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Abstract: In this paper, we discuss the existence of solutions for ssaéa four-point boundary value problems involving nogdin
impulsive fractional differential equation. By use of Bah& fixed point theorem and Schauder’s fixed point theoremesexistence
results are obtained.
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1 Introduction

Fractional differential equation arise in many enginegiamd scientific disciplines as the mathematical modellihg o
systems and processes in the fields of physics, chemistrgdwamics, electrodynamics of complex medium,
polymerrheology, etc. involves derivatives of fractionader. Fractional differential equations also serve asxaelkent

tool for the description of hereditary properties of vasomaterials and processes. In consequence, the subject of
fractional differential equation is gaining much importanand attention. For details, sekZ,3,5,8,9,12] and the
refrences therein.

On the other hand, the study of impulsive boundary value [prolinvolving fractional differential equations have
become important in recent years as mathematical modelsasfqgmnena in both the physical and social sciences. There
has a significant development in impulsive theory espsacialithe area of impulsive differential equations with fixed
moments, for instance, se6,10]. Recently, in ], the existence of three positive solution was investiddte second
order four point boundary value problems for impulsive eliéntial equation using the Leggett-Williams theorem.. Ref
[11] includes results on the existence of solution of threaypboundary value problems involving nonlinear impulsive
fractional differential equation. For some results on tb&utions of impulsive functional differential equation thvi
periodic boundary condition, se€||

In this paper, we study the existence of solutions for a fmint impulsive boundary value problem involving
nonlinear fractional differential equation by use of Bamiadixed point theorem and Schauder’s fixed point theorem:

DOv(t) = h(t), O<t<l,t#£t, k=1,2..p, 1)
Av | =I(v(t), AV | =h(v(t), k=12 ..p
t=ty t=ty
v(0)+V({) =0, v()+V(n)=0

continuous functiory, Iy

Where®D? is the Caputo fractional derivativé,c R, 1< 8 < 2,g: [0,1] xR a
V() -V (t) v(t) and

xR— Ris
R—=R {,ne(0,1), #t,n#t,k=12..pandAv | =v(t/)—-v(t ), AV | =
t=t t=t
v (t, ) represent the right-hand limit and the left-hand limit of flunctionv(t) att = t, and the sequencds} satisfy
thatO=tg <ty <th < ..... <tp<tpy1=1,peN.
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2 Preliminaries

Definition 1.([5]) The Caputo fractional derivative of ordér > 0 of function g (0,) — R is given by

1 t (n)
CDeg(t) = r(n—o) /0 (t?r)e([)n-s-lds’

where n= [0] + 1 and[0] denotes the integral part of numbér

Definition 2.([5]) The Riemann-Liouville fractional integral of ordér > 0 of function g (0,%) — R is given by

_ 1 9
lgg(t)_ I—(e)/o (t—r)lisds

provided that the integral exists.
Lemma 1([12) Let 8 > 0, then the fractional differential equation
CDév(t)=0
has solution
V() =co+Cit+Ct?+ ...+ t" LG eR,i=0,1,2,...n—1,n=[0] +1
Lemma 2([12)) Let 6 > 0, then
19OV (t) = v(t) + co+Cat + Cot? + ...+ Cr1t" L, G €R,i=0,1,2,...n—1,n=[B] + 1

for the sake of convenience, we introduce the following trmtalet J= [0,1], J» = (O,t1], &1 = (t1,t2], coeevvrene ,

Jp-1 = (tp-1tpl, Jp = (tp,ta], tp+1 = 1,

PC() = {v: [0,1] = R|veC(J), v(t) and v(t, ) existand \(t, ) =V(t), 1< k< p} obviously, PQJ) is a
banach space with the norfiv|| = sugy;.1 |V (t)]

Theorem 1([13]) (Ascoli—Arzed’s Theorem).

Let E be a compact Hausdorff space (fis an equi-continuous and point-wise bounded subs€{Ef, thenQ is
totally bounded.

