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Abstract: In this study, we present the exact solution of the optionipg problems based on the fractional Black-Scholes egpuati
by using a modified homotopy perturbation method (MHPM). eer method is a combination of two well-established mathieala
methods, namely, the homotopy perturbation method (HP M }la@ separation of variables method. The proposed methatiasduced
an efficient tool for solving Black-Scholes equation of imoial order. The results show that this scheme is accuratefficient.
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1 Introduction [1]. We denoted the payoff functior$x,t) andp(x,t) for
the European call and put options, respectively. Thus
A financial derivative is an instrument whose price
depends on, or is derived from, the value of another asset C(*t) =Max(x—E,0) ,  p(x,t) =max(E —x,0),
[1]. Often, this underlying asset is a stock. The concept of\hereE is the exercise price. The Black-Scholes equation
financial derivatives is not new. In 1973, Fischer Black has heen increasingly attracting interest over the last two
and Myron Scholes?] derived the famous theoretical gacades since it provides effectively the values of options
valuation formula for options. The main conceptual ideap,; the classical Black-Scholes equation was established
of Black and Scholes lie in the construction of a riskless ,nder some strict assumptions. Therefore, some improved
portfolio taking positions in bonds (cash), option and the y,qdels have been proposed to weaken these assumptions,
underlying stock. The Black-Scholes model (BS) for q,cn as stochastic interest moddl, [ Jump-diffusion
pricing stock options has been applied to many differentmode| M, stochastic volatility model 5], and models
commodities and payoff structures. The Black-Scholesjiih transactions costss[7]. With the discovery of the
model for value of an option is described by the equation fractal structure for financial market, the fractional
Black-Scholes models 8[9,10,11] are derived by

d_V+ }GZXZﬂ +r(t)xd_v —r(t)V=0 replacing the standard Brownian motion involved in the

ot 2 ox2 ox " (1)  classical model with fractional Brownian motion. Option

(x,t) € R" x (0,T), pricing in fractional Black-Scholes markets was proposed
in[12,1314].

whereV (x,t) is the European option price at asset psice Fractional differential equations are increasingly used t
and at time, T is the maturityr (t) is the risk free interest model problems in acoustics and thermal systems,
rate and o(x,t) represents the volatility function of rheology and mechanical systems, signal processing and
underlying asset. It is well-known that problem (1) has asystems identification, control and robotics and other
closed-form solution obtained for the price of a Europeanareas of applications (se&5,16]). The interdisciplinary

call or European put option after several changes ofapplications show the importance and necessity of
variables and solving certain related diffusion equationsfractional calculus. Some promising approximate
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analytical solutions are proposed, such as handle thesmethod, FPDE to be solved is changed into FODE. In this
problems such as Backlunds transformatidd,[Hirotas  paper, the MHPM is used to derive the exact solution of
bilinear method 18,19, the tanh method 70|, the European option pricing problems for the fractional
Laplace transform method, and the Mellin transform Black-Scholes model.

method P1], Differential transform method 22] and

homotopy perturbation metho@3]. Lately, the fractional

differential equations have been solved with converting it preliminaries

into an NLP problem24,25].

The standard homotopy analysis method (HAM), which
was proposed by Liao in his Ph.D. thesis, is the most
effective and convenient one for both linear and nonlinears
equations. Different from perturbation techniques; the g|eyant for their connection with fractional calculusgdan
(HAM) doesnt depend upon any small or large parameter, o qefined as

This method has been successfully applied to solve many ’

types of nonlinear 46,27,28] differential equations. ® A

(HAM) is different from all analytical methods; it Ea(2) = Zoma a>0 zeC

provides us with a simple way to adjust and control the n=
convergence region of the series solution by introducing
the auxiliary para- meter h and the auxiliary function. In

Definition 2.1. The single parameter and the two
arameters variants of the Mittag-leffler function are
enoted byEq(2), andE, g(2) , respectively, which are

fact, it is the auxiliary parameter h that provides us, for Eqp(2) = ZOL a,>0, zeC.
the first time, a simple way to ensure the convergence of ' & (an+B)
the series solution. Due to this reason, it seems reasonable | o
to rename h the convergence-control parameter. It should heir k-th derivatives are
be emphasized that, without the wuse of the dk .

