﬂA(ai)g A
= (ANB)k L H(bi)) A
_ A_1Ha(@)) ) A
/\T:l“B(b/j) A ALK
1-k 1-k AP
- - - _1HA(CK)) A
AckB <(HA® Us) A 5 (AA® Ag) V 3 > /\BziﬂB(dk))/\
= (A®B)k (AL A cf)/) A
Ll (ALams(d) | i
A 1-k
3.7 Theorem 2
Vxdy+ s esfe=3Y g f
If AandB are(e, € V) *-intuitionistic fuzzyk-ideals of /\uz_le(%)z"Xe{ t
R, thenAGgBis an(e, € Vgk)*-intuitionistic fuzzyk-ideal E/\ﬁ‘ £9) A
of RandA©xB C AngB < s-1Ha(s)
- ' (A 1UA((G{)%/\
A
ProofLet A andB be (€, € Vok)*-intuitionistic fuzzyk- ( t/iu: )
ideals ofRandx,y € R. Then(ua ® X) =
Y (K ©xcka) 9 = (Ha Ok HB) (X +Y).
Vs ab=s] gt Now (A ©xce) =
/\in;;LHA(ai) A X+Z| 1aibi=3]_; ajb]
ERYT=()) VA é\/lml/\A a)) v
(Maka@)) A (A5 viZyha(br)) v
VI AA(
GETCAY (V- 3)
(Vi_e(®))
and(IJA@k IJB)(y) = and(/\AQK)\B)(Y) _
VyssP a3 N5 a3 g
é/\pzlllA(Ck);/\ (Vi Aale)) v
He(d)) A (1K (via As(dk))
(AL 1Ha(e)) A 2 évh )\A(cf/)%\/
(AL 1ms(d) ViZiAs(d))
y 1-k
Thus >
(@© 2016 NSP
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Vx+z, Laibi= zl 1a’b’
Thus -, (A1 Ha(a
(Aa©kAB)(X) V (Aa Ok AB)(Y) V 5 = ( m_ ug(bir ))/\
[ Ax-&-zi”;laibi:z?:la’jb’j 1 = 1I1A ))/\
m .
VRN ( ety
ViLiAe(bi) Y ALK
(\/fj‘:l)\A(a’j))v Ve
Vv As(b XH‘Z 10kh=3 ¢ g
- ( el J)) § 6:1“A(gk)
Y+25\ 1kd=3 L < (/\ ,1ﬁBEgE<)))/\
) (AL o)
(VP Ae(d) v g1k |V 1hE
(VL 1/\A(C'))V 2 Ay
LU (Vilp2e(d) = (Ha Ok M) (Xr).
1-k And
2 (A GxA)(X) v 1K =
AXJFZ 13*%' Y ladzlj (/\XJFEi"llaibizqu—la/jb/i
Y3l ade=3 L o ViliAa(a)) v
gv'ml/\A( )gv (VIZy2s(bi)) v
Vizaha (b)) V (\/f-1 (@) v Vi
Vi_iAa(@)) ) v 1-k =
- e (Vi-se(o))
\/’J‘:lAB(b/j) ARVESS
2 1-k
\/ _1/\A(Ck) \/ \/T
(\/ _1)\B(dk))) V
ViLiAa(q)) v
L) | s
Axry+sd est=s?_ e ff ( m(v(i/\zl(/\bA)( )2 \ﬁ))
s=181s=21=1& Tt Vil B(Dj)V=5-))V
Ve 1An(e9) v o @y
> Ve de(fs)) vV L 1k ( i—17a(a))
(V) v (172 (Vis (dol)) v 23¥))
(Vs(1) e
= (Aa Ok AB) (X+Y). v 2
Similarly, -
(o) 09 7 = > Mg a2
\/X+Z| 1a.b, zj 1a/b’j (\/Iml)\A( ))\/
| I 1HA(ai) A (VIAsBin) vV | 4k
Aaks(B)) A || (Viiada@)) v (V=7
ua@)) A (AT
n1 /) (v?zl)\B(b/j ))
(A1ake(b))
1- Z AXHEE:lgkhk:z?:lg{h{
2 (\/ _1)\A(gk))
= Vsl ab—5"_ &b (( 1) 128( hk)) y 1;k
(A1 Ha(a)) A Va4 Aa(h
(s ) ) (Ao
( (a ) A = ()\A @k/\B)(xr).
L Analogously we can prove that
( -1 ( B(bj) A T)) (Ka Ok HB) () A 155 < (a Ok ps) (rx) and
1—k (Aa Gk AB)(X) V % > (Aa Gk Ag)(rx) for all x,y € R.
AT This means thaA g B is an (€, € Vgg)*-intuitionistic
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fuzzy ideal ofR. Now to prove the conditior@3b) Let < Vigst  gshe=sY , cihi-

