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Abstract: Our aim in this paper is to introduce and study a new sort afyffuernary subsemigroup (left ideal, right ideal, latedaal,
quasi-ideal, bi-ideal) of a ternary semigroup, calledrvaévalued(a, 3)-fuzzy ternary subsemigroup (left ideal, right ideal, fate
ideal, quasi-ideal, bi-ideal). We also characterize ragtdrnary semigroups in terms of these interval-valuedyfudeals.
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1 Introduction paper of Bhakat and Dasl4] by using the combined
notions of “belongingness” and “quasi-coincidence” of
The study of ternary algebraic systems was initiated byfuzzy point and fuzzy set, which was introduced by Pu
Lehmer [I] in 1932. He investigated certain algebraic and Liu [15]. In fact, the (€, € vq)-fuzzy subgroup is a
systems which turn out to be ternary groups. Ban&th [  significant generalization of Rosenfeld’s fuzzy subgroup.
showed by an example that a ternary semigroup does nothe present authors in1§], defined and discussed
necessarily reduced to an ordinary semigroup. Sio8pn [ (a,3)-fuzzy ideals in ternary semigroups. For further
studied ternary semigroups with a special reference oktudies on this topic the reader is referred 1d,]8,19,
ideals and radicals. He also introduced the notion of20]. Akram et al. in P1] introduced the notion of
regular ternary semigroup and characterized them byinterval-valued(a,B8)-fuzzy k-algebras. Zhan et al. put
using the notion of quasi-ideals. Dixit and Dewan studiedforth the idea of interval-valuede, € vq)-fuzzy fuzzy
quasi-ideals and bi-ideals of ternary semigroup in hisfilters in pseudo BL-algebrap]. Ma et al. discussed
paper #]. The algebraic structures play a prominent role interval-valued fuzzy ideals of pseudo MV-agebras (see
in mathematics with wide range of applications in variety [23]). Recently Shabir and Mahmood studied
of disciplines such as computer science, informationinterval-valued a, 3)-fuzzy ideals of hemirings.
science, control engineering, pattern recognition etc. In this paper we initiate the study of interaval-valued
The theory of fuzzy sets was first developed by Zadeh(e, e vq)-fuzzy ternary subsemigroups (left ideals, right
[5] and has been applied to many branches inideals), interval-valuede, € vq)-fuzzy quasi-ideals and
mathematics. Rosenfeld started the fuzzification ofjnterval-valued (€,€ vq)-fuzzy bi-ideals in teranary
algebraic structure$]. Kuroki is responsible for much of = semigroups and several related properties are studied. We

ideal theory of fuzzy semigroups (se€,8,9,10,11]).  also characterize regular ternary semigroups in terms of
Later, in 1975 Zadeh made an extension of the concept ofhese ideals.

a fuzzy set by an interval-valued fuzzy set, that is, a fuzzy

set with an interval-valued membership functidt?]

The interval-valued fuzzy subgroups were first defined - .

and studied by Biswas1f which are the fuzzy <2 Préliminaries

subgroups of the same nature of the the fuzzy subgroups

defined by Rosenfeld. A new type of fuzzy subgroup, thatA ternary semigroup is an algebraic struct(®g |) with
is, (€, € vq)-fuzzy subgroup was introduced in an earlier one ternary operation satisfying the associative law:
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[XaXoX3] XaXs] = [X1 [XoXaXa]Xs] = [X1X2 [XgXaXs]] for
all x1,%2,X3,X4,%5 € S. For the sake of convenience,
[x1%oxs] will be written as Xixoxs' and consider the
ternary operation as multiplication. A non-empty sulfset
of a ternary semigroufis called a ternary subsemigroup
of Sif AAAC A. By a left (right, lateral) ideal of a ternary
semigroupS we mean a non-empty subsatof S such
that SSAC A (ASSC A, SASC A). If a non-empty subset
A of Sis a left and right ideal 0§, then it is called a two
sided ideal ofS. If a non-empty subsef of a ternary
semigroupSis a left, right and lateral ideal &, then it is
called an ideal ofS. A non-empty subsef of a ternary
semigroup S is called a quasi-ideal ofS if
ASSVISASVISSAC A andASS1SSASB SSAC A Ais
called a bi-ideal ofSif it is a ternary subsemigroup &
and ASASAC A. A non-empty subseA of a ternary
semigroupS is called a generalized bi-ideal @ if
ASASAC A ltis clear that every left (right, lateral) ideal

of Sis a quasi-ideal, every quasi-ideal is a bi-ideal and

every bi-ideal is a generalized bi-ideal &fAn elementa
of a ternary semigrou$is called regular if there exists an
elementx € Ssuch thabixa= a. A ternary semigroufis
called regular if every element &is regular.

2.1 Example

LetZ~ be the set of all negative integers. Then with usual

ternary multiplicationZ~ forms a ternary semigroup.

2.2 Example

The set of all odd permutations of a non-empty Xet
under ternary composition forms a ternary semigroup.

2.3 Example

LetS={-i,0,i}. ThenSis a ternary semigroup under the
ternary multiplication of complex numbers.

2.4 Theorem3]

A ternary semigrous is regular if and only ifRNMN
L = RMLfor every rightideaR, every lateral idedll and
every leftideal of S.

2.5 Theorem24]

The following conditions on a ternary semigro§uare
equivalent:

(1) Sis regular;

(2) BSBSB-= B for every bi-ideaB of S

(3) QSQSQ= Qfor every quasi-idedD of S.

2.6 Theorem24]

The following conditions on a ternary semigro§uare
equivalent:

(1) Sis regular;

(2) RNL = RSLfor every right ideaR and every left
idealL of S.

By an interval numbes we mean a closed subinterval
[a=,a*] where 0< a~ < a® < 1. The set of all interval
numbers is denoted b[0,1]. The intervalla,al can be
identified by the numbem < [0,1]. For the interval
numbersy = [a,a;"] andb; = [b;",b"] € D[0,1], i € A,
we define

& Vb = rmax{a, b} = [max@, b ), max@", b )],

& Abj = rmin{&,b;} = [min(&",b),min(a", b )],

infa& = [Aiead , Aiend] , rSUPE = [Viead , Viead | .
Define onD [0, 1] an order relation £” by

(1)@ <a<+a <a, andaj <aj
(2@ =a<a =a, anda] =aj
Ba<dmp—ag<dpanda £a

(4) k& = [ka ,ka ], whenever O< k < 1.

It is clear that the set(D[0,1],<,Vv,A) forms a
complete bounded lattice withh = rmin, vV = rmax,
0= [0,0] as the bottom element arid= [1,1] as the top
element. For any two interval-valued fuzzy subsetsnd
pof S A < g means that, forake S A (x) < 1 (x).

A fuzzy subsefl of a universeSis a function fromS
into the unit closed interva0, 1], that is,A : S— [0,1].

Let Sbe a set. A mapping : S— D|0,1] is called an
interval-valued fuzzy set of.

For three interval-valued fuzzy subsatsi andv of a
ternary semigrouf® we define the multiplication of these
interval-valued fuzzy subsets 8fy:

Vaoxyz{A (AR AV ()}
if there existx,y,z € Ssuch that = xyz
(0,0 otherwise.