K)oy (k4+n)1Z" B
convergence-parameter, one had to assume that thE,”(z) = — E4(2) z , 0,1,...
homotopy series is convergent. However, with the use of dz & NI (an+ak+1)
the convergence-parameter h, such an assumption is (2)
unnecessary; because it seems that one can always choose
a proper value of h to obtain convergent homotopy-series
solution. Since then, the homotopy analysis method has- (k) (2) = d—kE @ l (k+n)!2" K_ 0.1
been developing greatly and more generalized zeroth-a.8\” — gx o8 nZO nr(an+ak+p)’ — 777
order deformation Equations are suggested by L&) [ A3)

27]. The homotopy perturbation method (HPM) is a series

expansion method used in the solution of nonlinear partiabther properties of the Mittag-leffler functions can be
differential equations. The HPM was introduced by found in [34).

Ji-Huan He in 1998 30|. In general is proved the Definition 2.2. A real functiony(t), t > 0, is said to be in
homotopy perturbation method (HPM) is a special case Ofhe spac€,, U € R if there exists a real numbe(> p),
the homotopy analysis method (HAM) by Sajid and et al sych thaty(t) = tPyy(t), wherey; (t) € C[0, ], and it is
[29]. The HPM is a universal approach which can be usedgid to be in the spac@.{}‘ iff y™ € C,,me N.

to solve both fractional ordinary differential equatiorss a H

well as fractional partial differential equations. Varu thg Riemann-Liouville fractional integral and Caputo
combinations of the methods mentioned previously haveyerivative are defined as follows.

been proposed recently to solve fractional partial pefinition 2.3. The Riemann-Liouville fractional integral
differential equations. Examples of such Comb'nat'onoperator of orderr > 0, of a functiony € C,, > —1, is
methods are the Homotopy Analysis Transform Method,jefined as: - o=

the homotopy perturbation Sumudu transform method,
Laplace homotopy perturbation method, the Variational 1 t
Homotopy Perturbation Method and the Homotopy - /o
Perturbation Transformation Method. Recently, Karbalaie g
et al. 31] found the exact solution of one-dimensional Fy(t) = ().
FPDEs by using truncated versions of modified HPM.
Therefore, by getting inspiration of the ideas, methodséy
and tools of previous works, the novel approach called th .
homo-separation of variables method is developed an Za—él, a, B z(a(i;ndy? —1, are as follows33):
utilized to find the exact solutions of systems of FPDE. J9Py(t) =3 y();
The similar idea can be found ir32,33. This new  2-3%3Py(t) = 3P3y(t);

r

(t—1) Yy(r)dr, a >0,t >0,

Some of the most important properties of operatbifor
e Cy,

approach is constructed by a smart combination of HPM3. J9tY = %t‘”y.
and the separation of variables method. By using this
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Definition 2.4. The Riemann-Liouville fractional and E((T)(> is the m-th derivative of the Mittag-Leffler

derivative ofy is defined as: function. In a special case of the latter theorem, the
following relaxation-oscillation equation is solved:

1 dam
a _ - _ \m—a-—1
form—l<a<mmeN, t>0 yeCM. u(0)=hi, i=12..,n-1,

Definition 2.5. The fractional derivative of(t) in the
Caputo sense is defined as:

P =IO / G Qdt+ 3 bpf G (11)
t 2(t — t+ 2(t),
- e oy @ % ’