Theorem 2([13]) (Schauder fixed point theorem(1930))

Let K be a nonempty, convex, and compact subset of a Banach Bpaied T : K — K is continuous thefl has at
least one fixed pointin the g€t

Theorem 3([13]) (Banach fixed point theorem)

Let (X, p) be a complete metric space ahd X — X be a contraction mapping (i.e. there exists a congtan(0, 1)
such that for alk, y € X, p(Tx Ty) < yp(X,y)). ThenT has a unique fixed point

Lemma 3Lethe C[0,1], and{ € (t,t+1), N € (tm,tmr1), |, m are nonnegative integed, < I, m< p,1< 6 < 2. Then
the unique solution of the boundary value problem

°Dov(t) =h(t), O<t<1,t#t, k=1,2..p

av | =h(v(t), Avt|t=|‘k<v<tk>>7 k=12,...p

=tk =t

v(0)+V({) =0, V(1) +V (1) =0 (2)
is given by

a7 Jo =) h(n)dr — == 1S (€ =) 2h(r)dr
Fam Sk, 6= 0° Ph(ndr— S i (v(t) + (1-1)D,  tedy

v(t) = ﬁﬁk(t—r)“h( )dr+ gy So1 i 1<t.—r>9*lh<r>dr 3)
m%zm ) S, (-1 2h(> rap fE (C=0)°h(r)dr
Fn S =0 Ph(ndr+ 3K - 6) 1 (v(t))
+Zi=l i( (i))_zizlli(V(ti))+(1_t)D7 tEJk,kzl,z,...p

(@© 2015 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appll, No. 3, 211-222 (2015)www.naturalspublishing.com/Journals.asp

N <SS 2 213

where
1 i
D:(i)pi/t-tl(ti—ﬂ“h(”d” (91 1) i(l_ti>/ttl(ti_r)92h(r)dr
1 4
T(e-1 1)/(Z NN Glzi/m Ve

(;D/Xn 0P PR s 3 [ = tho)er

+ Z (1—t) i (v(t)) + Zl le +i;h (v(t))

Proof Suppose that is asolution of {). By applying lemm&, we have

1 6-1
V(t) = ——— t—r h(r)ydr—c;—cot, teJ
for somec,, ¢, € R. then, we have
v/(t)—;/t(t—r)e’zh(r)dr—c ted
CEY z 0

If t € J;. then, we have

v(t) = %/ﬁt(t—r)e_lh(r)dr—dl—dz(t—tl),

vV (t) = ﬁ/ﬁt(t—r)e‘zh(r)dr—dz,

for somed;, d» € R. Thus,

v(t) = %/Otl (ti— )P Lh(r)dr — 1 — coty,
Vi) = e re-1 /t (h—)""?h(r)dr—c,
i) =,
V() = —ds,
Since we have
Avt=|t =v(t)—v(ty) =l (v(t2))
dy = %/Otl (ti—n) 2 h(r)dr—ci — coty + 11 (V(t))

A\/t:|t —V () =V () = 1 (v(t))

FéfBA%u4ﬁ*mwm—q+ﬂwm»
Substituting 8) and @) into (6), we get
v(t) = %/t (t—r)elh(r)dr+%/otl (t—1)°h(r)dr

6]

—dy =

+7r(t(511>1) /Otl (tr— 1) 2h(r)dr+ 11 (v(te) + (t—t2) 11 (v(t)) — &1 — Cot

,ted

(4)

(5)

(6)

(7)

(8)

(9)

(10)
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In similar way, we get

v(t) = I_(e)/t(t No=h(r) dr+—zi/t (t— 1) Lh(r)

k
Tt t)/;(t- 0% 2hir)dr

o
+.Zi(t_ti)li (V(ti))+.zi|i(V(ti))—Cl—Czt
,t EJk,_kzl,Z,....,p .
By (4), (11), we have
V(O) = —C1

V(1) = %/t:(l—r h(rdr+ — Zl/t N%h(r)

By the boundary condition
v(0)+V(Z)=0

1
C1 =

By the boundary condition
V(1) +V(n) =

1

l_(e)/(l 0% th(r) dr+—zl/ttl k-1 th(r)

p
+r(91 5 0 t)/tltla 0% 2h(r)dr
—|—le t,l_ v(ti) —|—le —CL—C2

1

n _ m - m
R A 2h(r)dr+l’(9—1) Y | =07 Ehmdrs 3 v) - =0

7,_(9_3/(6 N7 2h(r)dr+ = - 121/t.1 N 2h(r) dr+Zl (t))

(11)

(12)

(13)

(14)

(15)

(16)

17)
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Substituting 16) into (17), we have

ti
= —— [ (1= Lh(r)dr / 1Lh(r)
2 r<e>/tp( a0 Zt.l

1 p . t . 0_
T o Z(l—tl)/tl l(tl—r) 2h(r)dr

1 ) t t 6-2
“Fag | €0 Z/ wonhe
*7(91 ) /n (n=1)°?h(r)dr+ - m/lt'1 ti—1)°2h(r)