(Xoﬂog) (a)=

forallae S _ -
The symbols\ A i andA Vv i will mean the following
interval-valued fuzzy subsets 8f

(AAR) ) =A (AR
(Xvﬁ) (X)=A(X)VH(X) forallxe s

If AC S then the~interval-valued characteristic
function of A is a functionCp of Sdefined by:

1,1 if xe A

éA(X):{[ 0] if x& A
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Let A be an interval valued fuzzy subset of a ternary 3.1 Definition

semigrous. Then the crisp set
u (X;tN) = {xe S:A(X) 2?},

wheret € D[0, 1], is called the level subset af

2.7 Definition

Aninterval-valued fuzzy subsatofa ternary semigroup

An interval-valued fuzzy subsét of a ternary semigroup
S is called an interval-valued(a,3)-fuzzy ternary
subsemigroup o8, if: N

(T) %o A, yra A andzsa A implies (xyz)rmm{ﬁﬁg} B
A for allx,y,ze S wheret, T, S€ D[0, 1].
_ Let A be an interval-valued fuzzy set &such that
A(x) <[0.5,0.5], for all x € S. Suppose thak € S and

is called an interval-valued fuzzy ternary subsemigroup ofl0;:0l <t < [1,1] be such thak: € AgA. ThenA(x) >t

Sif A (xy2) > rmin{X(x), X(y), X(z)} forallx,y,ze S

2.8 Definition

An interval-valued fuzzy subsat of a ternary semigroup
Sis called an interval-valued fuzzy left (right, lateralial
of Sif

A(xy2 > A(2) ()\ (x), A (y)) forall x,y,ze S

2.9 Definition

An interval-valued fuzzy subset (ternary subsemigr&up)
of a ternary semigrou$is called an interval-valued fuzzy
generalized bi-ideal (bi-ideal) of S if

A (xuyva > rmin{)\(x), Ay), /\(z)} for all x, y, z, u,
ve S

3 Interval-valued (a,3)-fuzzy ideals

Throughout this pape® will denote a ternary semigroup
and a, B € {€,0, €Vvqg, € Aq} unless otherwise
specified.

The concept of quasi-coincidence of a fuzzy point can
be extended to the concept of quasi-coincidence of a

interval-valued fuzzy set.
An interval-valued fuzzy set of a ternary semigroup

Sof the form
Ty = JTEF0.0]) ify=x,
A =G0 i
is called an interval-valued fuzzy point with suppgrt

and interval-valuet and is denoted byx. An
interval-valued fuzzy poink; is said to belongs to (resp.

be quasi-coincident with) an interval-valued fuzzy et
written as X € A (resp. quX) if X(x) > t(resp.
X(x) +t > [1,1]). If € A or quX, then we write
X € VOA. If X € A andqu)T, then we writex: € AGA. The
symbol€Vq means the statemeatvq does not hold.

We also emphasis th@ = [a~,a’| must satisfy the
following properties:

[a~,a™] < [0.5,0.5] or [0.5,0.5] < [a~,a"] forall xe S.

|

and A(x) +t > [L1. It follows that
[1,1] < A(X) +T < A(X) + A (X) = 2A(x), which implies

A(X) > [0.5,0.5]. This means tha{xﬂ X € AqX} =0.
Therefore, the caser =< Aq in above definition is
omitted.

3.2 Definition

An interval-valued fuzzy subsét of a ternary semigroup
Sis called an interval-value@, 8)-fuzzy left (resp. right,
lateral) ideal ofS, wherea #€ Aq, if it satisfy:

(T22 za A j;md X,y € S implies (xyz)fBX (resp.
(ZxPeBA, (XZYeBA).

3.3 Definition

An interval-valued fuzzy subsat of a ternary semigroup
Sis called an interval-value(, 3)-fuzzy two sided ideal
of Sif it is both an interval-valueda, 3)-fuzzy left ideal
and interval-valued(a, 8)-fuzzy right ideal of S An
interval-valued fuzzy subset of a ternary semigr&iis
called an interval-valueft, 3)-fuzzy ideal ofSif it is an
interval-valued (o, 8)-fuzzy left ideal, interval-valued
(a,B)-fuzzy right ideal and interval-value@, 8)-fuzzy
ateral ideal ofS.

3.4 Definition

An interval-valued fuzzy subsat of a ternary semigroup
Sis called an interval-value@o, 3)-fuzzy bi-ideal of S,
wherea #€ Aq, if it satisfies the conditions (T1) and (T3),
where,

(T3) For allu, v, X, ¥, z€ S and [0,0] < 4, s,

t6 € D[0,1], x,0aA, yzar and zaA implies
(xuyvarmin{ﬂf&fe} BA.
3.5 Definition

An interval-valued fuzzy subsét of a ternary semigroup
Sis called an interval-valueth, 8)-fuzzy generalized bi-
ideal of S, wherea #¢€ Aq, if it satisfies the condition (T3).
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3.6 Lemma ProofLet X, y, Z € Ao. ThenA (x) > [0,0], A (y) > [0,0],
~ Az > [0,0. Suppose A(xyz = [0,0]. If
An interval-valued fuzzy subset of a ternary semigroup {e, €vaq}, then X an, Vi an, Z a)\ but
b) 1 A

Sis an interval-valued fuzzy ternary subsemigroupSpf

if and only if A is an interval-valuede, €)-fuzzy ternary
subsemigroup o%.

ProofLet A be an interval-valued fuzzy ternary
subsemigroup ofS. Let x, y, z € S and [0,0] < fy, B,

t3€D[0 1] be such thax;, €, Y6, ) andz, €. Then

)\(x) t1, X(y) > b, /\(z) 3. Sinced is an
|nterval valued fuzzy ternary subsemlgroup 8f so

A (xy2 > rmm{)\( ),)\(y),)\(z)} > rmin{t, &, ).

Hence(xyz)rmin{ﬂfzfs} €4

Conversely, assume that is an interval-valued
(€, €)-fuzzy ternary subsemigroup & Suppose on the
contrary that there existx, y, z € S such that

A (xy2 < )\( YAA( )/\)\( 7). Let [0,0] <t < [1,1] be
such that\ (xy2 <t </\( )/\)\ (y)AX( z). Thenx; €,
Yr € A andz € A but (xy2)g ZA, which contradicts our
hypothesis. Henca (xy2 > A (X (x )/\)\ (y )/\)\ (2).

3.7 Lemma

An interval-valued fuzzy subsat of a ternary semigroup
Sis an interval-valued fuzzy left (right, lateral) ideal ®if

and only ifA is an interval-valuede, €)-fuzzy left (right,
lateral) ideal ofS.

ProofThe proof is similar to the proof of Lemma 3.6.