X-+a= b, observe thaa+ 5™, ajb; = ajb; and
| ot 2aah =3 AL 1pa(99) 1
b+ Yy 1 Ckbk = Y- 1c&dq, gives AL ug(hs) A 1-k
x+a+yM abi=b+ 3y, ab. Thusx+ 3 ajb| = (A}’zluA(gQ) A 2
b+ ¥, abi and consequently, (A_1ms(H))
X+ 2”: a:b, + ZI _ 1 Cly
S = (U Gk He) (X)
| m And
=b+ z ckdk+Ziaa bi (AaGxAB)(a) V (Aa @k Ag) (b) v 15 =
p B AN m k<N oW 7]
/ at+yiliabi=3]_, ajbj
Z c,d +zia|bl \/iﬁ;l/\/_\(ai) Vi
VM Ag(bi) ol
therefore (\/’j‘zlx\A(a’j)) vV

(\/'j‘:l)\B(b/-))
X—l-zab—I—Zdek—ZC/d +Zia.b. _ -

b+2k 1kd=3 5 Cdy

(\/ )\A(Ck )
Now we have (\/k 1)\3 dk )V v
(A Ok Hp) (@) A (a Ok ke) (b) A 15 = (VEirale) v (V2
- !/
va+2i 1ab| 3 )-18b] L ( )\B(d )) J
g M ua(ai)) A 1-k
A ps(br)) A ik A 2
( ‘—1HA ))/\ 2
i ( _1Ha(bj )) [ Maysm abie zj v ]
- \/b+zk o3P, dd \;’;Zk/\l((:kdk) Z\; 1°/qd/
( —1UA(Ck) g 'm:L Al i g
k 1
1IJA |) Aot " - EVLl’\A(aﬁ);V
( () VeV
- (\/;(:1)‘A(Ck)) V 2
1;k Vie1AB(dk)) Vv
ngl)\A(qu) v
- _ | (vgzl)\g(da)) _ |
a+Z| 1a'bl Z] 1ab,j 1-k
b+zk_ Ckdk= z C/d( \/T
m " T
§Ai1uA(a)2 A
Ay (i) A -
/\?zllJA(a/j) A = AXJ"Z%lg)S\hS:z;/—lg{h{
= | | (Af=aks(B)) ) A éi%’;ﬁﬁjﬁi 1-k
A CIVNE) I R
(/\IB=1UB(dk)) A (W_128(h))
Ag=1Ha(C) ) A
( : d,) = (Aa®KAs)(X).
L (Aqlka( l)) ] HenceAGkBis an(e, € Vi) *-intuitionistic fuzzyk-
A== ideal ofR.
11—k ) By simple calculations we can prove theb, B C ANy
N—5— B
5 .
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3.8 Corollary

If Ais an(e, € Vgk)*-intuitionistic fuzzy rightk-ideal of
RandB is an(e, € vgg)*-intuitionistic fuzzy leftk-ideal
of R, thenA®B C AngB.