'il t)1 +Zx| (ti))
|
m _

+i;|i (V(t)) — i;h (v(t))

Substituting 18) into (16), we have

C =

_%/tp (=N ty(r)dr- —— 21/;1

ti
/ (t —r)42y(r)dr
i1

p
CEP A
/ (Z—r)%2y dr+l_(q2_1) 2 - (t—1)%2y(r)dr

—_ili(v(ti)) +2;ﬂ(v(t ))

Substituting 18) and (9) into (4), (11) respectively, we getd]

(18)

(19)

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

216 %N S\ M. G. Brikaa: Existence Results for a Four-Point ImpulsiaiBdary Value...

3 Main result

Let{ € (t,t41), N € (tm,tmr1), |, mare nonnegative integer,0l, m < p. Define an operator : PC(J) — PC(J) by

MO = g [ 0" avodrs mos 5 [ -0 gty

k o<ty <t k1

+ﬁo< > <t(t—tk)/t:kl (t—1)°2g(r,v(r))dr
1 ¢ 0-2 1 L 0-2
_m/ﬁ (- g(r,v(r))dr—mi;/ﬁil(ti—r) g(r,v(r))dr
_ |
+0<g<t(t_tk)lk(\/(tk)ﬂ_o<tk<t |Z¢II
z”lnﬁwwflgnmer
+tre o 9 7 Z LAt =) Pg(rv(r)dr
elk(—)e?;Nmmf
: L (& g(r,v(r))dr
-y -ilfﬁ&(fim&ugz
+W&Bﬂﬁéum N®2g(r,v(r))dr
A3 (A=t i (v(t) + 3P li (v(t)
— v (t) + T L (v ()

Clearly, the fixed point of the operat@rare solution of probleml). Our first result is based on Banach'’s fixed point
theorem.

Theorem 4 Assume that

(C1) There exists a constahi > 0 such thatg(t,x) —g(t,y)| < Li|x—y|, foreacht € J and allx, ye R.

(C2) There exists a constahp Lz > 0 such thatly (x) — Ik (y)| <

, I_k(x)—l_k(y)‘ < Lg|x—y], foreactt € J
andallx, ye R k=12, ...p.
If

(P—1)
@ ) +p(2la+Ll3) <1

(1+2p)
Ll(r(q+1)+ r

then the probleml) has a unique solution.
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ProofLetx, y € PC(J). Then, for eaclt € J, we have

Lallx =Y [t pyotges Ll YIRE /Y e
(90~ ()] < ZFg [ are ZEES [0 =0 tr

|-1HX vl & /t' & —)°2dr
Z\ ti1

L1HX—y|| 6-2 |-1HX y|| / )82
—_—— —r dr— dr

r©e-1) h (Z ) t. 1

S Lslx v+ S Lalx -yl 3 Ly
+ ) Lelx=y|+ ) La|x—y|— ) Lz|x—Y

2, 2, 2,

p+1 t;
|-1HX Y|| / N8 Lldr + |—1||X Y|| / )9-2dr
t| 1 t| 1

L1HX—y|| 6-2 |-1HX y|| /t' )82
S Sl A1) —nf2qr- 2 1 dr
Fon [ @ PN

— n — i
L Lafx=yl (n—r)g‘zdr+ 1H Y|| Zl/t 19-2dr
m i—1

re-1) i
S Lslx v+ S Lalx -y~ 3 Layl + 3 Loy
+ Y Lax=y|+ S Lojx—=y|— ) La|x—y|+ ) Lz|x—y
2, 2, b3 >,
Lalx—y|| 6-1 2Ly |Ix—y|| /¢ 6-2
e A ¢ gl LA A —n2gr
re s Flo-1 A 77
Lallx—y|| /" 6-2 2I-1||X YH p+1/t' (o1
— —r dr dr
GRS A ST N

LlHX Yl < /" )02
dr+2% Lojx—y|+ $ L3|x—
21 - zi 2[x=Y| zi 3[x—Yl

- [Ll ( ﬁ(; . rz(gj 11)) N p(2L2+L3>] Ix—yl

Thus
p—1 2p+1

re re+y

ITx_ Tyl < [L1< ) s p(2L2+L3>] =yl < x|

Since

r(e+1) ' r(0)

consequentlI is a contraction. As a consequence of Banach'’s fixed poiotréme, we deduce thdt has a fixed point
which is a solution of problenty.

|_1< (1+2p) | (p_l)) Fp(2latLls) <1

Theorem 5Assume that

(Cg) The functiong: : [0,1] x R— Ris continuous, and there exists a constdint> 0 such that
lg(t,v)| <My, foreacht € Jand allve R

(C4) The functionly, I_k : R— Rare continuous, and there exists a conskégntviz > 0 such that
I < My, [Iy| < Mg, forallve R k=1,2, .....p.