In a similar fashion we can prove
lemma.

the following

3.8 Lemma

An interval-valued fuzzy subseét of a ternary semigroup
S is an

(bi-ideal) of S if and only if A is an interval-valued
(€, €)-fuzzy generalized bi-ideal (bi-ideal) &

3.9 Theorem

Let A be a non-zero interval-valuddr, 3)-fuzzy ternary
subsemigroup (resp. left ideal, right ideal, lateral ijiedl
a ternary  semigroup S Then the  set

Ao {xe S:A (x) > [0, 0]} is a (crisp) ternary
subsemigroup (resp. left ideal, right ideal, lateral ijledl

interval-valued fuzzy generalized bi-ideal 5

) )
Axy3d = [0,0] < rmm{A(),)\(y),X(z)} and

A Gy +min{A (0, A (), A @} < 0,0 + [1,1]

[ ] rmln{ (x) /\(z)}B)\ for
every B € {€,9,€ vq,€ Aq}, which is a contradiction.
HenceA (xy2) > [0,0], that is,xyze Ao

Also X, 1]q)\ YL, 1]q)\ z, 1]q)\ but (xy2), y B)\ for
everyB € {€,q, €Vvg, €Aq}. HenceA (xy2 > [0,0].
Thus, xyz € Xo. This implies that Xo is a ternary
subsemigroup o8.

This implies that(xy2)

3.10 Theorem

Let A be a non-zero interval- -valueda, B)-fuzzy
generalized bi-ideal (bi- |deal) of a ternary semigrdbip

Then the sethq = {xeS A (x) >0, O]} is a (crisp)
generalized bi-ideal (bi-ideal) &

ProofThe proof is similar to the proof of Theorem 3.9.

3.11 Theorem

LetL be a non-empty subset of a ternary semigrSamd
a € {€,q, €Vvqg}. ThenL is a left (resp. right, lateral)
ideal of Sif and only if the interval-valued fuzzy subskt
of Sdefined by:

< >10.5,0.5]if xelL

A= { [[0,0] e oL

is an interval-valueda, € vq)-fuzzy left (resp. right,
lateral) ideal ofS.

ProofSupposé. is a leftideal ofS.

(1) Letx, y, ze Sand[0,0] < t < [1,1] be such that
z < A. Then (2) > t and soz € L. This implies that
Xxyz € L. Thus, if t < [0505], then
A(xy > [0.5,0.5] > T implies A (xy2 > t, that is,
(xy2r € A If t > 05,05, then
A (xy2 +1 > [0.5,0.5 4 [0.5,0.5] = [1,1]. This implies
that (xyz)qu. Therefore, (xy2); € VOA. Thus, A is an

interval-valued e, € vq)-fuzzy left ideal ofS.

(2) Letx, y, ze Sand[0,0] < t < [1,1] be such that
zfq)\ ThenA (z (z)+t > [1,1], impliesz € L. This implies
that xyz € L. Thus, if t < [05,05], then
A (xy2 > [0.5,0.5] > . This implies that(xy2; € A. If
t > [0.5,0.5], then
A (xy2 +T > [0.5,0.5 + [0.5,0.5] = [1,1]. This implies
that A (xy2 +t > [1,1], that is, (xy2rgA. Thus,
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(xy2y € VaA. This shows thath is an interval-valued
(g, € vq)-fuzzy left ideal ofS. N

(3) Letx, y, ze Sand[0,0] <t < [1,1] be such that
S VgA. This implies thatz € A or z(qX. ThenA (2>t
or A (2) +T> [1,1]. Thus, ifA (2) > T, thenz € L. This
implies thatxyze L. If A (2)+t > [1,1], thenz € L. This
implies thatxyze L. Analogous to(1) and(2) we obtain
(XyZr € VA,

HenceA is an interval-valuede Vvaq, € vq)-fuzzy left
ideal of S, ~

Conversely, assume that is an interval-valued

(a,e vq)-fuzzy left ideal ofS. ThenL = Xo. Thus, by
Theorem 3.9L is a left ideal ofS.

In a similar fashion we can prove the following
theorems.

3.12 Theorem

Let A be a non-empty subset of a ternary semigr8and
a €{e, q, € Vvq}. ThenAis a ternary subsemigroup (bi-
ideal, generalized bi-ideal) &if and only if the interval-

valued fuzzy subset of Sdefined by:

<~ . [>]05,05]if xeA
)‘(X)—{ 0,0] ifxeS—A
is an interval-valued (a,€ vq)-fuzzy ternary

subsemigroup (bi-ideal, generalized bi-idealof

3.13 Proposition

Every interval-valued (g, Vvq)-fuzzy ternary

subsemigroup (left ideal, right ideal, lateral ideal) of a Choose

ternary semigrou@is an interval-valuede, € \vq)-fuzzy
ternary subsemigroup (left ideal, right ideal, laterakide
of S.

3.14 Remark

Every interval-valueda, 3)-fuzzy ternary subsemigroup
(left ideal, right ideal, lateral ideal, bi-ideal, genézal
bi-ideal) of a ternary semigrou is an interval-valued
(a,e vq)-fuzzy (left ideal, right ideal, lateral ideal,
bi-ideal, generalized bi-ideal) &

3.15 Remark
Every interval-valued (a,€ vq)-fuzzy  ternary
subsemigroup (left ideal, right ideal, lateral ideal,

bi-ideal, generalized bi-ideal) of a ternary semigr&ig
an interval-valuede, € Vq)-fuzzy ternary subsemigroup
(left ideal, right ideal, lateral ideal, bi-ideal, genézald
bi-ideal) ofS.

The above remarks show the importance of
interval-valued (€, € \vq)-fuzzy ternary subsemigroup
(left ideal, right ideal, lateral ideal, bi-ideal, genézald
bi-ideal) in interval-valued (a,p)-fuzzy ternary
subsemigroup (left ideal, right ideal, lateral ideal,
bi-ideal, generalized bi-ideal) of a ternary semigrdaip
Therefore, in next section we study interval-valued
(€, € vq)-fuzzy ideals of a ternary semigro&p

4 Interval-valued (€, € Vq)-fuzzy ideals

Recall that an interval-valued fuzzy subgebf a ternary
semigroupS is called an interval-valuegc, € \vq)-fuzzy

left (right, lateral) ideal oSif z- € A andx,y € Simplies
(xy2r € VOA ((zxwfe VOA, (xzyyr € \/qX) for all
[0,0] <t <[1,1].

4.1 Theorem

Let A be an interval-valued fuzzy subset of a ternary

semigroup S. Then A is an interval-valued
(e, € vq)-fuzzy left (right, lateral) ideal oSif and only if

A (xy2 > rmin {X (2), 0.5, 0.5]}
6 (xy2 rmin{X (x), [0.5,0.5]},
A (xy2) > rmin {X (y), [0.5,0.5] }).

>

ProofLet A be an interval-valued e, € vq)-fuzzy left
ideal of S. Assume on the contrary that there exist

XY,z € S such thatA (xy2 < rmin{X (2), [0.5,0.5]}.
00 < t < [1,7 such  that
A(xyd <t < rmin{)\ (2), [0.5, o.5]}. Thenz € A but

(Xy2; € \/qX, which is a contradiction. Hence
A (xy2 > rmin {X (2), [0.5,0.5]}.
Conversely, assume that

X(xyz) > rmin{X (2), [0.5, 0.5]}. Let z € A. Then
A2 > t. Now,
A (xy2) > rmin{)\ (2), [0.5, 0.5]} > rmin{t, [0.5,0.5]}.
If T <0505, then A(xy2 > T so (xy2r € A. If
t > [0505], then A(xy2 > [0505]. Thus,
A (xy2 +1 > [0.5,0.5] + [0.5,0.5] = [1,1]. This implies
that (xy2;gA. Hence(xyz; € VgA. Therefore,A is an
interval-valued e, € vq)-fuzzy left ideal ofS.

