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Abstract: The purpose of this paper is to prove some new common fixed ff@orems in fuzzy metric spaces. While proving our
results, we utilize the idea of compatibility due to Jungdktpgether with conditionally reciprocal continuity due R. P. Pant and
R. K. Bisht [8]. Our results substantially generalize anghiave a multitude of relevant common fixed point theoremshefexisting
literature in metric as well as fuzzy metric spaces.
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1 Introduction With a view to improve these conditions in common
fixed point theorems, R. P. Pant and R. K. BisB} [

Fixed point theory is one of the most fruitful and effective introduced the notion of conditionally reciprocal

tools in mathematics which has enormous applicationsontinuous maps.

within as well as outside the mathematics. Despite noted

improvements in computer skill and its remarkable

success in facilitating many areas of research, there still Fixed point theorv in fuzzy metric metric Spaces was
stands one major short coming: computers are not P y y P

designed to handle situations wherein uncertainties arén't'ated. by_ Grabiec 7). SUbfahmaf‘yamll?] gave a
involved. To deal with uncertainty, we need techniquesgem:“rallzatlon of Jungcl§] common fixed point theorem

other than classical ones wherein some specific logic isfsoragggnmvvﬁ'ggegag/gg]fza']n tg?,es?'?ugz:f ?:r2¥0?e;;'c
required. Fuzzy set theory is one of the uncertainty P ’ 9 y

approaches wherein topological structures are basic toolgeSUItS obtained by PanB|[ Thereafter, many authors

to develop mathematical models compatible to Concreteestabllszhed fuzzy versions of a most of classical metrical

real life situations. To substantiate this view point, one common fixed point theorems (e.g.[11,13]).

may recall that the idea of Fuzzy set4] and Fuzzy

metric spacesy]. As patterned in Jungck3], a metrical

common fixed point theorem generally involves In this paper, we prove some new common fixed point
conditions on commutativity, continuity, contraction and theorems in fuzzy metric spaces. While proving our
completeness (or closedeness) of the underlying space (@esults, we utilize the idea of compatibility due to Jungck
subspaces) along with conditions on suitable containmenf4] together with conditionally reciprocal continuity due
amongst the ranges of involved mappings. Hence, into R. P. Pant and R. K. Bisht8]. Consequently, our
order to prove a new metrical common fixed point results improve and sharpen many known common fixed
theorem, one is always required to improve one or morepoint theorems available in the existing literature of fuzz
of these conditions. fixed point theory.
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2 Preliminaries

Definition 1.[10] A binary operation
1 [0,1] x [0,1] — [0,1] is continuous t-norm if satisfies
the following conditions:

() * is commutative and associative;

(i) * is continuous;

(iiyaxl=aforallac [0,1];

(iv) axb < cxd whenever & ¢ and b< d for all
a,b,c.d €10,1].

Examples of t-norms am@« b= min{a,b} andaxb=
a.b.

Kramosil | and Michalek J.9] introduced the concept
of fuzzy metric spaces as follows:

Definition 2.[5] The 3-tuple (X,M,x) is called a fuzzy
metric space (shortly, FM-space) if X is an arbitrary set,
x is a continuous t-norm and M is a fuzzy set in
X? x [0, ) satisfying the following conditions:

(FM - 1) M(X,y,O) =0,

(FM—-2)M(x,y,t) =1, forallt > Oifand only if x=Yy,

(FM_3) M(Xayat) M(y,X,t),

(FM —4) M(xyt) * M(y,zs) > M(xzt + 3
(Triangular inequality) and

(FM —5) M(x,y,.) : [0,1) — [0,1] is left continuous
forall x,y,ze X and st > 0.

Note that Mx,y,t) can be thought of as the degree of
nearness between x and y with respect to t.

Definition 5.[13] A pair of self mapping$f,g) of a fuzzy
metric space (X,M,x) is said to be commuting if
M(fgxgfxt)=1forallx € X andt> 0.