3.9 Definition

Thek-sumA+ B of an intuitionistic fuzzy subset and
B is defined by
A+kB = (Ua-+kUs, Aa+kAB), Wwhere
(Ha+kHs)(X) =
Vit (ag+by)=(ag-+bg)
Ha(aa) A pa(@2) A A
Hs(b1) A pg(b2)
1-k

2
and

(/\/.\ —I—k/\B)(X) =
Axt-(a1-+b1)=(ag-+by)
)\A(al) \/)\A(az)\/ v
Ag(b1) V Ag(by)
1-k
2
wherex,a;,by,a2,bp € R

3.10 Theorem

Thek-sum of (€, € Vgy)*-intuitionistic fuzzyk-ideals of
Ris also an(e, € vgg)*-intuitionistic fuzzyk-ideal ofR.

ProofLet A andB be (€, € vgg)*-intuitionistic fuzzyk-
ideals ofR. Then forx,y € R, we have
(Ha -+ ) (X) A

(A +i Hs) (y) A 55
Vi (ag+by)=(ap+by)_ |
Ha(31) A Ha(az)A

| He(b1) A ps(bz) |
/\l k

Vg = (@)
Ha(@h) A Ha(85) A

| ks(0)) Aps(by) |
ALK

gl—k
2

x+(ag+by)=(ax+hy)
y+(a) +bf)=(a5b+b5)
Ha(a1) A Ha(@z) A
= | | Me(b1) A ps(b2)A
Ha(@)) A pa(@p) A
pe(b}) A HB(b/)
/\_

/\1_k
2

= Vit (ag +hy)=(ap +by)
Y+ (@ +b )= (a5+b5)
Ha(ag +aj)A
pe(b1+b)A
Ha(a2 +a5) A
ps(bz +b5)
1-k

/p—
2

< Vx4y)+(c1+d1)=(co+)

HA Cl A pp(dy)
IJA Cz A up(dz)

= (Ha+k UB) (X+Y).
And
(Aa+kAB)(X) V

i Axt(ag+by)=(ay+bp)
_ || Aa@)vaa@) ||,
\/)\B(bl) \//\B(bz)

L e ]

2

(Aa+iAs)(y) v 15

_Ay+<ag+tfl>:<a’2+b’2>_
An(@)) Vv Aa(ay)V
)‘B(bl) W\B(b/z) |
L E i
1—-k

2

V

/\x+(a1+b1) (ap+bo)
y-+ (&) +by)=(a5+h5)
)\A(al) V )\A(az)
= || As(br)VAg(by) | | v
An(@)) v Aa(ay)V
As(b) v As(0))
\/_

1-k
2
z /\x+(a1+b1)=(a2+b2)
y+ (8 +bh)=(a5+b5)
)\A(al + a&) vV )\B(bl + b&)
/\A(az + a’z) \Y )\B(bZ + blz)
y 1-k
2
+y)+(c1+dp)=(co+dp)

A C1 \/)\B dj_
AA Cz \/)\B dz

2
= (Aa+kAB)(X+Y).
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Similarly we can prove the conditior§gb) and(2'b).
Let x+a=h. Now to prove the conditioK3b), let

a+ (a1+ bl) = (a2+ bz) and

b+ (cp+d1) = (co+dy). Then

X+a+ (c1+dp) =
where
X+a+(C1+dy)+ (ar+by) =
and

X+ (ag+bp) 4+ (c1+d1) = (a1 +b1) +

Thus

X+ (ag+c1) + (b +d1) = (a1 +C2) +

Therefore(a +« Us) (@) A (Ua +x ) (D) A

[ Vat(ag+by)=(ag+by)

Ha(@z) A pa(@2) A

| pe(by) A IJB(bz)
/\_

Vbt (cy+dy)=(cp+dy)

Ha(C1) A Ha(C2)A

| pe(d1) A pe(do)
ALK

= va+(a1+b1)=(a2+b2)
b+(cy+d1)=(co+dp)
Ha(@1 +C2) A pa(@z +C1)A
pg(by +d2) A ug(bz +di)
1-k