4.2 Corollary

Let A be an interval-valued fuzzy subset of a ternary
semigroup S. Then A is an interval-valued
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(€,€ vq)-fuzzy two sided ideal ofS if and only if
Ay > rmin{A (2), [o.5,o.5]} and

A (xy2) > rmin{X (x), [o.5,o.5]}.

4.3 Theorem

The intersection of interval-value@, € vq)-fuzzy left
(right, lateral) ideals of a ternary semigrouis an
interval-valued(e, € vq)-fuzzy left (right, lateral) ideal
of S.

ProoflLet {Xi}_ be a family of interval-valued

ieN
(€,€ vq)-fuzzy left ideals of a ternary semigroipand
X, y,2€S

Since each is an interval-valuede, € \vq)-fuzzy left

ideal of S s0 A (xy2 > A (2) A[0.5,0.5] for eachi € A.
Thus,

(Mieah) 092 = Aieaki (72 > Niea (% (2) 7 [05,0.])
- (/\ig/\)\ )/\ [0.5,0.5]
- (/\ig/\)\i) (2) A[0.5,0.5].

Thus,(AieAXi) (xy2) > (A.e/\)\ ) (2) A[0.5,0.5].

Hence AicaAj is an interval-valued €, € vq)-fuzzy
left ideal of S.

4.4 Theorem

An interval-valued fuzzy subseét of a ternary semigroup
S is an interval-valued (€, Vvq)-fuzzy ternary
subsemigroup o8 if and only if

A (xy2) > rmin{i (X), A (y), A (2), [0.5, o.5]}.

ProofThe proof follows from the Theorem 4.1.

4.5 Remark

Every (€, €)-fuzzy ternary subsemigroup of a ternary
semigrougSis an interval-valuede, € vq)-fuzzy ternary
subsemigroup 0% but the converse need not be true.

4.6 Example

Let S={—i, 0, i}. ThenSis a ternary semigroup under

4.7 Theorem

Aninterval-valued fuzzy subsatofa ternary semigroup
is an interval-valuede, € vq)-fuzzy generalized bi-ideal
of Sif and only if

A (xuyva > rmin{A ), A(y), A (2), [o.5,o.5]} for
allu v, x,y,ze S

ProofAssume that A is an interval-valued
(€,€ vq)-fuzzy generalized bi-ideal &. Suppose on the
contrary that there exist v, X, y, z€ Ssuch that

A (xuyvy < rmm{)\( ), A(y), A (2), [05, 05]}
Choos€0, 0] <t <[1,1] such that

A (xuyvz < t <
rmln{/\ ), A(y), A (2), [0.5,0.5]}. Then % € A,
e € A and z € A but

(xuyvjrmm{“t}mﬁ — (xuyv3;EVaA, which is a
contradiction. Hence,
2 (xuyv3 >rm|n{)\( X), X(y),X(z),[o.s,os]}.
Conversely, assume that

A (Xuyvz > rmin {X (X), A y), A (2),[0.5, 0.5]} for all

u, v, X, ¥, Z€ S Letxg EX, Y, ¥ andz;3 € A for all
[0,0] <t1 <[1,1], [0,0] <t < [1,1], [0,0] < t3 < [1,1].
ThenA (X) > T, A (y) > T, A (2) > Ta. Hence,

A (xuyva > rmin {X (x), A y), A (2), [0.5, 0.5]}
> rmin{ty, f, t3, [0.5,0.5]} .

If rmin{t1tz,t3} < [0.505], then
A(xuyva > rmin{ty, t, t3}. This implies that
(XU minfr 551 € A I rmin{ty, 2, t3} > [0.5,0.5],
then
A (xuyv3 +rmin{&, &, &} > [0.5,0.5)+

~ 1.1,

(0.5,0.5]

SO Thus,

(Xuyvjrmln{tl Bis} q
(xuyvjrmm{fl’tz’ts} € VgA. Therefore A is an

interval-valued €, € vq)-fuzzy generalized bi-ideal &.

4.8 Theorem

the ternary multlpllcatlon of complex numbers. Define an o, interval-valued fuzzy subsat of a ternary semigroup

interval-valued fuzzy subsatof S by:

A (i) [0.6,0.8], A (—i) [0.7,0.75),
A (0) =[0.2,0.35]. Then it is simple to verify thad is an
interval-valued (€, € vq)-fuzzy ternary subsemigroup,
but not an interval-valued (€,€)-fuzzy ternary

subsemigroup o8.

Sis an interval-valuede, € VVq)-fuzzy bi-ideal ofSif and
only if it satisfies:
()2 (xv2 = rmin{} (9, A(y), A (2), [0.5,05]};
(2) A (xuyva > r min {X ), A (y), A (2), [05, o.5]}
forallu,v,x,y,ze S.
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ProofThe proof follows from Theorem 4.4 and Theorem

4.7.

Now, we characterize the
(e,e vq)-fuzzy left (right, lateral) ideal ofS by their
level subsets.

4.9 Theorem

Let A be an interval-valued fuzzy subset of a ternary

semigroup S. Then A is an interval-valued
(e, € vq)-fuzzy left (right, lateral) ideal oSif and only if

U (X;f) (+0) is a left (right, lateral) ideal of for all
[0,0] <t <[1,1].
ProofSuppose  that A is an interval-valued
(e,e vq)-fuzzy left ideal of S Let xy € S and
ze U (X;T) for some [0,0] < t < [0.5,0.5]. Then
A (2) >T. Since

Ay > rmin{X (2), [0.5,0.5]} >
rmin{t,[0.5, 0.5]} = f. This implies thatA (xy2) > T.
This implies thaixyze U (X;f). HenceU (X;T) is a left
ideal of S.

Conversely, assume tth(X;f) (#£0) is a left ideal

of Sfor all [0,0] <t < [0.5,0.5]. We show thath is an
interval-valued(e, € vq)-fuzzy left ideal of S. Suppose
on the contrary that there exist y, z € S such that

(xyz) < rmin {)\ (2), [0.5,0. 5]} Choose
00 < t < [0505 such that

A(xy2 << rmin{X (z), [0.5, 0.5]}. Thenze U (X;f)

but xyz ¢ U(X;f), which is a contradiction. Thus,

X(xyz) > rmin{X (2), [0.5,0.5]}. Hence A
interval-valued €, € vq)-fuzzy left ideal ofS.

is an

4.10 Definition

An interval-valued fuzzy subsét of a ternary semigroup
Sis an interval-valuede, € vq)-fuzzy quasi-ideal oBif
and only if it satisfies:

(1)
A (x) > rmin (X 0572572()9’ (370} Oﬁ) ™ ;
(yoyoA) (x),[0.5,0.5]
2)

(X oioﬁ) (X)
X(x) >rmin ioio]oioﬁ)(x)
Fo 5701) (x),[0.5,0.5]

interval-valued

where .7 is the interval-valued fuzzy subset &
mapping every element &on [1,1].

