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Abstract: Molodstov introduced soft sets to deal with uncertaintied aot clear objects. Researchers developed the relatfpnsh
between soft sets and information systems. Fuzzificatioth@fnotions of soft sets and soft topology have been disduisséthe
literature. In this paper, we define and establish the tgpodd structures of fuzzy soft semi-open sets and fuzzy serfi-closed
sets. We introduce and explore fuzzy soft semi-interiazjusoft semi-closure and fuzzy soft semi-exterior. Thetrehship between
fuzzy soft semi-open(closed), fuzzy soft semi-interitwgare) and fuzzy soft open(closed)sets, fuzzy soft intésiosure) introduced
by Chang [C. L. Chang, Journal of Mathematical Analysis apgli&ations,24(1), 182- 190(1968)], Tanay and Kandemir [ B. Tanay
and M. B. Kandemir, Computers and Mathematics with Appiarat, 61(10) 2952- 2957(2011)] and further studied by Varol and
Aygun [B. P. Varol and H. Aygun, Hacettepe Journal of Mathgesaand Statistic41(3), 407-419 (2012)] have been discussed. We
also initiate and discuss the characterizations and piepaf fuzzy soft semi-boundary and establish the behafituzzy soft semi-
boundary with fuzzy soft semi-interior, fuzzy soft semtenor, and fuzzy soft semi-closure. Moreover, we define exjplore the
characterizations and properties of fuzzy soft semi-ooatils and fuzzy soft semi-open mappings in fuzzy soft tapold spaces.
Theses findings are not only important but also will provide base for further study on fuzzy soft topology towards fcatlife
applications.

Keywords: Fuzzy soft sets, Fuzzy soft topology, Fuzzy soft semi-ogleséd), Fuzzy soft semi-interior(exterior), Fuzzy sins-
boundary, Fuzzy soft semi-continuous(open) function.

1 Introduction involvement of parameters. Recently, researches on soft
set theory and its applications in various disciplines and
The notion of fuzzy set was introduced by Zadeh in hisreal life problem are now catching momentum and
classical paper 1]. By presenting this concept, he progressing rapidly in different areas. Maji et. &l q]
provided a natural foundation for treating mathematically defined and studied several basic notions of soft set
the fuzzy phenomena, which exists previously in our realtheory and discussed in detail the application of soft set
world. Chang ] generalized the basic concepts of theory in decision making problems. Xiao et. @ pnd
general topology in fuzzy setting and established the newPei et. al 8] studied the relationship between soft sets and
and modern theory of fuzzy topology. Solving problems information systems. Kostel@] presented the criteria to
in practical life, fuzzy topology found to be very useful.  measure sound quality using approach of soft sets. Kong
Molodtsov [] introduced soft sets theory as a new et. al [L0] presented the normal parameter reduction of
mathematical tool to deal with uncertainties and unclearsoft sets. Mushrif et. all[l] used the notions of soft set
defined objects. In4], he mentioned several directions theory to develop the remarkable method for the
for the applications of soft sets such as smoothness oflassification of natural textures. Many researchers
functions, game theory, operations research,contributed towards the algebraic structures of soft set
Riemann-integration, Perron integration, probabilitdan theory.
theory of measurement for modelling the problems in Shabir and Nazl[2] initiated the study of soft topological
engineering physics, computer science, economics, socigpaces and defined basic notions of soft topological
sciences and medical sciences. In soft systems a vergpaces. After that, Hussain et. dl3[ [14], Aygunoglu
general frame work has been provided with the
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et.al [15], Zoultrana et. al 16] added many notions and set of parameters. Ld?(X) denotes the power set of

concepts towards the properties of soft topological spacesandA be a non-empty subset & A pair (F,A) is called

Recently, Bin Chen17,18] introduced and explored the a soft set overX , where F is a mapping given by

properties of soft semi-open sets and soft-semi-closedr : A — P(X). In other words, a soft set ovef is a

sets in soft topological spaces. S. Hussdif] fontinued  parameterized family of subsets of the univekse For

to explore the properties of soft semi-open , softe € A, F(e) may be considered as the set of

semi-closed sets. He defined and established the-approximate elements of the soft &t A). Clearly, a

properties and characterizations of soft semi-exter@it, s soft set is not a set.

semi-boundary, soft semi-open neighborhood and soft

semi-open neighborhood systems in soft topologicalDefinition. 2.3 [20]. Let I* denotes the set of all fuzzy

spaces. Moreover he discussed the characterizations arsgts onX andA C X. A pair (f,A) is called a fuzzy soft

properties of soft semi-interior, soft semi-exterior, tsof set overX, wheref : X — X is a function. That is, for

semi-closure and soft semi-boundary in soft topologicaleachae A, f(a) = fa: X — lis a fuzzy set orX .

spaces.

Maji et. al [20] introduced the notion of fuzzy soft sets by Definition 2.4 [20]. For two fuzzy soft set§f,A) and

combining the notion of fuzzy sets and soft sets. Dua et.(g,B) over a common univers¥, we say tha{ f,A) is a

al [21] fuzzified the very useful 9-intersection Egenhofer fuzzy soft subset ofg, B) if

model 22,23] for depicting topological relations in (1)ACBand

geographic information systems. Ahmad and Kha2d] [  (2) for alla € A, f4 < ga; implies f; is a fuzzy subset of

explored the properties of fuzzy soft sets and defined theys,. B

concept of a mapping on fuzzy soft sets. Also Feng et.aWe denote it by f,A)<(g,A). (f,A) is said to be a fuzzy

[25], Aktas and Cagmar2f] and Ali et. al 7] improved  soft super set ofg,B), if (g,B) is a fuzzy soft subset of

the work of Maji et. al RQ]. (f,A). We denote it by f,A)>(g, B).