AN—
2

+(Ca+d)

(Cz + dz)

(b1+ dz)

1-k

2

(Aa+kA8)(@) V (Aa-+kAs) (D) v 15K

[ Aat(ar+by)=(ar+by)
| [2a(a1) VAa(a2)Vv
Ag(b1) vV Ag(b2)
Lk
2

[ Abt(c1+dy)=(co+dp)

[)\A(Cl) VAa(c2)V }
Ag(d1) V)\B(dz)

L vz
Sk

2

/\a+(a1+b1)=(a2+b2)
b+(cy+dp)=(ca+dp)
Aa(a1) V Aa(a2)V
= Ag(b1) V Ag(b2)V
)\A(Cl) \/)\A(Cz)
Ag(dp) \/)\B(dz)
\/_

Vl_k
2

= /\a+(a1+b1) (ag+by)

b+(c1+d1)=(cp+dp)

)\A(az + Cj_) \ )\A(al + Cz)\/
A(by+d1) VvV Ag(by+dy)
1-k

VAm—
2

2 Nt-(@+0) = (¢ +d)

[)\A( ') VAa(C V]\/l_
As(b') Vv Ag(d) 2

= (Aa+kAB)(X).

HenceA+¢Bis an(e, € Vi) *-intuitionistic fuzzyk-
ideal ofR.

3.11 Theorem

An intuitionistic fuzzy subsef = (ua,Aa) of a hemiring
R satisfies conditioiflb) and(3b) if and only if it satisfies
the condition

(4) A+KAC A

Proof.SupposeA = (ua,Aa) satisfies conditionglb) and
(3b) andx € R Then

< Vit (@+b)=(¢ +d) (Ha+k pa) (X) =
pa(@) A pa(C )/\} 1- Y,
N——— X+(a1+by)=(az+b)
[ He(b') A pg(d') 2 ( [IJA(al)/\IJA(az)/\ )
b1) A ua(b
— (A i) (). - b At
And A 2
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Vxt(ag+by)= (a2+b2)
( [ Ha(az) A pa(b1) A f } )
AHA(82) A pa(b2) A 55K

1-k
N

< Vet (ag+b1)=(ap+by)
= \[Ua(a1+b1) A pa(az + by)]
ALK
2

by condition(1b)

1-k
< HA(X) A >
by condition(3b) and
(Aa+kAa)(X) =

( Axt-(ag-+by) = (ag+by) )
Aa(a1) VAa(az)Vv
[ Aa(b1) V An(b2)
Lok

2

Ax+(ag +by)=(ap+by)
[ Aa(a1) Vv Aa(by) Vv 1f—k ]
\/)\A(az) \Y )\A(bz) =
1-k

|V m—
2

T

Axt(ag+by)=(az+by)
([ Aa(a1) Vv Aa(br) v 1? ])
VAa(az) V Aa(b) Vv 25°
1—k

|V —
2

N Axct(ag-+by)=(ag+bp)
= \ [Aa(ar+by) VAa(az +by)]
y 1-k
2

by condition(1b)
1-k

> Aa(X) v >

by condition(3b).
Thus condition4) is holds.

Conversely assume thét+y A C A¢. Then for each

x € Rwe have

HA(0) > 1a(0) A T

> (Ma+k Ha) (0)

=~

[ Vo (ay+by)—(ap+b2) ]
= | | ua(az) A pa(@)A
{ Ha(b1) A pa(b2) ]
1-k
"o
> HA(X) A %

because 8- X+ X=X+ X
Thuspa(0) > pa(x) A 35X and
1-k

Aa(0) < AA(0)V —

< (Aa+kAn)(0)

N0+ (ag-+by)=(ap-+by)
= | [Aa(a1) VAa(az)V
)\A(bl) \/)\A(bz)
1—k

|V —
2

=~

1—
<Aa(X) Vv >
because @ x+x=Xx+X
ThusAa(0) < Aa(x) v 15X,
Letx,y € R Then
1-k
Pa(X+Y) = UA(X+y)/\T