Definition 6.[13] A pair of self mapping$f,g) of a fuzzy
metric spacgX, M, x) is said to be weakly commuting if
M(fgx,gfxt) > M(fx gxt) forall x € X and t> 0.

Definition 7.[7] A pair of self mappingg f,g) of a fuzzy
metric space (X,M,x) is said to be compatible if
limpooM(fgX, gfx,,t) = 1 for all t ¢ 0, wheneverx,}
is a sequence in X such that i, fXp = liMp 00X =2
for some = X.

Now, we can say that mappingé and g will be
non-compatible if there exists at least one sequengg
such thatimp_e fXn = liMp_,0 g%, = zfor somez € X but
either limp_oM (g%, gfX,t) # 1 or the limit does not
exist.

Definition 8.[9] A pair of self mappingg f,g) of a fuzzy
metric space(X,M,x) is said to be g-compatible if
liMpoeM(f X, gfx,t) =1, for allt > 0, wheneverx,}
is a sequence in X such that Hmw, fXp = liMp 00X =2
for some = X.

Definition 9.[9] A pair of self mappingg f,g) of a fuzzy
metric space(X,M,x) is said to be f -compatible if
limp-M(fg¥,9g%,t) = 1, for all t > 0, wheneverx,}

We can fuzzify examples of metric spaces into fuzzyis a sequence in X such that im fX, = limp_ 00X, = z

metric spaces in a natural way:
Let (X,d) be a metric space. Defireexb = a+ b for
alla,b € X. DefineM(x,y,t) = HJW forall x,y € X and

t > 0.Then(X, M, x) is a fuzzy metric space and this fuzzy
metric induced by a metrid is called the Standard fuzzy
metric.

ConsiderM to be a fuzzy metric space with the
following condition:

(FM —6) limM(x,y,t) = 1 for all x,y € X andt >
0.

Definition 3.[5] Let (X, M, *) be fuzzy metric space. Then
(a) a sequencéx,} in X is said to be Cauchy sequence
if, for allt > 0and p> 0, limp_M(Xn1p,X%n,t) = 1and
(b) a sequencéxn} in X is said to be convergent to a
point xe X if, for all t > 0, limp_,M(Xn, X, t) = 1.

Definition 4.[5] A fuzzy metric spacé€X,M, ) is said to

for some = X.

Definition 10.[8] A pair of self mapping$f,g) of a fuzzy
metric space (X,M,x) is said to be conditionally
reciprocally continuous (CRC) if whenever set of
sequences{xp} satisfying lim_ew Xy = liMnLe0X% is
non-empty, there exist a sequendgn} satisfying
lIMpye0fyn = limMmpLeQyn = U (say) such that
limp 0 fgyn = fu and limy g fyn = gu.

Before proving our main result, we state some results
which are used in proving our main results:

Lemma 1][2,5] Let (X,M,x) be fuzzy metric space and
for all x,y € X, t> 0 and if for a number ke (0,1),
M(x,y,kt) > M(x,y,t), then x=y.

be complete if and only if every Cauchy sequence in X idemma 2[2,5] Let (X,M,x*) be fuzzy metric space and

convergent.

Example 1 (5Let X= {1 :n=1,23,..}U{0} and letx
be the continuous t-norm and defined byta= ab for all
a,b € [0,1]. For each t> 0 and xy € X, define M, by
M(x,y,t) = H‘)‘(—_y‘ if t > 0 and M(x,y,0) = 0. Clearly,
(X,M, %) is complete fuzzy metric space.

{yn} be a sequencein X. If there exists a number(R, 1)
such that

M(Yn, Yn+1,Kt) > M(Yn-1,¥n,t)

for allt >0 and n=1,2,3,... then{y,} is a Cauchy
sequence in X.
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3 Main Results

Theorem 1Let f and g be conditionally reciprocally

Now, Suppose that andg areg-compatible mappings.
ThenlimpoM(ffsy,gfs,t) =1, that is,limp. ffs, =
limp—»gfs = gu. Using (3.2), we get

continuous self-mappings of a complete fuzzy metric

space(X, M, x) satisfying the conditions:
(3.1) £(X) S g(X);
(3.2) forany xy € X, t> 0and ke (0,1) such that
M(fx, fy,kt) > M(gx gy.t).
If f and g are either compatible or g- compatible or

M(fu, ffsy,kt) >M(gu,gfs,t).
Taking limit asn — o, we get

M(fu,gu.kt) > M(gu,gut) =1,

f- compatible then f and g have a unique common fixedhis gives,fu = gu. Also, fgu= f fu= fgu=gfu. Using

point.