Tanay and Kendemir2f] initiated the concept of fuzzy

soft topology using the fuzzy soft sets introduced by Definition 2.5 [20]. Two fuzzy soft setg f,A) and(g,B)

Chang R] and explored its basic properties. Varol and over a common universg are said to be fuzzy soft equal,

Aygun [29] studied the topological structures of fuzzy if (f,A) is a fuzzy soft subset ofg,B) and (g,B) is a

soft set theory. Gundaz and Bayram@®@]| explored the  fuzzy soft subset off,A).

structural properties of fuzzy soft topological spaces.

In this paper, We define and establish the topologicalDefinition 2.6 [20]. The union of two fuzzy soft sets of

structures of fuzzy soft semi-open sets and fuzzy soft(f,A) and(g,B) over the common universgis the fuzzy

semi-closed sets. We introduce and explore the fuzzy sofoft set(h,C), whereC = AUB and for allc € C,

semi-interior, fuzzy soft semi-closure and fuzzy soft f ifcc A_B

semi-exterior. We discuss the relationship between fuzzy ©

- o . O, ifceB-—A

soft semi-open(closed), fuzzy soft semi-interior(cl@ur he = .V ae. if ce ANB

and fuzzy soft open(closed)sets, fuzzy soft ¢V e

interior(closure) introduced by Chang][ Tanay et. al [

28] and further studied by B. P. Varol and H. Ayguf]. We write (f,A)V(g,B) = (h,C).

We also define and explore the characterizations and

properties of fuzzy soft semi-boundary in fuzzy soft Definition 2.7 [20]. The intersectior{h,C) of two fuzzy

topological spaces. Moreover, we establish the behaviosoft sets(f,A) and (g,B) over a common univers¥ |,

of fuzzy soft semi-boundary with fuzzy soft semi-interior, denoted (f,A)A(g,B), is defined asC = AN B, and

fuzzy soft semi-exterior, and fuzzy soft semi-closure. Inh; = fc Agc, forall ce C.

last section, we define and explore the characterizations

and properties of fuzzy soft semi-continuous and fuzzyDefinition 2.8 [20]. A fuzzy soft set(f,A) overU is said

soft semi-open mappings in fuzzy soft topological spacesto be a null fuzzy soft set and is denoted@yf and only
if, for eache € A, fe = 0, whereO is the membership
function of null fuzzy set oved, which takes value 0, for

2 Preliminaries allxeU.

First we recall some definitions and results which will use Definition 2.9 [24]. A fuzzy soft set(f,A) overU is said
in the sequel. to be an absolute fuzzy soft set and is denotet bfyand
only if, for eache € A, fe = 1, wherel is the membership
Definition 2.1 [1]. A fuzzy setf on X is a mapping function of absolute fuzzy set ovel, which takes value
f : X —1=10,1]. The valuef (x) represents the degree of 1, forallxeU.
membership ok € X in the fuzzy seff, for x € X.
Definition 2.10 [24]. The relative complement of a fuzzy
Definition 2.2 [3]. Let X be an initial universe anfl be a  soft set (f,A) is the fuzzy soft set(f¢ A), which is
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denoted by(f,A)¢, where f¢: A — F(U) is a fuzzy fuzzy soft semi-closed sets.

set-valued function. That is, for eaghc A, f¢(A) is a  Definition 3.1. Let (X,7,A) be a fuzzy soft topological

fuzzy set in U, whose membership function is space, wher& is a honempty set and is a family of

fé(x) = 1=fa(x), for all x € U. Here fS is the  fuzzy soft sets. A fuzzy soft séF,A) (in shortfa ) in
membership function of¢(a). fuzzy topological space(X,7) is called fuzzy soft
semi-open, if there exists a fuzzy soft open ggtsuch

Definition 2.11 [30]. The difference(h,C) of two fuzzy  thatga < fa < Ja. The class of all fuzzy soft semi-open

soft sets (f,A) and (g,B) over X, denoted by setsinXis denoted by FSSO(X).

(f,A)\(g,B), is defined agf,A)\ (g,B) = (f,A)A(f,B)S. A fuzzy soft setfa in fuzzy soft topological space
(X,1,A) is fuzzy soft semi-closed if and only if its
complement(fa)€ is fuzzy soft semi-open. The class of

For our convenience, we will use the notatifpfor ~ fuzzy soft semi-closed sets is denoted by FSSC(X).

fuzzy soft set instead dff ,A).

Definition 2.12 [28]. Let T be the collection of fuzzy soft  The following theorem is straightforward.

sets overX, thent is said to be a fuzzy soft topology on Theorem 3.2. Every fuzzy soft open set is fuzzy soft

xXif semi-open in fuzzy soft topological spage, T, A).

(1) 0a, 14 belong tor.