> (Ma+kHa) (X+Y)

V (xcty)+(a+by)=(ap-+bp)
Ha(a1) A pa(@z) A
Ha(b) A pa(bz)

1—k

f/ p—
2

< {HA(O /\HA(X)/\}/\ 1-k
i

becausgia(0) > pa(x) A 17X and

1-k
AA(X+Y) < Aa(x+y)V -

< (Aa+kAa) (x+Y)

A(x+y)+(ag+b1)=(ap-+bp)
[ |:)\A(a1) \/)\A(az)\/] ]
)\A(bl) \/)\A(bz)
Aok
2
AA(0) VAA(X)V |, 1=K
= { Aa(0)V Aa(Y) } Y2
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= {)\A(x) VAaly) VvV

becausa\a(0) < Aa(x) v 155

ThusA satisfies conditiori1b).

Leta,b,x € Rbe such that

ProofLet A = (ua,Aa) be an(e, € vo)*-intuitionistic
fuzzy leftk-ideal of R. Then by Theoren3.11A satisfied
(1). Let x € R If (xr ©k Ha)(X) = 0 and
(Xg Ok Aa)(X) = 1, then
(XROKHA)(X) < (pa) () A
(An)(x) v 15X, otherwise there exist

1-k
2

1-k
=, and

a+0) = (b+0). Then (Xg @k Aa)(X) >
x+(@+0)=(b+0) elementsy;.b;.&], b} € Rsuch that
—k X+ 3™ ab=3"_,ab’. Thenwe have
Ua(X) > Ua(X) A —— =195 2j=19j%]
A0 = 09N (XR Ok Ha) () =
> (HUa+kHa) (X)
Vgl abi=g]_ ]
Vit (ag +by)=(az-+b2) (A XR(@)) A
= | | Ha(a1) A pa(a)A (A3 Ha(bi)) A —k
Ha(b1) A pa(b2) (M_wxr@)) A (A5
/\%( ( 1HA(b/J))
UA(O)/\UA(a)/\} 1-k Viesm abi=s"_ db,
2 N—— +3imp@bi=3j_1 @
{ Ha(0) A pia(b) 72 [ (AT yae) A
1—k (A?:luA(b/j ))
:{UA(a)/\UA(b)/\T} 1-k
/\—

becausea(0) > pa(x) A K.

And
M) < M)y IS5
< Oa M)

Axt(ag+by)=(ap+bp)
= [)\A(al) \//\A(aZ)V]

X+Z| 1a|b| Z] 1a/jblj

|1N_A(b|) A
(b
N7
/\1_k
2

Aa(b1) V Aa(b2)
1k Vgl ab=3]_sab
V- < (A pa(aibi)) A
HTACTA)
< [ 2O V@)V, 1K 1-k
<V A0 vaab) [V 2 A==
1-k
= {)\A(a)\/)\A(b)\/T} X+Z. 1aibi= ZJ 1aJ J
1IJA(a% bi)
becausa\a(0) < Aa(x) v 15 = ALK
This shows thah satisfies conditiori3b). </\T 1HA(ajb)) >
1-k
A

3.12 Theorem

An intuitionistic fuzzy subsef =
Ris an(e, € V) *-intuitionistic fuzzy left(right)k-ideal

2

V
(15,1 of @ hemifing 5 ( {XLi'<zl?"ﬂbi£aiA' )k
<[ fmisp 2
)

n !/
of Rif and only if Hal(X )1 a5b]
(1)é+kAgAk _ 1—k
(2) 1okAC AC(AGKLICAY). SHA(X)/\T-
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and(Xg©xAa)(X) =

Axi-3in, aiby =Y 18]

E LiXR(@ ))
VY W) VB

( _XR(@ ))V \/T
(Vi)

=~

= Mxrym abi=3"_ b

{ (VR4 Aa(bi)) v } y 1-k

(via®)) [ 72
%)

x+3 L abi=31 &b
(VR Aa(aibi)) V] 1k
)J

(Vi_ia(aib))
= Mgy abi=3 b

vin 1)\ia{ b.))