ProofLetxg be any pointinX. Then asf (X) C g(X), there
exist a sequence of poinfg, } in X such thatf x, = gx,11.

Also, define a sequengg in X as

Yn = X0 = 0%1. (3.3)

Now, we show thafy,} is a Cauchy sequence K.
For proving this, by (3.2), we have

M(YnaYnJrla kt) = M(fxn7 an+l,kt) 2 M(anagXﬂJrlat)

= M(Yn—laYnat)
M(Yn,Ynt1,Kt) > M(Yn-1,¥n,t).

Then, by Lemma 2.2{y,} is a Cauchy sequence X.
As, X is complete, there exist a poiate X such that
limp_0Yn = z Therefore, by (3.3), we have

|imn_>ooyn = |imn_>oo an == “mn_}ocg)({pr]_ =7

Since f and g be conditionally reciprocally continuous
andlimp_e fXn = limp00X, = z, there exist a sequence
{s} satisfyinglimn_.fsh = limn0gs = U (say) such
that limp e fgs, = fu and limy»gfs, = gu. Since,
f(X) C g(X), for eachs,, there existz, € X such that
fsy =0gz. Thus,

liMp_e0 fSh = liMp 50 gS = lIMp0gZy = U.

By using (3.2), we get

M(fsn, fzo, kt) > M(g%,920,1).
Taking limit asn — oo, we get

M (u,limp_e, kt) > M(u,u,t) = 1.
This giveslimn_. fz, = u. Hence,
[IMp 00 FSh = liMp20gSh = liMp 500z, = limMp 0 2, = UL
Suppose thatf and g are compatible mappings. Then
lIMnoeM(fogs, gfs,t) = 1, that is,
limpe0 fgs = limpgfs, this gives, fu = gu. Also,
fgu= ffu= fgu=gfu. Using (3.2), we get

M(fu, f fu,kt) > M(gu,gfut) > M(fu, ffu,t),

that is, fu = ffu. Hence,fu= ffu=gfuand fuis a
common fixed point of andg.

(3.2), we get
M(fu, f fu,kt) > M(gu,gfut) > M(fu, ffu,t),

that is fu = ffu. Hence,fu= ffu=gfuandfuis a
common fixed point of andg.

Finally, Suppose thatf and g are f-compatible
mappings. Thenlimp.M(fgz,99%,t) = 1, that is,
limp_e foz, liMp_0097%. Also,
limp 09 fs = limp099z = gu.

Thereforeimn_»fgz, = limp,»99z = gu.

Using (3.2), we get

M(fu, fgz,, kt) > M(gu,ggz,t).

Taking limit asn — o, we get

M(fu,gu,kt) > M(gu,gu,t) =1,

this gives,fu=gu. Also, fgu= ffu= fgu=gfu. Using
(3.2), we get

M(fu, ffu,kt) > dM(gu,gfut) > M(fu, ffu,t),

that is, fu = ffu. Hence,fu= ffu=gfuand fuis a
common fixed point of andg.

Uniqueness of the common fixed point theorem
follows easily in each of the three cases.

We now give an example to illustrate Theorem 1.

Example lLet (X,M,*) be a fuzzy metric space, where
X = [2,20], with continuoug-norma b = min{a, b} for
all a,b € [0,1] and M(x,y,t) = if t>0 and
M(x,y,0) =0 for all x,y € X.