(2) If (fa)i e T, foralli e |, thenV,, (fa)i € T. The following example shows that the converse of above
(3) fa, g € T implies thatfaAgyET. theorem is not true in general:

The triplet (X, 7,A) is called a fuzzy soft topological Example 3.3.Let X = {h1,hz,hs}, A = {e1, e} and
space oveiX. Every member ofr is called fuzzy soft T =1{0,1,(fa)1,(fa)2, (fa)s,

open set. A fuzzy soft set is called fuzzy soft closed if and(fa)a } where(Ta)1, (Ta)z, (fa)a, (fa)s are fuzzy soft sets
only if its complement is fuzzy soft open. overX defined as follows:

fi(e1)(h) = 0.5, f1(e1)(h2) = 0.3, f1(e1)(h3) = 0.2,
Theorem 2.13 BJ. Let 1 be the collection of fuzzy soft  fi(€2)(h1) =0.3, fi(e2)(hz) = 0.5, f1(ez)(hg) = 0.2,
sets oveX. Then fa(e1)() =1, fa(er)(h2) =0, f2(e1)(hg) = 0.5,
(1) O , Tp are fuzzy soft closed sets ovér fa(e2)(M) = 0.5, f2(e) () = 03, fa(e2)(hg) = 1,
(2) The intersection of any number of fuzzy soft closed f3(e1)(h1) = 0.5, fz(e1)(h2) = 0, f3(e1)(hg) = 0.2,
sets is a fuzzy soft closed set over fa(e2)(h1) = 0.3, f3(e2)(h2) = 0.3, f3(e2)(h3) = 0.2,
(3) The union of any two fuzzy soft closed sets is a fuzzy f4(e1)(h1) =1, fa(e1)(h2) = 0.3, f4(e1)(h3) = 0.5,
soft closed set ovex. fa(e2)(h) = 0.5, f4(ez)(h2) = 0.5, fa(ez)(hg) = 1.
Thent is a fuzzy soft topology oiX and hencéX, 1,A)

Definition 2.14 [29. Let (X,7,A) be a fuzzy soft Iisafuzzy softtopological space over
topological space oveX and fa be a fuzzy soft set over Letus take fuzzy soft sgjs overX defined by
X. Then fuzzy soft interior of fuzzy soft sdi overX is  9(e1)(h1) = 0.5,9(e1)(h2) = 0,9(er)(hs) = 0.3,
denoted by(fa)° and is defined as the union of all fuzzy 9(€2)(h1) =0.4,9(ez)(h2) = 0.4, 9(ez)(hs) =0.2.
soft open sets contained ifa. Thus(fa)° is the largest  That is, da = {{hos.ho,hos},{ho.4,ho4,ho2}}. Then
fuzzy soft open set contained fa. there exists fuzzy soft open sefa)s such that
(fa)3<ga<(fa)s = {{ho.5,h0.7,ho:8},{ho.7,ho5,ho8} }.
Definition 2.15 [29. Let (X,7,A) be a fuzzy soft Hencega is fuzzy soft semi-open set, bgh is not fuzzy
topological space oveX and fa be a fuzzy soft set over soft open set.
X. Then the fuzzy soft closure df , denoted byf, is the
intersection of all fuzzy soft closed super sets faf Proposition 3.4.Let fo be fuzzy soft set in fuzzy soft
Clearly T5 is the smallest fuzzy soft closed set over X topological space(X,7,A). Then fa is fuzzy soft
which containsfa. semi-open if and only ifo<(fa)0.
Proof. Suppose thafa is fuzzy soft semi-open then the
Definition 2.16 [31]. Let (X,7,A) be a fuzzy soft there exists a fuzzy soft open seja such that

topological space ovex and fa be a fuzzy soft set over g, = £, ga. Now gaZ(fa)? implies that(ga)<(fa)P.
X. Then the fuzzy soft boundary df, denoted byfa and Thereforefa < Ga< (fa)O.

is defined asfa = faA(fa)°. Conversely, suppose thit < (fa)0. Takega = (fa)?, we
havega < fa < @a. This completes the proof.

3 Fuzzy soft semi-open and Fuzzy soft Theorem 3.5.Let (X,7,A) be a fuzzy soft topological
semi-closed sets space. Then an arbitrary union of fuzzy soft semi-open
sets is a fuzzy soft semi-open set.
In this section, we introduce and establish the Proof. Let {(ga)a : @ € A} be a collection of fuzzy soft
topological structures of fuzzy soft semi-open sets andsemi-open sets. Léin = \/ ¢ (0a)a- Since eactiga)q is
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fuzzy soft semi-open, there exist a fuzzy soft open setProposition 3.7, there exists a fuzzy sot closechgetuch

(fa)a  such that (fa)a2(ga)a<(fa)a and so  that(ha)°<fa<ha. Which implies thaffa<hs = ha and
Vael (fA)Gi\/ael (9n)a hence( fA)IOS(hA)O- Thursl(ngogl((hA)OSffA. _
=T 2. Lt 3 o sy Somrse oo ok ey sl st 0,12
is fuzzy soft open andfa<Vge(9a)a =fa. Hence =g rauef, — h, Then(ha)?S fasha. This implies that
tY]aEl (gA)fa is a fuzzy soft semi-open set. This completes fa is fuzzy soft semi-closed set.

e proof.

» ) . Theorem 3.11.Let (X,1,A) be a fuzzy soft topological
Proposition 3.6.Let fa be fuzzy soft semi-open set in gpace and(fa)y : @ € 1} be a collection of fuzzy soft
%Zzyhso_ft ;opologl?tal SPQC@QT,A){ ;Et fa<ha<Ta  semiclosed sets in(X,7,A). Then the intersection

€nha IS Tuzzy SOTt Semi-open Set . . A fa)a is fuzzy soft semi-closed iX.
Proof. Since fa be fuzzy soft semi-open set in fuzzy soft Pfoecl)g. S)irﬁce eactw €1, (fa)q is fuzzy soft semi-closed,
Loppeoriogel(éal zﬁgﬁ%é%p‘)% Tfhuz tg—er?\lgasés a%fﬁzzgnzoft then by Proposition 3.7, there exists fuzzy soft closed set
SPET SEHA S A= A= BA A= 1A ha)a such that((ha)a)°<(fa)a<(ha)a. Which implies
fa < Oa implies thatha < Ta. Thereforega < ha< Ta. t(hgza (ha)a)"<(Ta)a=(a)a P
Hencehy is fuzzy soft semi-open set XK. This completes (7\06 ((hA)a)oif\ag| ((hA)a)oif\ag (fa)a if\ael (ha)a.