Then problem1) has at least one solution.

Proof We shall use Schauder’s fixed point theorem to proveThads a fixed point. The proof will be given in four steps
Step 1 T is continuous.
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Let {vn} be a sequence such thgt— vin PC(J).
1 t .
[(Tva) (1) = (TV) ()] < W/ (t=n)g(rva (1) —g(rv(r))|dr

1 PJrl/tU1 f—1) 0— 1 g(r,va (1) —g(r,v(r)|dr
e 1) Z/ttll (t—1)°2|g(r,va(r)) — g (r,v(r))| dr
(e 1>/ (€=1)°"2|g(r,va (1)) — g (r,v(r))|dr

t
9 N Z/tl g(rVa(r)) —g(r,v(r)|dr

I (Va (1)) — 1 (v(to)]

+Z
P _
+ ||| Vi (t 21 li (v (ti)) — 1 (v(ti))

1 Pl

+_Z/" (t—1)° g (r,va(r) —g(r.v(r)|dr
ti—1

Fo T Z/ (6 =1)° 2 [g(r.vn (1)) ~ 9 (r.v(r))  dr

ﬁ/ (Z =12 |g(r,va(r)) — g (r,v(r))|dr

9 1) Z/t . g(r,va(r)) —g(r,v(r))|dr
—|- (9 1)/ (n— r)G 2|g(l’V (1)) —g(r,v(r))|dr

I' 9 0 zi/ttll —re 2 g(r,vn(r)) —g(r,v(r))|dr
p

I ‘ Z'I (Vn (1)) — i (

I (Ve () — I ( 'Qil(vn(t.)) I (v(t))

i

- %/t:a—o@1|g(r,vn(r>>—g(r,v(r>>|dr
4
—ﬁ/t (€=n)"lg(rva(r) —g(rv(r))|dr

+ﬁ/ " (11229t (1) g (rv(r))] dr

p+l/tt| f—n) 0 1 g(r,va(r)) —g(r,v(r))|dr
e 1) Zl/tl : g(r,vn(r)) —g(r,v(r))|dr

+2Z|| (Vn (t)) = i (V(8)) Z l

li (Vo (6)) — 1i (v (t))
(@© 2015 NSP
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Sinceg, | and| are continuous function, then we have
ITvi—Tv]| —0 asn— o
Step2 T maps bounded sets into bounded sets.

Indeed, it is enough to show that, for apy> 0, there exists a positive constantsuch that, for each € Q, =
{ve PC@J) | ||v]| < p}, we have|TV|| < L. By (C3) and(C4), we have, for eache J,

prl
(Mo < 2 [0 tare g5 [ -0 tar

My P - 0
NECE i;/tifl (=) r

My /Z(Z—r)é’_zdr—iM1 3 /ti (t—r)° 2dr
|

r(6-1k I'(G—l)i; -
p p p
+_ZM3+.ZM2—.ZM3
REL i o-1 0-2
+— t—nr)"""dr+ ——— / (t—r)""“dr
Zl/tu 1 9 1 = /-1
M1 ¢ 6-2 p t 62
—m/tl (¢—r) dr— ZI/ t—r)” “dr
M1 n 62 P 6-2
+I'(9—1)/tm (n—r) dr+ 21/ r)” “dr

p p p p
+ ZiM3—|- ziMz — zng—F ZME}
i= i= i= i=

= My /t(t—r)g_ldr—ﬂ/Z(Z—r)G_Zdr

I (0) Jy r@e-1
- /n 6-2 2M1 i -1
+t— —r dr+ / t—r)” ~dr
Fo-Dh 17"

+$i1) _i%til (t— r)e_zdr+2_;M2+;M3

< {Ml ( ﬁ (_5 + rz(gill)) +p(2Mz+ M3)]