Definef,g: X = X by fx=2ifx=20rx>5, fx=6
if2<x<5,02=20x=11 if2<x§5,gx:<xL31> if
x> 5. Let{x,} be a sequence K such thatx, = 2 and
{yn} be a sequence X such thaty, =5+ % for eachn.
Then clearly,f andg satisfy all the conditions of Theorem
1 and have a unique common fixed poinkat 2.

_t
t+x—y]

Theorem 2Let f and g be non-compatible self-mappings
of a fuzzy metric spad&, M, x) satisfying the conditions:

(3.4) £(X) € g(X);

(3.5) M(fx, fy,t) > M(gx gy;t);

(3.6) M(fx, ffx,t) > M(gx ggxt) whenever gx ggx
forallx,ye X andt> 0.

Suppose f and g be conditionally reciprocally
continuous If f and g are either g- compatible or
f-compatible then f and g have common fixed point.
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ProofSince f and g are non-compatible maps, there We now give an example to illustrate Theorem 2.

exists a sequencéxn} in X such thatfx, — z and
0% — z for some z € X as n — o but either
lIMnoeM(fg%),gfX,t) # 1 or the limit does not exist.
Also, since f and g be conditionally reciprocally
continuous andimy_. fxn = liMy g%, = 2z, there exist
a sequencéy,} satisfyinglimp_,e fyn = liMp_0gyn = U
(say) such thalim, . fgyn = fu andlimp_,»gfy, = gu.
Since, f (X) C g(X), for eachyy, there existz, in X such
that fyn = 0%. Thus,
[IMpe fYn = liMpL00¥n = liMp50gZ = U. By using
(3.5), we get

M(fyn, fzn,t) > M(Qyn, 970, 1).

Taking limit asn — o, we get
M(u,limp e fZ,t) > M(u,u,t) = 1.
This gives|imp_.« fz, = u. Therefore, we have
[IMp 00 Y = liMp000Yn = liMp 5002 = liMp 0 2, = UL
Now, Suppose that andg areg-compatible mappings.

ThenlimpeM(ffyn,gfyn,t) =1, thatis,limp e f fyn =
limngfyn = gu. Using (3.5), we get

M(fu, f fyn,t) > M(gu,gfyn,t).
Taking limit asn — o, we get

M(fu,gu,t) > M(gu,gut) =1,

this gives,fu=gu. Also, fgu= ffu= fgu=gfu. If fu#
f fu, using (3.6), we get

M(fu, ffu,t) >M(guggut) > M(fu, ffu,t),

a contradiction. Hencefu = ffu = gfu and fu is a
common fixed point of andg.

Finally, Suppose thatf and g are f-compatible
mappings. Thenlimp.M(fgz,99%,t) = 1, that is,
limp_0 gz, = [iMp—0099%:. Also,
liMn—0g f¥n = liMn009% = gu.

Therefordimpn gz, = limp_,099% = gu.

Using (3.5), we get

M(fu, fgz,t) > M(gu,gga,t).
Taking limit asn — oo, we get
M(fu,gu,t) > M(gu,gut) =1,

this gives,fu=gu. Also, fgu= ffu= fgu=gfu. If fu#
f fu, using (3.6), we get

M(fu, ffu,t) > M(gu,ggut) > M(fu, ffu,t),

a contradiction. Hencefu = ffu = gfu and fu is a
common fixed point of andg.

Example et (X,M,*) be a fuzzy metric space, where
X = [2,20], with continuoug-norma b = min{a, b} for
all a,b € [0,1] and M(x,y,t) = if t>0 and
M(x,y,0) = 0 for allx,y € X.

Definef,g: X = X by fx=2ifx=2o0rx>5, fx=6
if2<x<5,02=2gx=11if2<x<5,gx= @ if
x> 5. Let{x,} be a sequence X such thatx, = 2 and
{yn} be a sequence X such thaty, = 5+% for eachn.
Then clearly,f andg satisfy all the conditions of Theorem
2 and have a common fixed pointat 2. Also, f andg
are non compatible fot, = 5+ %

_t
t+]x—y]

Theorem 3Let f and g be non-compatible self-mappings
of a fuzzy metric spade&, M, *) satisfying the conditions:

(3.7) F(X) C g(X);

(3.8) M(fx, fy,kt) > M(gx gy,t) for all k > 0;

(3.9) M(fx, ffxt) > M(gx ggxt) whenever gx ggx
forall x,y e X andt> 0.