the proof. Take Agei(ha)a = ha. Then by Theorem 2.13h, is

fuzzy soft closed and hencﬁae,(fA)a is fuzzy soft

The following proposition is immediate from the )
semi-closed.

definition of fuzzy soft semi-closed sets:

Proposition 3.7. Let fo be fuzzy soft set in fuzzy soft
topological space(X,7,A). Then fa is fuzzy soft o _
semi-closed if and only if there exists a fuzzy soft closed4 Fuzzy soft semi-interior, Fuzzy soft

setha such thaiha)®<fa<ha. semi-closure and Fuzzy soft semi-boundary

The following proposition is obvious. _ In this section, we introduce and explore fuzzy soft

Proposmon 38 Every fuzzy soft.closed set is fuzzy soft semi-interior, fuzzy soft semi-closure and fuzzy soft

semi-closed in fuzzy soft topological space 7, A). semi-exterior. We also discuss the relationship between
] fuzzy soft semi-open(closed), fuzzy soft

The following example shows that the converse of thegemi-interior(closure) and fuzzy soft open(closed)sets,

above proposition is not true in general. fuzzy soft interior(closure). For our convenience, we will

Example 3.9.Let us consider the fuzzy soft topological genoter (X, A) as the family of all fuzzy soft sets ovar
space(X,T,A) overX as in Example 3.3. Take fuzzy soft i, oyr sequel.

setla = (ga)¢ overX defined by Definition 4.1. Let (X,T,A) be a fuzzy soft topological
I(er)(h1) = 0.5,1(er)(hz) = 1,1(er)(hs) = 0.7, space anda&F (X,A). The fuzzy soft semi-closure df,

I (e2)(h1) = 0.6,1(e2)(h2) = 0.6,1(e2)(h3) = 0.8. denoted byscl 'S(fa) and is defined as the intersection of
Thatis,|a = {{hos,h1,h07},{hos,ho.6, Nos} }- all fuzzy soft semi-closed supersetsfaf

We observe that all the fuzzy soft closed set$Xn7,E) |t js clear from the definition thaicl fS(fa) is the smallest
are fuzzy soft semi-closed set ovrwhich containsfa.

F ={0.1, (ka)1, (ka)2: (Ka)s, (kn)a}
where (ka)1, (Ka)2, (Ka)3, (ka)a are fuzzy soft sets over Example 4.2.Let us consider the fuzzy soft topological
X, defined as follows: space(X,1,A) over X and fuzzy soft closed sets as in

ki(er)(h1) = 0.5, ky(e1)(h2) = 0.7, ki (e1)(hs) = 0.8, Example 3.9. It is clear that for any fuzzy soft
ki(e2)(hy) = 0.7, ky(e2)(hp) = 0.5,k (&2)(h3) = 0.8, semi-closed séfta, scl fS(ka) = Ka.

ko(er)(h1) =0, ko(er)(hz) =1, ko(er)(h3) = 0.5,

ko(€2)(h1) = 0.5, ka(€2)(h2) = 0.7, kz(&2) (h3) = O, Definition 4.3. Let (X,T,A) be a fuzzy soft topological
ks(er)(h1) = 0.5, ks(er)(hz2) = 1, ks(er)(hg) = 0.8, space andAéng,A). The fuzzy soft semi-interior ofa,
ka(€2)(h1) = 0.7, ka(€z)(h2) = 0.7, ks(€2) (h3) = 0.8, denoted bysint'S(f5) and is defined as the union of all
ka(€1)(h1) =0, ka(e1)(h2) = 0.7, ka(e1)(h3) = 0.5, fuzzy soft semi-open subsets b

ka(e2)(h1) = 0.5, ka(€2) (h2) = 0.5, ku(€2) (hg) = 0 It is clear from the definition thagint 'S(fa) is the largest

Clearly,Ia ¢ 1 . Hencela is fuzzy soft semi-closed but not 1,77y soft semi-open set ovircontained infa.
a fuzzy soft closed sets.
) Example 4.4.Let us consider the fuzzy soft topological

space andfa be fuzzy soft set inNX,7,A). Thenfais  Example 3.3. Itis clear that for any fuzzy soft semi-open
fuzzy soft semi-closed if and only {ffa)°< fa. setfa, Sint'S(fa) = (fa).

Proof. Suppose thata is fuzzy soft semi-closed, then by
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From the Theorem 3.2, Proposition 3.8 and DefinitionsDefinition 4.8. Let (X, 1,A) be a fuzzy soft topological

4.1, 4.3, we have:

Theorem 4.5.Let (X,1,A) be a fuzzy soft topological
space and fa€F (X,A). Then
(fa)0<sintfS(fa)<(fa)<sclS(fa)<(fa).

The proof of the following properties of fuzzy soft

space over X and fa€F(X,A) then fuzzy soft
semi-exterior of fo is denoted bysext'S(fa) and is
defined asext S(fa) = sintfS((fa)°).

We observe thatsext’S(fa) is the largest fuzzy soft
semi-open set contained (ifia ) €.

semi-interior and fuzzy soft semi-closure follows as the Example 4.9.Let us consider the fuzzy soft topological

proof of the corresponding properties of soft semi-interio

and soft semi-closure irl[r,18,19 and thus omitted.

