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Abstract: Classifications of a, 3)-fuzzy left (right and lateral) ideals of ternary semigrewgre discussed. Relations betwéenc

v q)-fuzzy left (right and lateral) ideals ar(d, € \V q)-fuzzy left (right and lateral) ideals are established.gBigpecial sets, so called
t-g-set andt-€ Vv g-set, conditions for thé-g-set andt-€ Vv g-set to be left (right and lateral) ideals are considerechdlimns for a
fuzzy set to be afe, q)-fuzzy left (right and lateral) ideals, @, €)-fuzzy left (right and lateral)ideals and(g, € \ q)-fuzzy left (right
and lateral) ideals are considered. Some new characterigaif weakly regular ternary semigroups are also estaddisFinally, the
implication-based fuzzy ideals are discussed.
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1 Introduction setting. The idea of quasi-coincidence of a fuzzy point
with a fuzzy set, which is mentioned iB][ played a vital
The introduction of the mathematical literature of ternary role to generate some different types of fuzzy subgroups,
algebraic system dated back to 1980h 1932 Lehmer called(a, 3)-fuzzy subgroups, introduced by Bhakat and
[3] investigated certain triple systems called triplexesDas [1]. In particular, (€,€ v q)-fuzzy subgroup is an
which turn out to be commutative ternary groups. Theimportant and useful generalization of Rosenfeld’s fuzzy
notion of ternary semigroups was introduced by Banachsubgroup. In ternary semigroups, the concept of
(cf. [4]) who is credited with an example of a ternary (a,f)-fuzzy ideals, which is studied in the papéi,[is
semigroup which does not reduce to a semigroup. dps [ also important and useful generalization of the
showed that every ternary semigroup can be embedded iwell-known concepts, called fuzzy ideals.
a semigroup. The notion of ideals created by Dedekindn this paper, we classify{a, 3)-fuzzy left (right and
for the theory of algebraic numbers, was generalized bylateral) ideals of ternary semigroups. We establish
Emmy Noether for associative rings. The one- andrelations betweelte, € vV q)-fuzzy left (right and lateral)
two-sided ideals introduced by her, are still centralideals and(q, e Vv q)-fuzzy left (right and lateral) ideals.
concepts in ring theory. The concept of ideal is anGiven two special sets, so callédy-set andt-c v g-set,
interesting and important idea in many other algebraicwe discuss conditions for theg-set and-< Vv g-set to be
structures as well. Sioso®][developed the ideal theory a left (right and lateral) ideal. We provide conditions for
of ternary semigroups. He has extended various wellan (€, v q)-fuzzy left (right and lateral) ideal to be a
known concepts concerning ideals to ternary semigroups.(q, € Vv q)-fuzzy left (right and lateral) ideal. We consider
The concept of fuzzy set, introduced by Zadeh (seeconditions for a fuzzy set to be dr,q)-fuzzy left (right
[12]) in his pioneering paper of 1965 was applied by and lateral) ideal, dq,)-fuzzy left (right and lateral)
Rosenfeld to the elementary theory of groupoids andideal and a(q, € vV q)-fuzzy left (right and lateral) ideal.
groups []. Since then many researchers have beenSome characterizations of weakly regular ternary
engaged to review various concepts and results from theemigroups are also established. Finally, the
realm of abstract algebra in broader framework of fuzzyimplication-based fuzzy ideals are discussed.
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2 Preliminaries

Definition 1. A ternary semigroup is an algebraic

structure consisting of a nonempty set S together with a

ternary operation (a,b,c) — [abd satisfying the
associative law[[abdxy] = [a]bcXy] = [ablcxyl]] for all
a,b,c,x,ye S

Example 1(1) Any semigroup can be made into a ternary
semigroup by defining the ternary product to [abd =
abc

(2) Let X be any nonempty set. The s&X) of all
words of odd length form a ternary semigroup under
juxtaposition as operation.

A nonempty subsei of a ternary semigrougis called
ternary subsemigroup &if abce Afor all a,b,c € A. By
a left (right and lateral) ideal of a ternary semigrdsiyve
mean a nonempty subskbf Ssuch thakyae A (axye A
andxaye A) for allac Aandx,y € S. Aternary semigroup
Sis called left (resp. right ) zero ternary semigroupyiz=
X (respxyz=z)forall x,y,ze S.

A fuzzy set in a seSis a functionu : S— [0,1]. A
fuzzy setu in a setSof the form

te (0,1 if y=x,

{O if y+#£X,

is said to be duzzy poinwith supportx and valug and is
denoted by;.

For a fuzzy pointg and a fuzzy seu in a setS, Pu
and Liu [B] introduced the symbaokapu, wherea € {€
,0,€V0,eAQ}. Tosay thak € U (respx g L), we mean
H(X) >t (resp.u(x) +t > 1), and in this casek is said to
belong to(resp.be quasi-coincident wijha fuzzy setu.
To say that € Vv qu (respx €AQ ), we mean € U or
X qu (respx € U andx qu). To say that o 1, we mean
x au does not hold, where € {€,09,eVvqg,eAq}.

