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Abstract: In this paper a connection between extended eigenvaluesect dum of operators in the direct sum of Hilbert spaces and
their coordinate operators has been investigated. Morgitnestructure of the set of extended eigenvalues of nocorapact operators
has been researched.
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1 Introduction eigenvalues it is true that

Cs

It is known that a complex numbek is called an Z(An) CZ(A).

extended eigenvalue of the linear bounded operator n

the Hilbert spaceH if there exists nonzero operator .

T € L(H) such thaTA= AAT, whereL(H) is a space of  praof, Firstly we assume that € (J S(A). In this case

linear bounded operators. A set of extended eigenvalues n=1

of the linear bounded operators is denotedfy) [1]. there exists at least one natural numhgrand nonzero
Note that the structure of the set of extendedOPeratofln, & L(Hn,) such that

eigenvalues in complex plane for operatord.{il) have T AT

many different forms (for example, see [1-7]). One of the mAm = A, Tn, .

fundamental problems in this the_ory is to d_escrlbe a8 |fwe choose an operatdj : H — H in form

structure of the set of extended eigenvalues in complex

plane for linear bounded operators in Hilbert spaces. Ty =1{0,...,0,Ty,,0,...},

1

where operatofy, is placed inn, -th index, then operator
) . T, €L(H),T) #0andTA=AAT,. HenceA € X(A), i.e.
2 Extended eigenvalues of direct sum of

operators

U Z(An) C Z(A)

n=1

In this section the structure of the set of eigenvalues of i

direct sum of operators will be investigated. Firstly, we Theorem 2.2. Let Hn be a Hibert space,

prove the following result. An:Hn— Hp, Ay €L(Hp) foranyn>1,H = @ Hy,
n=1

Theorem 2.1. Let H, be a Hibert space, A= nG_91An € L(H),A € Z(A) such thatTA= AAT and

AniHn—Hn,  An€L{Hn) foranyn=>1,H=@Hn. 1y H, forsomen, € N. Thend € | S(An), i.e.

n=1

A= nQ:;lAn € L(H). In this case for the set of extended (A eZ(A): TA=AAT and thereexistsny € N such
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that THn, CHn,} C [JZ(An)
n=1

Proof. Let us A € X(A). Then there exists nonzero
operatofT € L(H) such thaffT A= AAT. In this case from
relationTA= AAT it is obtained that

TAL=AAT,n> 1,
where T, is a restriction of the operatadr to the space

Hn,n > 1. Since TH,, C H,, for somen, € N and
Tn, # 0, then itis established that

Tny Any = AAG Th,,
i.e.A € Z(Ay, ). Consequently
AeJZ(An).
n=1
From these theorems we have the following corollary.

Corollary 2.3. Let H, be a Hibert space,
An:Hp — Hp, An€L(Hp) foranyn>1,H = @ Hh,
n=1

A= éAn € L(H). If for eachA € X(A) there exists
n=1

T, € L(H) such thafl) A= AAT, and there existg, € N
such tha{0} # TyHn, C Hy,, then

(A = |J Z(An).
n=1
Theorem 2.4. Let H, be a Hibert space,
An:Hyn— Hn, AneL(Hp) foranyn>1,H = @ Hy,
n=1
A= @A, € LH). If A =0 for somem € N, then
n=1
Z(A)=C.

Proof. Indeed, if we choose the operator
T =& Ty:H — Hin following form
n=1

Tm#0 and T,=0n#mn>1T,e€ L(Hn),

then it is clear that an equatidmA = AAT is hold for any
A eCandT e L(H).

Theorem 2.5. Let H, be a Hibert space,

AniHyn— Hp, As€L(Hp) foranyn>1,H = @ Hy,
n=1

A= @ Ay € L(H). If for somem € N an operatoAn is a
n=1
nilpotent inHm, thenX(A) = C.

Proof. In this case the operat@rcan be choosen

T=00---®00AS 0D,
wherek € N is a nilpotency index of the operatég,.