Theorem 4.6.Let (X,1,A) be a fuzzy soft topological

space oveK and fa,gacF (X,A). Then o

(1) sint"s(0) = scl 5(0) = Oandsmtfs(l) scl fs(1) = 1.

(2) fa is a fuzzy soft semi-open (respt. fuzzy soft

semi-closed) set if and only ifint'S(fa) = fa(respt.

scl fs(fA) = fA).

3) sint“sgsintfS (fa)) = fa.

4) fA<(gA) implies

scl (o) <scl 'S(ga).

(5) sint'S(fa) Asint '(ga) = sint'S(faAga) and
sl fS(fa) Ascl 5(ga) S sl S(faAgn).

(6) sint'S(fa)Vsint '(ga) <sint 'S(fa\/ga) and

scl f8(fa)Vscl S(ga) = scl PS(faV/an).

sintfS(fa)<sint’S(ga) and

In the following theorem, (3) and (4) give the relationship

between fuzzy soft interior, fuzzy soft closure, fuzzy soft (3)sext 1S(fa)V/sext P5(ga) <

semi-interior and fuzzy soft semi-closure of fuzzy soft

space(X,1,A) overX as in Example 3.3. Take fuzzy soft
setka overX defined by

k(er)(hy) = 0.5, k(ex) (hz) = 1, k(ey)(hg) = 0.7,

k(ez)(h1) = 0.6, k(e2)(hz) = 0.6, k(ez)(h3) = 0.8

That is, ke = {{hos,h1,ho7},{hos,ho6,hos}} be fuzzy
soft set in fuzzy soft topological space ovEr Then
(ka)® = {{hos,ho,hoa} {ho4,ho4,h02}% Here we see
that sext S(ka) sint"S((ka)®)
{{hos,ho, o3}, {ho.4,No.4,M02}}, since (ka)® is fuzzy
soft semi-open set which is shown in Example 3.3.

the following theorem directly follows from definition of
fuzzy soft semi-exterior:

Theorem 4.10.Let (X, 1,A) be a fuzzy soft topological

space oveK and fa€F (X,A). Then

(L)sext S(fa) = sintS((fa)°).

(2)58x1%(faV/g) = 50 (fa) A %(n).

sext'S(fa/ ga).

Now we define fuzzy soft semi-boundary in

fuzzy soft topological spaces and establish relationship
between fuzzy soft semi-clopen sets and fuzzy soft

sets:

Theorem 4.7.Let ( 7,A) be a fuzzy soft topological

space oveK andeeF(X,A) Then semi-boundary. Moreover, we construct the combined
(1) (smtfs(fA)) = sal 18((fa)°). behavior between fuzzy soft semi-interior, fuzzy soft
(2) (scl fS(fa —smtfsg(fA)C) semi-exterior, fuzzy soft semi-closure and fuzzy soft
(3) sintfS(( fA (sint™S(fa))% = (fa)°. semi-boundary. .

(4) scl fS(fA) (scl fs(fA)) —Ta. Definition 4.11. Let (X,7,A) be a fuzzy soft topological
Proof.(1). sintS(fa)< fa implies that Space over X and facF(X,A) thenfs fuzzy soft
(fA)Ci(Sintfs(fA)) Now by Theorem 4.6(2) and since semi-boundary offa is denoted bysbd'sS(fs) and is

(sintfS(fa))C is a fuzzy soft semi-closed set we have
scl S((fa)€) <scl TS((sintS(fa))®) = (sint™S(fa))C. For the
reverse inclusion, by Theorem 4. EtA)C<scIfS((fA) ).
This implies that (sclfS((fa)€))°<((fa))¢ fa.

scl 1S((£a)°) being fuzzy soft semi-closed implies that
(sclfS((fa)%))¢ is fuzzy soft semi-open. Thus
(scl fS((fA) ))e<sintfS(fa) and hencésint 'S(a))¢<

(ol S((a)%))9)° = scl P5((fa)°).

(2). The proof is same as (1).

(3). By Theorem 3.2(fa)° being fuzzy soft open implies
it is fuzzy soft semi-open. Therefore, by Theorem 4.6(2)

smtfsg fa)°) = (fa)®. Now by Theorem 4.5,
(fa)0<sintf (fA) = fa This implies  that
Sint'S((fa)°) = (f)°.

(4). By Proposition 3.6,fs being fuzzy soft closed
implies it is fuzzy soft semi-closed. Therefore, by
Theorem 4.6(2)scl S(fa) = Ta. Now by Theorem 4.5,

fa<scl fS(fa)<Ta. Thus scl S(fa)<scl fS(fa)<scl TS(fa).
This follows that(scl fS(fa)) = fa. Hence the proof.

defined asbds(fa) = (sintfs(fa)\Vsext S(fa))C.

Remark 4.12. From the above definition it follows
directly that the fuzzy soft setfy and (fa)¢ have same
fuzzy soft semi-boundary.

The proof of the following properties of fuzzy soft
semi-interior, fuzzy soft semi-closure and fuzzy soft
semi-boundary follows as the proof of the corresponding
properties of soft semi-interior , soft semi-closure anftl so
semi-boundary in [17-19] and is therefore omitted.