4.11 Proposition

Every interval-valued(e, € vq)-fuzzy quasi-ideal of a
ternary semigrou@is an interval-valuede, € \vq)-fuzzy
ternary subsemigroup &

Proof Straightforward.

4.12 Theorem

Let A be an interval-valuede, € vq)-fuzzy quasi-ideal
of a ternary semigroup S. Then the set

o= {xe S:A (x) > [0, O]} is a quasi-ideal 08.

ProofTo show that)\o is a quaS| -ideal o5 we show that
59\0 N S)\oSﬂ )\OSSC )\0 andSS\o N SS\OSSJ )\OSSC )\0
Letae 89\0 N SAoSm )\OSS Thenae 89\0, ae SAOS

andac )\OSS This implies that there exist y, z¢ )\o and
S1, S, 3, 11, t2, t3 € Ssuch thata = sit1x, a = yb, a=

zsgtz. Now,
A (@) > rmin (X 0%572(6?’ (570} 057) @, .
(yoyo)\) (a),[0.5,0.5]
Since

(570570}) (@) = va:pqr{i(p)Ai(q)AX (r)}
(x

> S (s1) NS () AA (%)
= [LYALLYAA(X) =A(X).
Similarly, (,ffoﬁ oﬁ) (@ > A (y) and
(X 057057) (a) > A (2). Thus,

X(a)>rmin ()\OyOﬁ) (ﬁo}oﬁ)(a),
N (yoyoA) (a),[0.5,0.5]

> rmin {X 2.2 (y), A (x),[0.5, o.5]}
>[0,0] (since A (x)>[0,0], A (y)
> [0,0], A (2) > [0,0)).

This implies thata € )\o Thus, 59\0 N S)\OSO
A0SSC Ao. Next we showSSho N SSAeSSN ASSC Ao.
Let a € 89\0 N SS\OSSﬂ AoSS Then a € SSy and
ac S§OSS anda e XOSS Thus,a = sit1x, a = zts,
a=sibhysity forxy,z e Xo ands;, s, 3,%4,€ S
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Now, X ¢ Q, menl ¢ SSQor x ¢ QSSor x ¢ SQSIf x ¢ SSQ
_ then(.0.#oCo ) () = [0,0] so,
()\OYOﬁ)(a) ( ,\C?),\(,i o0 —~
Xo(a)Zrmin yoioXoio,g’Z)(a), rmin{(yoyo%)() (yOConz) X)’}
57057&) (a),[0.5,0.5] B (CQO‘%‘?) (05,09
I _ :[Ovo]ZCQ()'
and by above argument yoj’o)\) (@ > A(x) ,  Similarly, for other cases. i € Q, then
(Ao707) (@22 (2 and W=y
| (FoTCq) (4, (FoCq0 7 ) (¥,
U > rmin
(yoyo)\oyoﬁ)(a) (CQOYQS;) ,[0.5,0.5]
= Vot { (070X (VAT (977 )} Similarly, -
O (F0.70Cq) ),
=V \/Lzmnky (m) y(n) ~ . ~ "~ ~ <
- Va=rst A (K) A7 (S) A N(t) ’ Co (x) > rmin yoyoCQoYoj’Z) (x)
cQoyoﬁ) ,[0.5,0.5]
(io S oA 077077) () ThusCo is an interval-valuede, € Vq)-fuzzy quasi-ideal
. . of S
_v (PN (a) Conversely, assume thalg is an interval-valued
=M AX (DAL (AL (1) (€, va)-fuzzy quasi-ideal ofS. We show thatQ is a
— - ~ quasi-ideal ofS. Leta € SSQ1SQS1QSSThena e SSQ
> S ()N () AA(Y) anda € SQSanda € QSS Thus, there exist,y,z€ Q and
/\5/7(%) Ajf(&o S1,%2,S3,t1,t2,t3 € S such that = sty x anda = syt and
CLYALYAA WAL YALY a=zsls. Now,
. (Coo70.7) (a) = iapqr{cg (P 7 @r7m}
Thus, > C( NI (s3) NS (t3)
I = [LUALIA[L L] =[1,1].
N(y °70h) (@), So  (Cooo7)(@) = [L1.  Similary,

A(a) > rmin (yoy )\oyojf) S -
(i727) @, 0505 (77 o) @ =13 na (7:Go07) 0 = 1)

> {30, 2), (2, [0.5,0.5]} &) > rmin{ (Fo7Cq) (@), (yoéQoi) a),}
> [0,0] (sinceA (x) > [0,0], (Cooo7) (2),105,05)
A(y) > (0,0, 1 (2) > [0,0). — [0.5,0.5).

- B B B N Thus,Cq (a) > [0.5,0.5]. This implies thaCq (a) = [1,1].
Thus,a € Ag and henceSS\oN SRAESSN AoSSC Ao. Herll\(lzeateth SOSSSS(%;TSSQSS(;SQSS(%:—Sg.Th sSGand
¥ . o ext, leta e enac n
Therefore o is a quasi-ideal o a € SSQSSand a € QSS Thus, there exist

S1,%2,%3, 4,11, 2,13,14 € S X,y,Z € Q such thata = st;x,
a=zst3 anda = stoysits. Fora = sit1x, anda = zsts3
Co = [1,1] as discussed above. Consider the case if

. : . a=shysts
A non-empty subse® of a ternary semigrou$is a quasi-
ideal of S~if and only if the interval-valued characteristic (yoyo%oyoﬁ) (a)
functionCq, of Q, is an interval-valuede, € vq)-fuzzy

4.13 Lemma

quasi-ideal ofS. = Va=rst { (y 0.0 ) (t)}
ProofLet Q be a quasi-ideal ofS and Cq the — _.__ (Vr Imny( )AZ (M) ACq(n ))
interval-valued characteristic function & andx € S. If ( S)A ( )
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(Fo7oCq0727) (@)
= Vacmst {7 ()AF (M AC(MAZ (AL (1) |

> 7 ()N () NCq () A (s4) A (ta)
[LUYALYALYALLA[L]]
=[1,1].

This implies that

(yOYOCQoyo,S/Z) =[1.1].
Thus,
(Fe7oCq) (@),
Co(a) > rmin io%%o%ﬁ) a),
cQoyof) ,[0.5,0.5]
—[0.5,0.5]
Co(a) > [0.5,0.5].

This implies thatCo (@) = [1,1], and soa € Q. Thus
SSQ1SSQSHQSSC Q. HenceQ is a quasi-ideal o8.

Thus,
(%%X)() A[0.5,0.5] < A (a). 1)

Hence

A(a) > (570570}) (a)A[0.5,0.5]

> rmin{ (%%})f),(%ioﬁ)(a),}.

()\ 05%57) (a),0.5

So

~ _ (%%X) (a), (%X oﬁ) (a),
AR = rmm{ (Xo%ﬁ) (a),0.5 '

Again from(1)

A(a) > (%%X) (a) A [0.5,0.5]

By using similar arguments as in the proof of the above - rmin{ (5/05%)‘) (a), (5”05”0)\ 05”057) (a), }

lemma we can prove the following lemmas.