Thus,

T < M (g + e ) + P@Mart M) | L

Step 3: T maps bounded sets into equicontinuous sets.
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Let Qp be a bounded set $fC(J) as in step 2, and lete Qp for eacht € J;, 0 <k < p, we have
TV )] < (2,”1 1)/ (t—n)?2dr
6 ) Z/t.l (ti—n)f" 2dr+ZM3
1 i i
1 g /tlt1 19 ldr — 6 - zl/tltl 18-2dr
+$il)/t| (Z—r)g‘zdr+%_Z/ﬁnl(ti_r)ezdr
%/ﬁ:(n—r)e’zdr 6 ) Z/t.l (t—nr)%2dr

p p p
— Zil\/lg— ZiMz—l— Zng— ZMg
i= i= i= i=

4
_ %/t:(t—r)g_de—(eL_l)/ (Z—n)°2dr

M]_ /’7 _ p+1/t| 6-1
—_— —Tr —r dr— M
HCE A i 21 ’

My (1-p)
- r(o

—pMz: =H

Hence, leting”, t' € J,t' <t",0< k< p, we have
’(Tv) (t) —(Tv) (t) <5 |y (r)dr’ <H (t” —t')
So,T (Qp) is equicontinuous on all.We can conclude that: PC(J) — PC(J) is completely continuous.

Step 4: Now it remains to show that the sé = {ve PC(J) |v=ATvfor some 0< A < 1} is bounded.
Letve Q, thenv=ATvfor some O< A < 1. thus, for each € J, we have

A t _ A tic _
v(t) = Te)/m“‘”e Yg(r,v(r))dr+ W))kgd/mlak—r)e Lg(r,v(r))dr
+ﬁo y (-t / (t—1)°"2g(r.v(r))dr
<t <t k—1
4
—ﬁ/ (-1 g(rv(r)d Z/tl g(rv(r))dr
+ <Atk2< t(t—tk>|’k(v(tk>>+03tkz< tlk(vak)) ~A i;n (v(t))
e 201 1<t|—r>9 tg(r,v(r))dr
+r(91,1> SP (1=t i, (6 —n)°2g(rv(r)dr
= T IN (€ r>9—zgg<2r,v<r>> r
T 7 Sk, (6= 2g(rv(n)dr
o e [ (0 -0 2g(v(r)) dr
+ﬁz{”1 W = N 2g(r,v(r))dr
+ 3P (A=)l (v(6)) + Py I (v(E)
_Zi:1|i( (i))+2i:1|i( ()

(@© 2015 NSP
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This implies by(Cz) and(C4) that, for each € J, we have

v(t)] < My /(t—r)e 1N1dr+—p+1/tl t—r)° dr
<T@ 2, ),

M1 P i _
+mi;/ti,l (t; —I’)e 2dr

FED /nz €0 gty ii/nnl(“‘”e_zdr
p p p
+_;M3+_ZM2—_;M3
p+l/tlt.1 91dr+ _/t|1 (t—n)%2dr
(g/ll—l)/tl (Z—r)6 2olr— i/ (t—nr)%2dr
+%/ﬁ: (n—r)e’zdr+ i/ t—r)%2dr

p p p p
+i;M3+i;M2—i;M3+i;M3
- FI\?;) /t: =0T idrp (ZeM—l 1) /Z (G=n® ar

My /” 0-2 2|V|1 Lt 6-1
t— —r dr+ / ti—r)” ~dr
Fo-Dh 17"

+$i1) .ifil (t— r>9_2dr+2.le2+.ZlM3

p—1 2p+1
Ml(r(@)*r(eﬂ)

) + p(2Mz2+ M3)

Thus, for every € J, we have

p—1 2p+1
< .
vl <My (P 25 ) + e+ v

This shows that the sé? is bounded. As a consequence of Schauder’s fixed point tinreeve deduce that has a
fixed point which is a solution of probleni);

4 Example

In this section, we consider an example to illustrate owltes

Example 1Let6 =15, =0.5,n =0.7,a= 0.4, b= 0.5, p= 1. We consider the following boundary value problem:

CDOv(t) = g(t,v(t)). t#3 te(l)
1 ~/ (1
A Z)), av | =1 =), 20
‘) v3>> Lo(G) &
v(0)+V({) = v()+V(n)=0
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where i
1+tvesin™v
e X I FE TR A WAV

Obviously,g, | andl are continuous function, and

(1) |g(t,v)| < 1, foreach € (0,1) and allve R.
(2)[1(v)| <3, ‘HV)‘ <5, forallve R
So conditiongCs) and(C,) hold, by Theorens, the BVP @0) has at least one solution.
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