= Mg aibi= Y@

(\/I 1)‘A(bl)
(VI_a(b)) v
1-k

|V —
2

> A

Z Mt abi=3"_ ajb]

An(3 abi) v
An(S7aabh)

vl—k
2

1-k
> Aa(X)V 5

This implies thatl © A C Ag.

Conversely assume that given conditiqi$ and (2)
hold. Then by Theoren3.11 A satisfies(1b) and (3b).
Now we show thatA satisfies the conditiori2b). Let
X,y € R. Then we have

1-k
HA(XY) > Ha(Xy) A >

> (XROk Ha) (xy)

ny+zi”;1a.b. zl L
T
( i= 1IJA (bi )/\

_aXr(@@]) ) A
@ 1uA(b/))

1-k
2

A

Va5 aibi=3 7 by
= (/\in;lIJA(bi))
A (A skia(B)))
A 1-k
2

> pa(y) A 35¥ becausey+ Oy = xy
and

1-k
Aa(Xy) < Aa(xy) v >

< (XR Ok Aa) (xy)

XY+Z| 18bi= ZJ— ajbj
iL1XR(a)) v
\/I l)\A b| \Y
(Vi)
(Vi_a®))
\/1_k
2

Moyt s abi=3] b

= (Vinll)‘A(bi)) N
(Vi_a(B))

Vl_k
2

< Aa(y) v 15¥ becausey-+ Oy =

This shows that\is an(e, € V) *-intuitionistic fuzzy
left k-ideal of R. Similarly we can prove the case of &n,
€ VQk)*-intuitionistic fuzzy rightk-ideal ofR.

3.13 Theorem

A non empty subsei of Ris ak-ideal ofRif and only if its
intuitionistic characteristic functioBa is an(e, € Voy)*-
intuitionistic fuzzyk-ideal of R

ProofProof is straightforward.

4 k-regular hemiring
4.1 Definition L,14]

A hemiringRis said to b&-regular if for eacta € R, there
existx,y € Rsuch that+ axa= aya
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4.2 Theorem14] From Theorem4.2, it follows that in a k-regular
hemiring everyk-ideal A is k-idempotent, that i®A= A.
AhemiringRis k-regular if and only if for any righk-ideal =~ On the other hand, in such hemirings we have

Aand any lefkk-ideal B, we haveAB = AN B. AGkA = A for all (€, € vok)*-intuitionistic fuzzy
k-ideals.

4.3 Theorem 4.4 Theorem

A hemiring R is k-regular if and only if for any(€, | et R be a hemiring with identity 1. Then the following

€ V) *-intuitionistic fuzzy rightk-ideal A and any(e, assertions are equivalent:

€ Vo) *-intuitionistic fuzzy leftk-ideal B of R, we have (1) Eachk-ideal ofRis idempotent.

AGxB=AnNB.

(2) Aek A = A for every (€, € Vgk)*-intuitionistic
. fuzzyk-ideal of R.
Proof.Le*t.R be a k-regular hem|rr]|ng|;( %ndﬁl\,B bde (€, (3) Ak B = ANy B for all (&, € Vay)*-intuitionistic
€ Vqg)*-intuitionistic fuzzy right k-ideal and (€, fuzzy k-idealsA = (ua,Aa) andB = (ug,Ag) of R.
€ V) *-intuitionistic fuzzy leftk-ideal of R, respectively. .
Then by corollary3.8 A©xB C ANy B. To show the Proof(1) = (2) Letx € R The smallesk-ideal of R
reverse inclusion, let € R. SinceR is k-regular, so there containingx has the forrRxR By hypothesis, we have
exista,a € Rsuch tha 4 xax= xax. Then we have e