4.14 Lemma

The interval-valued characteristic functi@, of L, is an
interval-valued €, € \Vq)-fuzzy left ideal ofSif and only
if L is aleftideal ofS.

4.15 Lemma

The interval-valued characteristic functi&g, of B, is an
interval-valued €, € vq)-fuzzy bi-ideal ofSif and only if
Bis a bi-ideal ofS.

4.16 Theorem

Every interval-valued e, € vq)-fuzzy left (right, lateral)
ideal of a ternary semigrou® is an interval-valued
(€, € vq)-fuzzy quasi-ideal o§.

ProofLet A be an interval-valued e, € vq)-fuzzy left
ideal ofSanda e S. Then,

(Fo79h) (@) = Vaxyz{ 7)1 7 (1) AL (2)}
= Vaxyz (2).
This implies that
(70791 (@) 705,08 = (Vaxyah (2)) £ (05,05

< \/a:xyzx (xy2 = A (a).

(X 0,5709) (a),[0.5,0.5]

Hence

T (%%X)(a),(%%ioioﬁ)(a),
(&)= mi (Xoffoﬁ) (a),[0.5,0.5] '

Therefore, A is an interval-valued(e, € vq)-fuzzy
quasi-ideal ofS.

4.17 Theorem

Every interval-valued(e, € vVq)-fuzzy quasi-ideal of a
ternary semigrou@is an interval-valuede, € \vq)-fuzzy
bi-ideal of S.

ProofLet A be an interval-valued(e, e vq)-fuzzy

quasi-ideal of S. Then by Proposition 4.11) is an
interval-valued(e, € vq)-fuzzy ternary subsemigroup of
S

Now,

A (xuyv
- ( (X 0%57) (xuyvz)N/\ @%X 0F0o 57) (xuyvj)
B A (yoyo)\) (xuyv2

A10.5,0.5]
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(VXUWHM{A( AN }) 4.20 Example
= A \/xuyvz:rst VI 3152335”( ) 82
M () T (AT (1) Let .
4 (VX”Wb'm”{y(l)Ay(m)/\/\ (n)}) S = abc|:abcpaqrez; and
A[0.5,0.5] par
000
2 (x)/\y(uyv)/\y (z)} B= Omn|:mneZ, p, whereZ; is the set of
000
> ((5” (X) A (U)AA( )) S WAL ( )) non-positive integers. TheBis a ternary semigroup with
A ({y( /\y (uyv) /\)\ 2) ) Lefsspect to ternary matrix multiplication aids a bi-ideal
A [0.5,0.5] Let A be an interval-valued fuzzy subset of S defined
3 3 3 by:
=A(X)AA(Y)AA(2)A[0.5,0.5
(0 (Y) AA (2) 705,08 000
Thus,A (xuyv2 Zrmin{/\ (x),A (y),A (2),]0.5, 0.5]}. A (x) = [0.6,0.7] if x= 8 r(T)] 8 mneZy
HenceA is an interval-valuede, € \VVq)-fuzzy bi-ideal of [0.3,0.4] otherwise.

S ThenA is an interval-valuede, € \vq)-fuzzy bi-ideal

The converse of the above theorem is not true inOf S, but notan interval-value(t, € vq)-fuzzy ideal ofS.
general.

5 Lower and upper partsof interval-valued

4.18 Example (€,€ vq)-fuzzy ideals
Let ..
abc 5.1 Definition
S = 00d | :ab,c,deZ; and -
00e Let A be an interval-valued fuzzy subset of a ternary
0x0 semigroups. Define the fuzzy subsefs™ andA ~ of Sas
B=1{|00y|:xyeZy ¢, whereZ; is the set of follows:
000 AT (x)=2(x) v[0.5,0.5] and
non-positive integers. TheRis a ternary semigroup with A~ (X) =A(x)A[0.5,0.5].
respect to ternary matrix multiplication ads a bi-ideal
ofS
] Let A be an interval-valued fuzzy subset®flefined 5 2 | emma
y:
. 0p0 B LetA , L andv be interval-valued fuzzy subsets of a ternary
A (x) = [0.7,0,8] if x= ; 8 % , P,aEZy, semigroupS. Then the following hold:
[0.2,0.4] otherwise. (1) ()‘ A ’7) = ()‘ - /\ﬁ_);
ThenA is an interval-valuede, € vq)-fuzzy bi-ideal (2) (X vV ﬁ)_ — (X* Y, fr);
of S but not an interval-valued(e,< vq)-fuzzy % - - N
quasi-ideal oS (3) (/\ ofio v) - (/\f ofi o v*).

ProofThe proofs of(1) and(2) are obvious.
4.19 Theorem (3) Letac S If ais not expressible ag = bcd for
someb,c,d € S, then Aofiov)(a)=0and
Every interval-valued €, € Vq)-fuzzy ideal of a ternary S ( ke ) @
semigrougBis an interval-valuede, € vq)-fuzzy bi-ideal - N-— -
of S. ¢ ) ()\ oyov) (a) = ()\ oyov) (a) A [0.5,0.5]

ProofThe proof follows from Theorem 4.16 and Theorem = 0A[0.5,0.5]=0.

4.17. Since a is not expressible asa = bcd so
The converse of Theorem 4.19 is not true in general. ()\_OINJ_OU_) (@ = 0. Thus, in this case
(@© 2015 NSP
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(Xoﬁog)_ = (X—oﬁ—oﬁ—). If a is expressible as
a=xyz then

(Aome?) (a
( ) £[0.5,0.5]
(va:XyZ ()\ A ))) 0.5,0.5]

e { (A A0S ~c>5]) (X (y)A[0.5, 0.5]) }

A ()\ (2)A[0.5, 0.5])
- va:xyz{i— ()AL (Y) AV (z)}
_ (X—oﬁ—ov—) (a).

Therefore,

(}\Voﬁoﬁ\j)i - (X*o',rov*).

5.3 Lemma

LetA , i andv be interval-valued fuzzy subsets of a ternary

semigrous. Then the following hold:
@ (AnE)" = (A am);
@ (Avi) = (Arvir);
(3) (XoﬂoV)+ > (Aot o).

If every elementx € Sis expressible ag = abc for
~ + ~
somea,b,ceSthen()\oﬁoV) :(/\+oﬁ+oﬁ+).

ProofThe proofs of(1) and(2) are obvious.
(3) Letae S If ais not expressible aa = bcd for
someb,c,d € S then ()\ ol oU) (a)=0and

(A o'govf(a) = (Xolov) (a) v (05,08
— 0V[0.5,0.5] = [0.5,0.5]

and (X* oflt o G*) (a) =0. So,

(Xoﬁoﬁ)Jr > (X"'oﬁ'*‘o‘ﬁ').

If ais expressible aa = bcd, then
(A o'govf(a) = (Aoliov) (a) v (05,08
= (VaelA O AE(D) AT (@)})

V[0.5,0.5]
A (X)V 0505)

= Vasxz{ A(Hi(y) v[05,08)
V() V[05,08)

= Vo2 { AT ) AT (1) AT (2)

- (X+o'g+ov+ (a).
Therefore,

(Xoﬂoﬁ)Jr: (X+oﬁ+og+).