"Theorem 4.13. Let (X,1,A) be a fuzzy soft topological

space oveK andfa,gacF (X,A). Then
(1)scl fS(fa) = sintTS(f4)\/sbd™S(fa).
2) .
shd fS(fa) = scl TS(fa) Ascl T8(fa)¢ = scIS(fa)\sintfs(fa).
(3)  (spd'S(fa))® = sint™S(f,A)Vsint’S((fa)%)
sint'S(fa)Vsext 'S(fa).
(4)sint"S(fa) = fa\sbdS(fa) =
(5)sbdfs(fA)/\smth(fA) 0.
(6) fa is fuzzy soft semi-open (respt.

scl fS(sint fS(fa)).

fuzzy soft
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semi-closed) if and only ifaAsbdS(fa) = 0 = fpu(fa) (B)(Y)V Fou(9n) (B)(Y)

(respt.sbd'S(fa)< fa). ) and

(7) sbd"S((fa)V/(gs)) < [sbd "S(fa) Asc *5((gB)®)] (fou(fa) A fpu(9a)) (B)(Y)

V/[sbd "S(gs) Asel "S((a)®)]- = fou(fa) (B)(Y) A fpu(9) (B)(y), for B B,y € Y.

(8) sbd*S[faA\ga) [sbd (o) Astl (gs) | [sdl"*(gs) .

Ascl fS(fa)]. Definition 5.3 [24]. Let fp, : F(X,A) — F_(Y, B) be a
9) sbdfsgsbdfs(sbdfs(fA))) = sbd S(sbd S(fa)). mapping andfg,gs € F(Y,B). Then we define the fuzzy
(10) sbd's(fa) = O if and only if fa is a fuzzy soft ~ Softunion and fuzzy soft intersection of fuzzy soft inverse
semi-closed set and a fuzzy soft semi-open set. imagesf,'(fg) andf,'(gs) as :

(L1)faTSNt"S(ga)) < (fa)° \Smtfs(gA) (oot (fe)V ot (98)) (a) (X)

(12)sbd"S(sint *(fa)) < sbd"*(f). — T (fa) @)V fu(G)(@) (0

In the above theorem, (10) gives the relatlonshlp betweelaincjJ

fuzzy soft semi-clopen sets and fuzzy soft semi- boundary(f (fB)/\fpu (98))( )(%)
= o (f8) (@) (YA foit(g8) (@) (%), for a € A, x € X.

. i Theorem 5.4 P4]. Let fa,0a € F(X,A). Then for a
5 Fuzzy soft semi-continuous and Fuzzy soft  function f,, : F(X,A) — F(Y,B) , the following
semi-open mappings statements are true.
(1) fpu(0a) = Og.
Here we define and explore the characterizations ang) fpu( 1A) ig.
propertles of fuzzy soft semi-continuous and fuzzy soft(3) fpu(fAng) _ fpu(fA)\7fpu(gA)-
semi-open mappings in a fuzzy soft topological spaces;, general
First we recall some definitions. ou(Vi((f ) )= \"/ (fpu(fa)i).
Definition 5.1 [24]. Let F(X,A) andF(Y,B) be families (4) fou( faAg ) Fou(f VA Fou(gs)
of fuzzy soft setsu: X — Y andp : A— B be mappings. |- gep;erAal A)= TPulTAJAA TputsB)-
Then image and [nvers_e image of a function fpu(/\ (fa)i )</\ (Foul fa)).
fpu : F(X,A) = F(Y,B) is defined as : _ (5) I fa<ga, thenfou(fa)< fou(ga).
(1) Let fo be a fuzzy soft set iff (X, A). The image offa s s

under o, , written as fpu(fa), is a fuzzy soft set in Theorem 5.5 24] Let f
-~ ) . 8,08 € FSS(X)g. Then for a
F(Y,B) such that foi € p(A) € B, a € p*(B)NAand  fynction f,, : F(X,A) — F(Y,B) , the following

yey, statements are true.
fpu(fa)(B)(Y) = (1) fp*u (Og) = On.
Vxew 19 (Va (fa(@)), u(y) # @,p *(B)NA# @ (2) f (i) = Ia
> otherwise () (Vo) — () k).
for ally € B. fpu(fa) is known as a fuzzy soft image of a Ifn %Ee\r;ezrfal) )= ( 1(f5)0).
fuzzy soft setfa. B <
(2) Letgg be a fuzzy soft set ifr (Y,B) . Then the fuzzy (4) T i (fa/\gs)= fou (fB)/\f ' (0B).
softinverse image afig underfp, , written asf,(gs), is In glgeneral Lx e
a fuzzy soft set ifF (X, A) such that Fou (Ai(T8)i)=Ai (Tpy (fa)i).
(5) If fB<gB, thenf ( )< (gB)
g(p(a))(u(x)),  pla)eB
fgl(gs a)(x) = 0, otherwise, The proof of the following theorem directly follows form
the definitions of fuzzy soft images and inverse fuzzy soft

1 . ) images of fuzzy soft sets.
_ forallxe A fy(gs) is known as a fuzzy softinverse Theorem 5.6 [L6]. Let fp, : F(X,A) — F(Y,B) be a
image of a fuzzy soft segg. function. Then for any fuzzy soft setg,B) in F(Y,B)

) ) o andfa in F(X,A), We have:
The fuzzy soft functionfy, is called fuzzy soft surjective, (1) fp—ul(gB)C (fo Lige))°.

if p andu are surjective. The fuzzy soft functiofy, is 1 <
called fuzzy soft injective, ip andu are injective. (2) fp‘L( @1(98)) 98-
(3) fa< fpu (fpu( ))

Definition 5. [24]. Let fo, : F(X,A) — F(Y,B) be a Note_ that,. iffpy i is §0ft_surjective,th_e equality holds in (2)
mapping andfa, ga € F(X,A). Then we define the fuzzy and if fpy is soft injective, the equality holds in (3).

soft union and fuzzy soft intersection of fuzzy soft images
fou(fa) aNndfpu(gA) as:

(fou(fa)V fpu(9a)) (B)(Y)

Now we define:
Definition 5.7. Let (X, 11,A) and (Y, 12,B) be two fuzzy
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soft topological spaces.