(Ha Ok ) (X) = RxR= (RxR(RxR = RxRRxR

Thusx € RxRRxRthis implies
Vs abi=3] 1t

m n
g/\ﬂluA(a{)g A x+zirixsuixt; =3 rixs; Ui xt]
AT U =
A'J-‘zluA(a’j )/\ /\—2 for someri, s, ui, ti,rf,sj, uj,ti € R
1k
(A7_y115(0f) ) AS HA(X) A 271
B 1-k
> min{ua(xa), uA(xd) us(X)} A 17 = Ha(X )/\HA( )/\—2
> min{ ga(x) ), KL ALK B —k 1—k
= (i ey o = (097757 ) A (0 75
(Aa Gk AB)(X) = 1-k
/\—
/\XJFZPllaibi:Z?—la/‘b" 2 1-k
é\/im Aa(@)) v < HA(TiXS) A Pa(Uixt) A ==
m
vi:l)‘B(bl/)) (1<i<m),so
(Vimata@)) v a9 A 1 <
(vr_ss(t)) (A HA(riXs)) A (A Ha(uixt)) A 45
1k Similarly pa(x) A 355 <
v (AD_HA(rix) ) A (A_ypa(uixt) ) A 255
1-k
< max{mxa) AA< af) As(0)}v 15 Thereforeta(x) £ 55" <
< max{Aa(x) ok A HA(riXS)) A
Th('AA\/kI)'\B)(h) oy B 2 AngB. ThereforeA@y B A N I
Is Implies thalA ©x B O ANy B. ThereforeA©xB = - -
A ‘ ‘ ‘ (Mfabin(rix)) A | A
Conversely, letA andB be any rightk-ideal and left (A?:luA(u/jxtj))
k-ideal of R, respectively. Then the intuitionistic
characteristic  functions C, and Cg are (¢, VoM roetigt <N o el 1f !
€ Vok)*-intuitionistic fuzzy right k-ideal and (€, = R XSUE=F fy TX U
€ V) *-intuitionistic fuzzy leftk-ideal of R, respectively. E/\i”;lllA(fiXS); A
Now, by assumptioriCsg)k = (Ca ®Ca)k = Ca @k Cp = AL HAUXE)) AT g
CakCs = (CANCg)k = (Cang)k- This follows that (A'-‘ PA(rixs ) ) A AN —
AB = AN B. Hence by Theorem4.2, R is k-regular =1 ! 2
hemiring. (/\TzluA(U/thj))
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>A (r.xs)
Aa(

Slmllarly Aa(X
(\/rl1 1)\A r XS
Therefore)\A
§\/{11/\A(FiXS)§ Vv
VL Aa(uixt)) v
VI Aa(rxs) )V [V T

(Vi_daux)

L
\_/V\/
N————

Z Ars™ rixsuixt RIS

E\/{“l)\A(rixs)g vV
VI Aa(uixt)) Vv
(Vi arpxe)) v

(Vi_aAa(uix)

= (M OkAa) (X).
HenceAx C AGkA and by Theoren3.7, AOKA C Ax.
ThusAGOKA = Ay
(2) = (1) Let A be ak-ideal of R. Then the
intuitionistic characteristic functioilty of A is an (e,
€ Vok)*-intuitionistic fuzzy k-ideal of R. Hence by
hypothesis

\/1_k
2

(CA)k =CaokCa= (CAQCA)k = (Cm)k'
This follows thatA = AA

(2) = (3) LetAandB be (e, € Vgy)*-intuitionistic
fuzzyk-ideals ofR. We know that

(A) Ok (Bx) =

Since (ANg B) is an (€, € Vgg)*-intuitionistic fuzzy
k-ideal of R, so by hypothesiSAny B) is idempotent.
Thus (ANkB) = (ANgB) Gk (ANkB) C (AGkB). By
Theorem3.7, A&xB C AngB. HenceA® B = ANy B.

(3) = (2) Obvious.

(ANkB) Ok (ANkB) € (AckB).
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