5.4 Definition

Let A be a non-empty subset of a ternary semigr&ip
ThenC, andC; are defined as:

& (%) = {[0505] if xe A

[0,0] if x¢ A
and [1,1] ifxcA
, if xe
CL () = {[05,0.5] if x & A
5.5 Lemma

The lower part of the interval-valued characteristic

function, that isf:,_‘ is an interval-valuede, € vq)-fuzzy
left (resp. right, lateral) ideal of a ternary semigrdsiff
and only ifL is a left (resp. right, lateral) ideal &

ProofLetL be aleft ideal os. Then by Theorem 3.1ﬁ[
is an interval-valuede, € vq)-fuzzy left ideal ofS.

Conversely, assume tha&  is an interval-valued
(e e vq)-fuzzy left ideal of S Let z € L. Then

CL (2) = [0.5,0.5], s0 Zos05 € CL SlnceCL is an
interval-valued (€, € va)-fuzzy left ideal of S so

(XY20505 € vaC, . This implies that(xyz)g505 € oy
or (XyZigs0s qC_. Thus, C[ (xy2 > [0.5,0.5] or
(xy2 + [0.5,0.5] > (1,1]. Now
(xy2 + [0.5,0.5] > [1,1] is impossible. Thus,
(xy2 > [0.5,0.5] which implies that
(

Xy2) = [0.5,0.5]. This implies thakyze L. Therefore
s aleftideal ofS.

C
C
C
o

Similarly, it can be seen that the lower part of the
interval-valued characteristic functic®y (resp.é(,l) is
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an interval-valued(e, € vq)-fuzzy right (resp. lateral)
ideal of Sif and only if R (resp.M) is right (resp. lateral)

ideal of S. Thus, the lower part of the interval-valued

characteristic function C; is an interval-valued
(€,€ vq)-fuzzy (two sided) ideal oBif and only if | is
(two sided) ideal of.

5.6 Lemma

Let Q be a non-empty subset of a ternary semigr&@up
ThenQ is a quasi-ideal o8if and only if the lower part of

the interval-valued characteristic function, thaﬁg, isan
interval-valued €, € vq)-fuzzy quasi-ideal of.

5.7 Lemma

Let AB and C be non-empty subsets of a ternary

sem|groupﬁ Then the following hold:
(1) CaACg = Caci;
(2)CaVCs=Caug;
(38)CaoCgoCc = Chge

5.8 Proposition

Let A be an interval-valuede, € va)-fuzzy left (resp.

right, lateral) ideal of a ternary semigro® ThenA ~
an interval-valued fuzzy left (resp. right, lateral) ide#l
S

ProofLet A be an interval-valued e, € vVqg)-fuzzy left

ideal of S Then for all abc € S we have
A (abc) > A (c) A [0.5,0.5]. Thus,
A@qumaoaz(A@Amspﬂ)Amaoq

This implies thatX*(abc) > X*(c). HenceA~ is an

interval-valued fuzzy left ideal d&.

We now characterize regular ternary semigroups by
interval-valued

the properties of lower parts of
(€,€ vq)-fuzzy ideals, interval-valuede, € vq)-fuzzy
left (right, lateral) ideals, interval-valuge, € vq)-fuzzy
quasi-ideals, interval-valuede, € Vqg)-fuzzy bi-ideals
and interval-valuede, € vq)-fuzzy generalized bi-ideals.

5.9 Theorem

For a ternary semigrou$, the following conditions are
equivalent:
(1) Sis regular;

) (X ATA V) -
valued(e, € vq)-fuzzy right ideall, every interval-valued

(€,€ Vvq)-fuzzy lateral idealu and every interval-valued
(e,€ vq)-fuzzy left idealv of S.

= (X ollo V) ~ for every interval-

Proof(1)=(2): Let A be an interval-valued
(e,e vq)-fuzzy right ideal, g an interval-valued
€,€ Vvq)-fuzzy lateral ideal andv an interval-valued
€,€ Vvg)-fuzzy left ideal ofSanda € S. Then

P

Aomﬁ)(mz(iqhvymAmaoa
- (vazxyz (X (X)ATL(Y) AV (z)))

A[0.5,0.5]

< Vasxyz (A (02 AL (y2 7T (xy2))
A[0.5,0.5]

- (A@~rH@~AV(@)A0508
= (AAEAV) (@)A[05,05]

= (X /\ﬁ/\ﬁ)

Thus,
(Xoﬁov)_ < (X /\ﬁ/\U)_

SinceSis regular, so for any € Sthere existx € S
such that = axa= a(xax) a. Now

(Xoﬁov)_@)z(Xoaov)@ywaaos]
— (Vacpar (A (MAR@AT(D)))

fi(a) A (DAD&QQ

)<> [0.5,0.5]

Thus, (Xoﬁoﬁ)_ > (XATJ/\V)_. Hence,

(Xoﬁoﬁ)iz(XAﬁAV)i
(2)=(1): LetR' M andL be the right, lateral and left
ideals ofS, respectively. Then, by Lemma 5.5, lower part

of the interval-valued characteristic functidds, Cy, C_

are interval-valued (€, Vvq)-fuzzy right ideal,
interval-valued (e, € vq)-fuzzy lateral ideal and
interval-valued (€,€ vq)-fuzzy left ideal of S

respectively. Thus, by hypothesis
(GrACMAG) = (GroCuoCi)
Crmnt = Crm:
Thus,RNMNL = RML Hence by Theorem 2.&is
regular.
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5.10 Theorem

For a ternary semigrouf, the following assertions are
equivalent:

(1) Sis regular;

) ()\ /\ﬁ) _ (,\ oyoﬁ)
interval-valued(e, € vq)-fuzzy right idealA and every
interval-valued €, € \vq)-fuzzy left idealp of S.

for every

Proof(1)=(2): Let A be an interval-valued
(e,€ vq)-fuzzy right ideal andp an interval-valued
(e,€ vq)-fuzzy left ideal ofSanda € S. Then,

(Xoﬁ’oﬁ)_(a) = (Xojfoﬁ) (a)A[0.5,0.5]

= (Vaore(A 01 7 A @))
A[0.5,0.5]
= Ve (A (0 AT (2)) 705,05
< Va=xyz (X (xyg A (xyZ)) A[0.5,0.5]
- (X (a)/\ﬁ(a)) NO.5= (X /\ﬁ)i(a).
Hence
(F)\i ogoﬁ)_ < (F)\i /\[.7)_
SinceSis regular so for any € Sthere existx € S
such thata = axa= a(xax)a. Then,

(Xoﬁoﬁ)_(a) - (Xojfoﬁ) (a) A [0.5,0.5]

= (Vazpa (A (R)AZ (@ AR()))
A[0.5,0.5]
( Ay (xax) A ( ))
Ao5oa
:( )Aos
:(AA)
Thus, - -
(F)\i ogoﬁ) > (F)\i /\[.7)
Therefore,
(X/\[Tl)i = (Xoﬁoﬂ)7

(2)=-(1): Let R andL be the right and left ideal o8,

respectively. Then, by Lemma 5.5, lower part of the

interval-valued characteristic functiog; and C_ are
interval-valued (€,€ vq)-fuzzy right ideal and

interval-valued (e,€ Vvq)-fuzzy left ideal

respectively. Thus, by hypothesis

of S

(GRACL)f = (ERO,EZOEL)*
G- (6rn)

Thus,RNL = RSL Hence by Theorem 2.6jis regular.