- T(m-a

whereb; are real constants amd- 1 < a < n. By utilizing
theorem 2.6, we obtain the solution of Eq. (10) as follows:

whereG;(t) =t E, o (—At9). It is easy to see that if
0 < o < 1; then the solution of Eq. (10) becomes as
follows:

form—1<a<mmeN,t>0,yeCM. Note that the

relation between Riemann-Liouville fractional integral
operator and modified Riemann-Liouville fractional
differential operator is given by fractional Leibnitz / Galt — ¢

a-1
formulation as follows G)dt +boDy "Ga(t).  (12)

m—1tk
apna _ papa _ k . .
DO =D = (1) = 5 70 3 The Homo-Separation of Variables Method
m-1l<a<m The Homotopy Perturbation Method (HPM) is an especial

. . . case of the standard homotopy analysis method (HAM).
Theorem 2.6. Consider the following n-term linear The Homotopy Perturbatior?y Metﬁloél (HPM) (is a)
fractional differential equation: combination of the Homotopy technique and the classical
Perturbation Method. In this section, the algorithm of this
method is briefly illustrated. To achieve our goal, we
consider the nonlinear partial differential equation:

(aDP" +a,— 1D+ aDP)uit) = (1), (4)

with the constant initial condition:

uji(o):Ciji7 i:0717"'7n7 ji:1727"'7|i7 (5) L(U);N(U)_f(r):O’ rEQ’ (13)
u
whereaq;, Gj, € R, nj—1< i < nj, n € NJ{0} and B(u,%) =0, refl,
Bo<Bri<..<Bri<n<Br<n+l (6) wherelL is a linear operator, N is a nonlinear operar,

is a boundary operatoF, is the boundary of the domain
Then, we see that the analytical general solution of Eq. (4)X2, and f(r) is a known analytical function. By using the
is homotopy perturbation technique, we construct a
o I homotopw(r, p) : Q x [0,1] — R which satisfies:

)= [ et 2,2 Z aci G M0 (v p) = L(v) — (o) + pL(vo) + PINW) — (1) =
7) 0<p<l
(14

whereGn(t) is the Green function and itis defined as wherer € Q andug is an initial approximation for Eq. (13)

12 (—pm andp is an embedding parameter. When the value o
Gn(t) = a z = X > (M;ko, k1, ....kn—2)  changed fronp = 0 to p= 1, we can easily see that
m=0 ; Ko+Ki+...+Kn_2=m
— H (Va O) = L(V) - L(UO) = Oa (15)
|—| @ kpt (Bn—Bn- 1>m+ﬁn+2 §(Bn-1-Bj)kj—1
- an
P=0 H(v,1) = L(v) + N(v) — f(r) =0. (16)
E( m) ( an— 1Dﬁn Bn- 1) . . . .
Br—Bo 1.Bnt+3=3(Bn1-B)ki—1" & This changing process is called deformation, and Eq. (15)
(8) and (16) are called homotopic in field of topology. We can
assume that the solution of Eq. (14) can be expressed as a
where power series in p, as given below
m w0
(M ko, ka, ..., kn—2) = Kolkdl kool 9 Vz_Z)p'vi =Vo+ pvi+ pVa+ ..., 17)
1=
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In case the p-parameter is considered as small, the be&y utilizing the results in Eqg. (24), and substituting them

approximation for the solution of Eq. (13) is: into Eq. (22), we get an accuraté approximation of the
. exact solution as follows
u:Iimv:Zjvi:vo+v1+v2+..., (18) n
Pl S Un(X,t) =Vo+Vi+...+Vh= Zjvi. (25)
i=

Now we are able to apply the HPM to solve the class of
time fractional partial differential equations defined asIn Eq. (25), if there exists som& = 0, n > 1; then the

follows: exact solution can be written in the following form
D u(x,t) = L(u(x,t)) +N(u(xt)) + f(x,t), 19 n-1
Cuit) (uixt)) (Uoe) +10xt) (19) uxt)=vo+vi+..+Vvh_1= Zjvi. (26)
subject to the initial conditionu(x,0) = g(x), and i=

0 < a <1 in Df, which is identical to the Caputo
fractional derivative of ordera. According to the
homotopy perturbation technique (HPM), we can
construct the following homotopy