(1) A fuzzy soft mappingfp, : F(X,A) — F(Y,B) is said

to be fuzzy soft semi-continuous, if for any fuzzy soft
open segg in (Y, 12,B), f‘;ul(gg) is fuzzy soft semi-open
in (X, 11,A).

(2) A fuzzy soft mappingfpy, : F(X,A) — F(Y,B) is said

soft topological spaces. Ldty, : F(X,A) — F(Y,B) be a
fuzzy soft mapping. Then the following are equivalent:
(1) fpu is fuzzy soft semi-continuous.

(2) For anygs&F (Y,B), sbd"S(f 5 (g8)) < foi ((g8))-

(3) For anyfa&F (X, A), fpu(scl S(fa)) < fpu(fa).

proof. (1) = (2). Suppose thatfy, is fuzzy soft

to be a fuzzy soft semi-open, if for any fuzzy soft open setgemi-continuous angs be any fuzzy soft set ovaf. Now

fa in (X,11,A),
(Y, T2,B).

fou(fa) is fuzzy soft semi-open in

Remark 5.8. Every fuzzy soft continuous function is

fuzzy soft semi-continuous, since every fuzzy soft open

set is fuzzy soft semi-open in fuzzy soft topological
space.

The proof of the following theorem follows from
Definition 5.7 and Theorem 2 §].

Theorem 5.9.Let (X,11,A) and (Y, 12,B) be two fuzzy
soft topological spaces. Ld}, : F(X,A) — F(Y,B) be a
fuzzy soft mapping. Then the following are equivalent:
(1) fpu is fuzzy soft semi-continuous.

(2) For any fuzzy soft closed sgt in Y, fp‘ul(gB) is fuzzy
soft semi-closed iiX.

Lemma 5.10.Let fpo be a fuzzy soft semi-open set in
fuzzy soft topological spacéX,1,A) andga € F(X,A)
with fAégA, theané (gA)O.

Proof. Sincefa be fuzzy soft semi-open set, Proposition
3.4 implies that fa<(fa)0. Also fa<ga implies that
(fA)°<(ga)®(by ~ Theorem  3.11[29]).  Therefore
(fa)9<(ga) (by Theorem 3.9[29]). Which implies that
fa<(ga)°.

Theorem 5.11. Let (X, 11,A) and(Y, T2, B) be two fuzzy
soft topological spaces. A fuzzy soft mapping
fou: F(X,A) = F(Y,B) is said to be fuzzy soft semi-open
iff for any fuzzy soft set fa € F(X,A), we have
fou((fa)?) <(fpu(fa))°.

Proof. (=) Suppose thaty, is fuzzy soft semi-open then

fou((fa)®) is fuzzy soft semi-open set. Also
fou((fa)?)<fpu(fa). Thus by Lemma 5.10,
fou((f4)%) <(fpu(fa))®.

(<) Supposega be a fuzzy soft open set ifX, 11,A).
Then _
(fou(9a))°< fou(9a) < fpu((9a)°) <(fpu(ga))? implies that
fpu(ga) is fuzzy soft semi-open. Thuky, is fuzzy soft
semi-open mapping.

The following theorem can be proved in a similar fashion.
Theorem 5.12. Let (X, 11,A) and(Y, T2, B) be two fuzzy
soft topological spaces. A fuzzy soft mapping
fou: F(X,A) = F(Y,B) is said to be fuzzy soft semi-open

sbd"S(f ' (g8)) = stl (ot (98)) Ascl (i (98)°)
sl "*(fou(98)) Ascl "S(fout(gR))
fou-((98)) A faui ((98))

= foi((98)A(GR))

= T ((98))
(2) = (1). Let gg be fuzzy soft closed set i¥i. To prove
(1), we just show that[;L}(gB)is fuzzy soft semi-closed in
X. By (2), we have ~
sbdfs(fl;l}(gg))gf@l(ggg))gf@l(gg) implies  that
sbd"S(f,t(98)) < ft(gs). This shows thatf,i(gs) is
fuzzy soft semi-closed iX. o
(1) = (3). SupposefaF(X,A). Since fa is fuzzy soft
closed inY and fyy, is fuzzy soft semi-continuous, then
four(Ta) is fuzzy soft semi-closed such th&t< f ! (Ta).
Soscl 'S(fa) <scl PS(fot(Ta)) = foit(fou(Ta)) implies that
sl fs(I‘A)ifp—ul(fpu(fA)). Hencefpu(scl 15(fa)) < fpu(fa).
(3) = (1). We use Theorem 5.9 to prove (1). Lep be
fuzzy soft closed set i, we show thalfp}}(gs) is fuzzy
soft semi-closed iiX. Since o
Fou(scl (ot (98))) < fpu( foul'(98)) < (98)
implies that .
sol (i (98)) = foud (fpu(scl T3(Ft(98))) < fiui(g8) O
scl '9(foit(g8)) < foit(gB). Hence fl(gs) is fuzzy soft
semi-closed irX.

[l 1A

gs. This

Theorem 5.14. Let (X, 11,A) and(Y, T2, B) be two fuzzy
soft topological spaces. Ldty, : F(X,A) — F(Y,B) be a
fuzzy soft mapping. Then the following are equivalent:
(1) fpu is fuzzy soft semi-continuous.

(2) For anygs€F (Y,B), sl (1 (gs)) < f ot (TB).