Suppose f and g be conditionally reciprocally
continuous If f and g are either g- compatible or
f-compatible then f and g have common fixed point.

ProofSince f and g are non-compatible maps, there
exists a sequencéxn} in X such thatfx, — z and
0% — z for some z € X as n — o but either
lIMnoeM(fg%),gfX,t) # 1 or the limit does not exist.
Also, since f and g be conditionally reciprocally
continuous andimy_. fxn = limy_gX = 2z, there exist
a sequencéyn} satisfyinglimp_,e fyn = liMp_0Qgyn = U
(say) such thalim, . fgyn = fu andlimp_,»gfy, = gu.
Since, f(X) C g(X), for eachyy, there exist, in X such
that fyn = 0%. Thus,
lIMp e fYn = liMpL00¥n = liMp50gZ = U. By using
(3.8), we get

M(fyn, fzn,kt) > M(gyn,gzn,t).
Taking limit asn — o, we get
M (u, liMp_ye T Zn, kt) > M(u,u,t) = 1.
This gives|imp_. fz, = u. Therefore, we have
[IMp 00 Y = liMp009Yn = lIMp 5007y = liMp 0 2, = UL

Now, Suppose thaf andg are g-compatible mappings.
Thenlimp_,M(f fyn,gfyn,t) =1, thatis,limpe f fyn =
limn-»0 fyn = gu. Using (3.8), we get

M(fu, f fyn, kt) > M(gu,gfyn,t).
Taking limit asn — o, we get
M(fu,gu,kt) > M(gu,gu,t) = 1,

this gives,fu=gu. Also, fgu= ffu= fgu=gfu.If fu#
f fu, using (3.9), we get

M(fu, ffu,t) > M(gu,ggut) > M(fu, ffu,t),
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a contradiction. Hencefu = ffu = gfu and fu is a
common fixed point of andg.

Finally, Suppose thatf and g are f-compatible
mappings. Thenlimp.M(fgz,99%,t) = 1, that is,
limn_e fgz, liMmp_009%. Also,
liMp 00 fyn = liMn000% = gu.

Thereforeimn_.fgz, = limp,09z, = gu.

Using (3.8), we get

M(fu, fgz,kt) > M(gu,ggz,t).
Taking limit asn — o, we get
M(fu,gu kt) > M(gu,gu,t) =1,

this gives,fu=gu. Also, fgu= ffu= fgu=gfu.If fu#
f fu, using (3.9), we get

M(fu, ffu,t) > M(gu,ggut) = M(fu, ffu,t),

a contradiction.Hencefu = ffu = gfu and fu is a
common fixed point of andg.

Now, We give an example to illustrate Theorem 3.

Example 3.et (X,M,*) be a fuzzy metric space, where
X = [2,20], with continuoug-normax b = min{a, b} for
all a,b € [0,1] and M(x,y,t) = if t >0 and
M(x,y,0) = 0 for allx,y € X.

Definef,g: X - X by fx=2ifx=2o0rx>5, fx=4
if 2 <x<5,g2=20gx=4if 2 <x<5,gx= XL if
x> 5. Let {xn} be a sequence K such thatx, = 2 and
{yn} be a sequence iX such thaty, = 5+% for eachn
andk = % Then clearly,f andg satisfy all the conditions
of Theorem 3.3 and have two common fixed poirnt at2
andx = 4. Also, f andg are non compatible fot, =5+ %

_t
t+x—y]

4 Conclusion

As an application of conditional reciprocal continuity, we
proved common fixed point Theorems 1, 2 and 3 that
extend the scope of the study of common fixed point
theorems from the class of compatible continuous
mappings to a wider class of mappings which also
includes non-compatible and discontinuous mappings.
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