5.11 Theorem

For a ternary semigrouf, the following conditions are
equivalent:

(1) Sis regular;

(2) A = (Xo%io%i)_
interval-valued(e, € Vq)-fuzzy generalized bi-ideal of
S

for  every

@) A = (X 0. 7o) o 570}) ~ for  every
interval-valued €, € vq)-fuzzy bi-idealA of S
@ A = (X 0.70) o %K) © for  every

interval-valued €, € vq)-fuzzy quasi-idea] of S

Proof(1)=(2): Let A be an interval-valued
(€,€ vQq)-fuzzy generalized bi-ideal §anda € S. Since
S is regular so there existsx € S such that
a = axa= axaxa Now,

(X B2 05/’70;)_ (a)
_ (X Rz O%X) A[0.5,0.5]

= Varst { (X o%/\) (1) A7 (S) A (t)}
A[0.5,0.5]
{(X 0570}) (@) A (X) AA (a)}
A[0.5,0.5]

- {(X oioi) (@) AA (a)}/\[0.5,0.5]
{
A

Varst (/\ (A7 (s)AA (t)) AN (t)}
0.5,0.5]

Thus,(X 0.70A 05/;0’)\‘)7 zX—.
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Since A is an interval-valued (e,€ va)-fuzzy
generalized bi-ideal d§, so

(X O%X O%X)i (a)
_ (X o.Fo O%X) (a) A[0.5,0.5]
= (\/a:xuyvz{}\i (X) /\57/ u AX
N]0.5,0.5]
= (Vasxupe{ A (97X (1) AA @} ) A[05,05]
< \/a=xuyvzx (xuyva A [0.5,0.5]
=A(a)A[0.5,05]=A" (a).
Thus, (X 0.70A O%X) .
= (Ao Foro.FoA)
(2)=(3)=(4): are obvious.
(4)=(1): LetA be a quasi-ideal 0. Then by Lemma

4.13,Ca is an interval-valuede, € vq)-fuzzy quasi-ideal
of S. Thus by hypothesis

< A, Hence

}\'_

6; = (GA o %GA o %6/.\) -
= (EAoésoéAoésoéA) )
= Casasa
This implies thatA = ASASA Hence it follows by
Theorem 2.5Sis regular.

By using similar arguments as in the proof of the
Theorem 5.11, we can prove the following theorem.

5.12 Theorem

For a ternary semigrou$, the following conditions are

equivalent:

(1) Sis regular;

(2) A = (X o%ﬁ)_ for every interval-valued
(€,€ vq)-fuzzy quasi-idea] of S

3) A = (X 0%5)7 for every interval-valued

(€,€ vq)-fuzzy bi-ideal of S

5.13 Theorem

For a ternary semigrouf, the following statements are
equivalent:
(1) Sis regular;

@) (X /\ﬁ)7 < (X oioﬁ)ifor
interval-valued(€, € vq)-fuzzy quasi-ideaﬁ and every
interval-valued €, € vq)-fuzzy left idealpi of S

every

3) (Mﬁ)_ < (Xoioa)_for
interval-valued (&, € vq)-fuzzy bi-ideal A and every
interval-valued €, € vq)-fuzzy left idealfi of S

(4) (Mﬁ)_ < (Xoioa)_for
interval-valued (€, € vq)-fuzzy generalized bi-ideal

and every interval-value(e, € vq)-fuzzy left ideal i of
S.

Proof(1)=(4): Let A be an interval-valued
(e,e vq)-fuzzy generalized bi-ideal andp an
interval-valued e, € vq)-fuzzy left ideal ofS. SinceSis
regular, so for evena € S there existsx € S such that
a=axa Thus,

(Xoion)_(a) = (Xo;’fon) (a) A[0.5,0.5]
= (Vaspar {A(R)AT @ARM})

every

every

A[0.5,0.5]
> (X(@AL AR (a)) 7[0.5,0.5]
= X(a)A[l 1A (2)) A[05,05]
aAAfi(@ )/\ 0.5,0.5]

SO,()\ OYOﬁ) > ()\ /\ﬁ) .

(4)=(3)=(2): are obvious.

(2)=(1): LetA be an interval-valuede, € vq)-fuzzy
right ideal andi an interval-valued e, € vq)-fuzzy left
ideal of S. Since every interval-value@e, € vq)-fuzzy
right ideal is an interval-valued(e,<€ vq)-fuzzy

guasi-ideal ofS. So, (X A ﬁ) < (X 070 ﬁ) B

Leta e Sand consider,
(Xoﬁoﬁ)_(a) = (Xoﬁoﬁ) (a) A[0.5,0.5]
- (va:XyZ (X X)AS(Y) AT (z)))
Vasxyz (X X) AT (z))) 7[0.5,0.5]
Va=xyz (X (xy2 AL (xyz))) A [0.5,0.5]
A (a)) A[0.5,0.5]

—(An ﬁ) (a) A[0.5,0.5] = (X A ﬁ)7 (a).
So (N ﬁ) > (X 0o ﬁ)_. Thus,
(X A u) ()\ oS0 y) . Therefore, by Theorem 5.10,
Sis regular.
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5.14 Theorem

For a ternary semigrouf, the following statements are
equivalent:

(1) Sis regular;

) (Mﬁ)f < (ﬁo%ﬁ)\i)i
interval-valued(e€, € vq)-fuzzy quasi-ideaﬁ and every
interval-valued €, € vq)-fuzzy right idealt of S;

3) (Mﬁ)_ < (,705705)_
interval-valued (€, € vVq)-fuzzy bi-ideal A and every
interval-valued €, € vq)-fuzzy right ideali of S.

for  every

for every

Proof(1)=(3): Let A be an interval-valued
(e,e vq)-fuzzy bi-ideal and g an interval-valued
(€, e vq)-fuzzy right ideal ofS. SinceSis regular, so for
any element € S there existx € S such thata = axa
Now,

(ﬁofﬂ’oi) (uoyoA) A]0.5,0.5]

= (Vasxpar (B (DAL (@) A (1))
Ao5oa

2(# 7 (X) )\())/\[0505]

_ (u )/\[05 0.5]

= (EA2) @A[05,05 = (171) (@)

So
(X/\ﬁ)ig(ﬁo%X)i

3)=(2): Obv~ious.

(2)=(1): LetA be an interval-valuede, € vq)-fuzzy
left ideal andp an interval-valued €, € \Vq)-fuzzy right
ideal of Sanda € S. Now

(ﬁo%i)i(a) - (ﬁo%X) (a) A [0.5,0.5]

- (vazxyz(ﬁ (X)A-Z (Y) AN (z)))
vazxyz(ﬁ (X) AA (z))) 7[0.5,0.5]

A
(

< (Ve (R 0920 (xv2) ) £ [05.05
(

Thus,
(irs)

Hence by Theorem 5.18,is regular.

= (o70A)

[i(a)AA (a)) 7[0.5,0.5] = (X A ﬁ)_ a
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