For simplicity, we assume that(x,t) = 0 in Eq. (26),
which means that the exact solution in Eq. (13) is
u(x,t) = vp(x,t), and solving Eq. (13), we obtain the
result
H(v(x.1),p) = (1 p)[Df (v(x,t)) — Df (o(x,1))]+ Uo(xt) =Vo(x,t). 27)
p[DF (V(x,t)) — L(v(x,t)) — N(v(x,t)) — f(x,t)] = O, Therefore, we have(x,t) = upg(X,t) = Vp(x,t). Now we
(20)  can introduce the core of the work in this paper. At first,
we consider the initial approximation of Eq.(19) as follows
wherep € [0,1] andug(x,t) is an initial approximation of
the solution of Eq.(19) which also satisfies the initial Up(X,t) = u(x,0)cy (t) +u(x)cz(t), (28)
condition. By simplifying Eq. (20) we get ) o N
whereu(x, 0) is the initial condition of Eq.(19), ana(x) =
Dy (v(x,t)) = Df' (Uo(x.t))+ ux0) The task now is to find the ternag(t) andca(t) to

21 d
p[DF (Up(X,t)) — L(V(x,t)) — N(v(x,t)) — f(x,t)], (21) obt)élin the exact solution of the FPDE in (19). Singe t)
where the embedding parameteris considered to be

satisfies the initial condition, we get
small and applied to the classical perturbation technique. u(x,0) = vo(x,0) = u(x,0)cy(0) + u(x)c2(0) = g(x), (29)
The next step is to use this homotopy parameieio

expand the solution into the following form: therefore
5 c1(0)=1, c(0)=0. (30)
V(X,t) = Vo(X,t) + pvi(X,t) + pVa(X,t) + ..., (22) On the other hand, we have
eventually, atp = 1, we will obtain the approximate o A B
solution of Eq. (19). By substituting (22) into (21) and D’ (va(x,1)) = Dr' (Uo(x, 1)) — L(o(x,)) (31)
equating the terms with identical powers pf a set of —N(vo(x,t)) = f(x,t) =0.

ti is obtai follows: I . .
equations is obtained as follows By substituting Eq. (28) and (27) into Eq. (31), we obtain

P: D (10(x 1)) =DF (Lo(x, 1) U, 0)DF (€ 1) + u(X)D (calt)) =
p':Df (vi(x,t)) = D (Vo(x,t)) —L(vo(x,t))  (23) L(u(x,0)cy(t) + u(x)ca(t)) (32)
—N(vo(x,1)) = f(x,1), +N(u(x,0)ca(t) + u(x)ca(t)) + f(x.b).

In this case, the partial differential equation is changed
into an ODE, which simplifies the problem at hand. The
exact solution of the PDE is found when the target
unknownscy(t) and cy(t) are computed; by utilizing
Eq.(32) and the initial conditions in Eq. (30).

Applying the operatod?, which is the Riemann- Liouville
fractional integral of ordesr > 0, on both sides of all cases
of Eq.(24), the solution can be given by

Vo(X,t) = Up(X,1),
V]_(X,t) = ‘][a [Dta (VO(Xat)) - L(VO(Xat)) (24) 4 Numerical Examples
—N(vo(x.t)) — f(x.1)],

In the section, we use our approach and investigate it's
accuracy through the Option pricing models based on the
time-fractional differential equations.
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which is an exact solution of the given classic
Example 4.1. Consider the following fractional Black-Scholes equation.
Black-Scholes option pricing equatiodd]

Example 4.2. Consider the following generalized

9% _ 0% ou fractional Black-Scholes equation as follov@sT]:
m—a_ﬁ+(k_1)&_kuv (33)
: i . 9% 2,0% du
where 0 < a < 1, with initial condition = +0.08(2+8in(x)) X 5 + 0.06x- — 0.06u= 0,
u(x,0) = max(e* - 1,0). ot ox ox

. . o (42)
Note that this system of equations contains just WOuith 0 <« a < 1 and initial condition

dimensionless parametets= 2, where k represents the (%, 0) = max(x — 25006 0).