It is known that ifA is a normal compact operator in a
Hilbert spaceH, then it can be written as a direct sum of

operators, i.eA = @ unEn, whereE, : Hy — Hy is a

n=0
identity operator, H, = Hy,(A) is a subspace of
eigenelements corresponding to eigenvajue of the
operatorA for anyn > 0, ug = 0. MoreoverH = @ H,,
n=0
whereHp = kerA.

Theorem 2.6.1f A is a normal compact operator in a
Hilbert spaceH, kerA # 0,0p(A) = {in : n > 0} is point
spectrum ofA, Hy, = Hy,(A),n > 0 is a subspace of
eigenelements corresponding to eigenvajue of the
operatorA, thenX(A) = C.

Proof. SinceAg = 0 in the direct sunA = @ unEn in the
n=0

Hilbert spaceH = @ Hp, then from the Theorem 2.4 it is
n=0
obtained that (A) = C.
The following examples are some applications of the
last theorem.

Example 1.Let us
A:lp(N) — [2(N), A(Xn) = {0, WaX2, WaXs, . ... }, (Xn) € I2(N),

where(wy,) is a sequence of complex numbers such that

n“m Wn = O
e
It is clear thatA is normal compact operator. Then

from above theorem we havgA) = C.

Example 2.Let H be any Hilbert spaceyl be any linear
manifold inH, M # H,dimM < o andP:H — M is an
orthogonal projection compact operatoHn

In this case from Theorem 2.6 it is clear that
Z(P)=C.

Example 3.In Banach spac® there exists a compact
operatorA such that (A) = C.

Indeed, if we assume th&t=1,(N),1 < p < « and
foranyx = (xn) € Ip(N)

A(Xn) = {W1x1,0,Wsx3,0,WsXs, ... ,0,Won_1Xon—1,0, ...},

where(wy,) is a sequence of complex numbers such that
nIim wh, = 0, then A is compact operator irp(N).
—>00

Moreover an operator defined in form

T:lp(N) — Ip(N), 1< p< oo,
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T (%) ={0,%2,0,X4,0,... 0,...},.x= (%) € Ip(N),
it is hold thatT A= AT = 0. Consequentl\z (A) =C

707X2n7

Theorem 2.7.Let A be a normal compact operator in a
Hilbert spaceH, UC(A) = {0},0p(A) = {n:n>1} is

point spectrum ofA = 69 HnEn, Hh =Hy, (A),n>1is a

Then
—Am,) Tn X, = 0.

Hn.

(Hn,
SinceTy,,n, > 1, thenA =

M
Actually, the last results are true for the large class of
linear bounded operators too.

subspace of elgenelements corresponding to eigenvaluBheorem 2.9.1f A< L(H),kerA = {0},0(A) = 0p(A) =

Un of the operatoA, H = @ Hn, A € Z(A), TA= AAT

and T, is a resrtiction of the operatof to the space
Hp,n > 1. In this case if T,H, N Hy # {0} and
Tanp Hx # {0} for somemk € N, thenm = k and
)\ — n

=

Proof. In this case there exists an elemafitce Hy \ {0}
such that

TX'e Hn\ {0} and ThAX) = AAnTnX).
Therefore
Consequently
A=Hn
Um
In a similar way it can be obtained that= ﬁ
this we haveum = Lk, thenm= k.

From

Theorem 2.8. For a normal compact operat@y with
kerA = {0} itis true that

whereL,,n > 1 is a nonzero eigenvalue Af

0

sANc U

nm=1

&
Hm

Proof. Let A € X(A). Then there exists nonzero operator

T € L(H) such thafTA= AAT. SinceT # 0, then there
existsn, € N such thafl,, # 0, T,, is a restriction of the
operatoiT to the spacély, ,n, > 1. From last relation there
existsxn, € Hp, \ {0} such thafl,, xn, # 0. Additionally,
there existsn, € N such that

Ym. = Tn,Xn, € Hm, \ {0}
In this case from relatiom A= AAT it is obtained that
TA, =AAT,,,n, > 1.
Then forx,, € Hp, \ {0},n, > 1
TAXn, = AATH, X, -
From this