Proof. (1) = (2). Suppose that (1) holds, then by above
Theorem 5.13, we getpy(scl F5(fa)) < fou(fa). Consider
gsEF(Y,B). Take  fa fou(98), then

pr(Sdfs(f@l(qB)))ipr(fﬁJl(gB))ig_B-
sl P5( ' (98)) < ol (TB).

(2) = (1). For fuzzy soft seffp in X. Takegs = fpu(fa).
Then  sclS(fa)<sclfS(f,l(gs))<f,i(T@8).  Hence
fou(scl 'S(fa))<fpu(fa). Thus by above Theorem 5.13,
fpu is fuzzy soft semi-continuous. This completes the
proof.

Hence

The proofs of the following lemmas are straightforward
and thus omitted.

iff for any fuzzy soft set gg € F(Y,B),
f-1 OQW Lemma 5.15. Let fa be fuzzy soft set anda be fuzzy
(fpi(98))"<fpi ((98)°)- softf semi-closed set such thatfa<ga. Then
S(fa)<
Theorem 5.13.Let (X, T1,A) and (Y, T2, B) be two fuzzy sod™(fa)<ga
(@© 2015 NSP
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Lemma 5.16. Let fp be fuzzy soft set anda be fuzzy
soft open set such thdif Aga=0. ThenfaAGa =0.

The following proposition follows from the above Lemma
5.16:

Proposition 5.17. Let fa be fuzzy soft set anga be
fuzzy soft open set such thatfaAga=0. Then

faA(9a)=0.

Theorem 5.18. Let (X, 11,A) and(Y, T2, B) be two fuzzy
soft topological spaces. Lép, : F(X,A) — F(Y,B) be a
bijective fuzzy soft mapping. Then the following are
equivalent:

(1) fpu is fuzzy soft semi-open.

(2) For anyggEF (Y,B), ol (sbd"S(gs)) < f 5l (9s).-

Proof. (1) = (2). Suppose that (1) holds aggdcF (Y, B).
Take

ha= (i (90))°. *)
Thenha is fuzzy soft open. Thereforgy(ha) is fuzzy
soft semi-open it (Y, B) implies that(fpu(ha))C is fuzzy
soft semi-closed set M. Also fp, is bijective,(*) implies
thatgs<(fpu(ha))®. Now Lemma 5.15 follows that

fou' (sbd"(g8)) < fii (fpu(ha))©) < (ha)*=((Fiui'(98))°)°
=fit(g8). Hence we havé, ! (sbd"S(gs)) < f 5t (gs).

(2) = (1). Suppose thaka be fuzzy soft open set iX.
Take gs=(fpu(ka))®. Thus ggAfpu(ka)=0 implies

kA/\fF;ul(gB)éf). Proposition 5.17 implies that
ka/Afpi (98)=0. Sofpy!(sbd™(gs))<fyi'(gs) implies
that KA\ ot (sbdS(gg))=0. Therefore

fpu(kA/\fF;ul(sbde(gB)))éfpu(kA)/\sbdfs(gB) follows
that sbdS(gs)<(fpu(ka))®=gs. This shows thatgs is
fuzzy soft semi-closed. Hencépy(ka) is fuzzy soft
semi-open. Hence the proof.

Theorem 5.19. Let (X, 11,A) and(Y, 12, B) be two fuzzy
soft topological spaces. Lép, : F(X,A) — F(Y,B) be a
fuzzy soft mapping. Then the following are equivalent:
(1) fpu is fuzzy soft semi-open.

(2) For anyfa€F (X, A), fpu((fA)O)i((fpu(fA))(i).

Proof. (1) = (2). By (1) and sincefpu((fa)?)< fou(fa),
then fpu((fa)?) is fuzzy soft semi-open. Thus by Lemma
5.10, we have‘pu((fA)O)i((fpu(fA))?).

2 = (@. Let kacF (X,A), then
fpu(kA)%fpu((kA)O)g((fpu(kA))O). This implies that
fou(ka) is a fuzzy soft semi-open set. Hentg, is fuzzy
soft semi-open . Hence the proof.

Conclusion

Theory of fuzzy topology which generalizes the basic

concepts of classical topology has been found to be very

useful in solving many practical problems. Many
researchers worked to fuzzify the different notions such
as Du. et. al fuzzified the very successful 9-intersection
Egenhofer model for depicting topological relations in
Geographic Information Systems(GlIS).

Researchers also showed that notion of fuzzy topology
might be relevant to quantum particles physics and
guantum gravity in connection with string theory agftl
theory.

Soft set theory is very important during the study towards
possible applications in classical and non classical logic
In recent years, many researchers worked on the findings
of structures of soft sets theory initiated by Molodtsov
and applied to many problems having uncertainties. It is
worth mentioning that soft topological spaces based on
soft set theory which is a collection of information
granules is the mathematical formulation of approximate
reasoning about information systems. The researchers
have contributed toward the fuzzification of soft set
theory. In the present work, we continued to investigate
the properties of fuzzy soft semi-open sets and fuzzy soft
semi-closed sets in fuzzy soft topological spaces. We
defined fuzzy soft semi-interior, fuzzy soft semi-closure,
fuzzy soft semi-exterior and fuzzy soft semi-boundary in
fuzzy soft topological spaces. We discussed the
characterizations of fuzzy soft semi-closed and fuzzy soft
semi-open sets via fuzzy soft semi-interior, fuzzy soft
semi-exterior, fuzzy soft semi-closure and fuzzy soft
semi-boundary and have established several interesting
properties. Moreover we defined and discussed the fuzzy
soft semi-continuous and fuzzy soft semi-open functions.
We hope that our findings will help to enhance and
promote the further study on fuzzy soft topology proceed
towards for the practical life application.
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