balance between the rate of interests and the variabilityo]c we choose the initial approximation (28) for this

. . . 2
stock returns and the dlmen_5|onle§s time to exlﬁgl, problem; then we obtaii (t) = c,(t) = 0. In this case,
even though there are four dimensional paramef&rs,  we earn the trivial solutioru(xt) = 0. Therefore, we
o<, andr, in the original statements of the problem. choose the initial approximation as follows

To solve (33) by using the proposed homo-separation of
variables method, we choose the initial approximation as  up(x,t) = u(x,0)cy(t) + xu(x)cx(t)

follows: = max(x — 25728 0)cy () + xca(t), 43)
Uo(X,t) = u(x,0)cy(t) + u(x)co(t) (34) N
— max(e“— 1,0)cy(t) + max(e¥, 0)ca(t) then
then DY (vi(x,t)) =D& (max(x — 25e~%%6 0)cy (t) + xca(t))
+0.06x(cq(t) + co(t))
D (v1(x,t)) =D (max(e“ — 1,0)cy (t) + max(e",0)cy(t))

o —tmax(ex, 0)cu(t) —1max(e", 0)ca(t) i — 0.06(max(x—~ 25e72%,0)cu(t) + xca(t))
(~k+ 1) (mex(eX,0)ca(t) + max(€ 0 (t) =2 ”
+k(max(e* — 1,0)cy(t) + max(e*, 0)co(t))
=0, Now, we obtain the fractional differential system

35
(35) {DtaCl(t) —0.06c4(t) =0, (45)
DZ (va(x,t)) =D& (max(e* — 1,0)cy (t) + max(e*, 0)cy(t)) c(0)=1,
— kmax(€,0)ca (t) 4+ kmax(e“ — 1,0)cq(t)
_o. {D{’Cz(t) +0.06¢,(t) =0, (46)
(36) c2(0) =0,
We obtain the fractional differential system Solving Eq. (45) and (46) by applying Eqg. (12), we obtain
DY ki -0, c1(t) = Eq(0.06t7),
{1 (37) alt) = 1 Ea(0.087), “n
{Dta Calt) — kea(t) =0, (38) and the exact solution is
c2(0) =0. u(x,t) = max(x — 25e~%%¢ 0)E, (0.06t%) 48
Solving Eq. (37) and (38) by applying Eq. (12), we obtain +X(1—Eq(0.06t7)), (48)
ci(t) = Ea(—ktY), (39) which is the exact solution of the given fractional Black-

Co(t) =1—Eq(—kt?), Scholes equation, for pricing the European option.

o The exact solution of the given option pricing equation for
and the exact solution is a=1is
u(x,t) = max(e* — 1,0)Eq (—kt?) 0.06 (1) 0.06 0.08t
40 u(x,t) = max(x— 25 --°,0) e +x(1—e*"7). (49
+ max(€*,0)(1— Eq(—kt?)), (40) (xt) ( ) ( ). (49)
whereE, (z) is Mittag-Leffler function in one parameter. .
The analytical solution of this problem is consistent with © Conclusion

the result obtained by Kumar and et &6]. For casex = ] )
1, we have In this paper, we have proposed a new analytical method

based on the homotopy perturbation method (HPM) for
u(xt) = max(e* —1,0)e ™ + max(e*,0)(1—e¥), (41)  pricing European option of the fractional Black-Scholes
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model. This method is intuitive and very easy to [13]M. A. M. Ghandehari and M. Ranjbar, European option
understand. new approach converts the fractional pricing of fractional version of the Black- Scholes model:

Black-Scholes equation into a system of ordinary Approach via expansion in series, International Journal of
differential equations (ODEs) and after that proceeds to  Nonlinear Sciencel7, 105-110 (2014).

solve the resulting ODE. Finally, the resulting [14M. A. M. Ghandehari and M. Ranjbar, Barrier options

homo-separation of variables method, which is analytical, ~Pricing of fractional version of the Black-Scholes model.
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