Hn, (Tn,Xn,) = A tm, (T, Xn, ) -

{tn:n>0},Hy =Hy, (A) is a subspace of eigenelements
corresponding to eigenvalyeg, of the operatoA for any

n>1andH = @ H,. In this case it is true that

n=1
sA)= | {@}
mn=1 Hn
Proof. For the simplicity of explanations let us
AXy = HnXn,dimHn = 1. In work [5] it has been proved
that

S(A) C {A €C: 0(A)NT(AA) £ 2}

From this and the structure of the spectrant is implied

that

Now we assume thal € L(H), Ty is a restriction of
the operatofl to the subspacH, for n > 1. If we choose

sANc U {%
nm=1 m

operatoiT = @ Ty: H — H in form
n=1
TXn=Xm,n>1 and Tx=0,k#n,

then forx = (x,) € H itis clear that

TAX=TAXn) =T (AXn) =T ({Aax1,A2%2, ..., AnXn, ... })
=T ({I’llxla H2X2, ..., UnXn, . . })
== {0,0,...,0,unXm,0,...}

In a similar way it can be shown that

ATx= AT ({X1,X2, ..., Xn,...}) =A({0,0,...,0,Xn,0,...})
= {0,0,...,O,IJme,O,...}

Then for theA = & € CandT € L(H),T # 0 we have

TAxX= <“’“>ATx

Hn

This means that

Consequently
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Hence .
sA)= {@}
mn=1 Hn

Corollary 2.10. If A€ Co(H),kerA= {0}, 0p(A) = {Hn :

n> 1}, then )
S(A) = myl{%} .

Remark 2.12. Let H, be a Hilbert space,
An:iHyn— Hp, An€L(Hp) foranyn>1,H = @ Hy,

n=1

A= é An € L(H). In general
n=1

Proof. It is sufficient that to give an example for the

Theorem 2.9 and Corollary 2.10 give some ideas ONyajidity of this claim. Assume thaH; and H, are any
the form of the set of extended eigenvalues in compleXiipert spaces

plane (see [7]).

A€ L(Hl),Az S L(Hz),H =His H2,A= AlEBAz,

Example 4. Unfortunately these results are not true for o(A1) = {1,3},0(A2) = {2,4}
nonnormal compact operators. For example, the Volterrgp, this case

Operator
X

Vi La(0,1) —s Lp(0,1),V f(X) = / F(t)dt, f € L(0,1)
0

is a nonnormal compact operatorlin(0,1) and (V) =
(0, +0) (see [1]).

On the other hand in Hilbert spadé¢ there exists
nonnormal compact operat8rsuch that (A) = {1} [7].

Theorem 2.11. Let H, be a Hilbert space,
AniHyn— Hp, As€L(Hp) foranyn>1,H = @ Hy,
n=1

A= @ Aye L(H). If dimH < o, then
n=1

S(A) = G (A €C:0(A)NTAAD) £ 2}

nm=1

In general case

S(A) C G (A €C:0(A)NTAAD) # 2}

nm=1
Proof. Under these conditions it is easy to prove that
a(A) = 0p(A) = | gp(An).
n=1
On the other hand for the case dil o« it is known that
Z(A)={AeC:0(ANC(AA) £ o}.
But for any Hilbert space

Z(A)c{reC:a(ANO(AA) #2} [5].

Hence the above relations are true.

(A €C:0(A)NO(AAL) # @} = {1,3,1/3},
(A eC:o(A)NO(AA) # ) = {1,2,1/2},

(A €C:0(A)NO(AA) # @) = {1/2,1/4,3/4,3/2}
(A €C:0(A)NO(AAY) # @) = {2/3,4/3,2,4).

Then from Theorem 2.11 it is clear that
2(A) =1{1,1/4,1/3,1/2,2/3,3/4,4/3,3/2,2,3,4}
# Z(A)UZ(Ag) = {1,1/3,1/2,2,3}

3 Conclusions

In this paper the inner structure of the set of extended
eigenvalues of direct sum of operators defined in the
direct sum of Hilbert spaces has been researched. In
particular this problem for normal compact operators has
been investigated more deeply. In corresponding places
the obtained results have been supplemented by
examples.
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