A fuzzy setu in Sis called a fuzzy left (resp. right and
lateral) ideal ofSif and only if it satisfies the following
condition:

u(y):

K (xy2) > [ (2) (resp.p (xy2 > p(x) andp (xy2) > p(y))

1)
forallx,y,ze S
A fuzzy setu in a ternary semigrouf is said to be
an(a, 3)-fuzzy ternary subsemigrowb S (see p]) where
o # € Aq, if it satisfies the following condition:

Xy O Uy Vi, O |y Zi O == (XY mingty t, 13} B H

for all x,y,z € Sandty,ty,t3 € (0,1]. Note that a fuzzy set
K in a ternary semigroufis an (<, € vq)-fuzzy ternary
subsemigroupf Sif and only if

(VX,y,2€ S) (U(xy2) > min{p(x), u(y), 1(2),0.5}) (see B]).

Let u, v and A be three fuzzy sets in a ternary
semigroups. The produciiovo A is defined by:

(Hovod)(a)
if Ixy,zeS
)V AL AV(Y)AA (2)} such that
- a=Xxyz a= Xyz’
0 otherwise.

A fuzzy setu in a ternary semigrou$is an(e, € vq)-
fuzzy quasi-ideal o&if and only if it satisfies:

() H (Y >
min{(toSoS)(x),(So o) (X),(SoSo u)(x),0.5}.
(i) 1 (X) >

min{ (1o SoS)(x),(SoSo o So ) (X),(SoSo ) (X) ,65},
whereSis the fuzzy set irs mapping every element of
Son1l.
A fuzzy setu in a ternary semigrou$is an(e, € vq)-
fuzzy generalized bi-ideal &if and only if

p (xuyva = min{u (x), 1 (y),H(2),0.5}

for all uvxyze S A fuzzy set in S is an
(€,€ vq)-fuzzy bi-ideal of S if and only if it is an
(e,e vaq)-fuzzy ternary subsemigroup and an

(€,€ vq)-fuzzy generalized bi-ideal. It is obvious that
every (€, € vq)-fuzzy left (right and lateral) ideal is an
(€,€ va)-fuzzy quasi-ideal and everye, € vq)-fuzzy
quasi-ideal is (€,€ vq)-fuzzy bi-ideal and every
(e,eVv0)-fuzzy Dbi-ideal is an (e,evq)-fuzzy
generalized bi-ideal d&.

Let u be a fuzzy set irs. Then the set

U(pt)i={xeS:u(x) =t}

wheret € [0,1], is called level subset gi.

3 Classifications and properties of
(a, B)-fuzzy left (right, lateral) ideals

Definition 2.([6]). A fuzzy sey in a ternary semigroup
S is said to be afa, 3)-fuzzy left (resp. right and lateral)
ideal of S, wherea # € Aq, if it satisfies the following
condition:

za u implies(xy2:f u (resp.(zxy: B 1 and (Xzy S U)
2)
forall x,y,ze S and te (0,1].

Example 2Let S={a,b,c,d,e} andxyz= (x*y)*z= xx
(y*z) for all x,y,z€ S, wherex is defined by the following
table:

|

DO Q0T Y| *x
DYDY
00T QT
OO YO
[eleRiolc ol o)
[P eN ool N
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ThenSis a ternary semigroup. Define a fuzzy geh Sas
follows:

0.50 if x=a,
0.70 if x=b,
H:S—[0,1], x— ¢ 0.20 if x=c,
0.55if x=d,
0.60 ifx=e

Then simple calculations show thaiu is an
(e,evq)-fuzzy left ideal of S but neither an
(€,€ vQq)-fuzzy rightideal, nor arfe, € vq)-fuzzy lateral
ideal of S, sinceey 3 € U, but

(ecCo3€ VaH,

and
(cego3 € Vau.

Moreover we see that:
(i) u is not an(e, €)-fuzzy left ideal ofS, sincebges € U
but

(dcb)g g5 EH.
(i) uis notan(e,q)-fuzzy left ideal ofS sincebps € U,

but
(ddb)y 5Tu.
(iii) yp is not a(q,q)-fuzzy left ideal ofS, sincebg 32qu,

but
(ddb)g 3,TH-

(iv) u is not a(q, €)-fuzzy left ideal ofS, sincebggsqu,
but

(bad) g5 €H-
(v) tis notan(e, € Aq)-fuzzy leftideal ofS, sincebg 31 €
u, but

(ddb)g 5,1 and so(ddb), 3, € AqU.

(vi) pis nota(q, € Aq)-fuzzy left ideal ofS, sincebg 33qU,
but
(ddb)g 330u and so(ddb)g 35€ AQU.

(vii) p is not an(e vq,€)-fuzzy left ideal ofS since
bo.e4 € Vau, but

(bad)ggs€H.
(viii) p is not an(€ vq,q)-fuzzy left ideal ofS, since
bo .27 € Vqu, but

(ddb)g »7qu-

(ix) u is not an(e vaq, € AQ)-fuzzy left ideal ofS, since
Po.3s € VOu, but
(adb)y 35qu and so(adb)y 35€ AqU.

Example 3LetS= {0,a,b,c,1} andxyz= (XxY)*z= X*
(y+2z) for all x,y,z € S, wherex is defined by the following
table: |

RO OT® Of*
[cNoNeoNoNolle)
MW eoNeNeoNe!FW
oCoT T oolo
OO0 T® oo
Po oo ok

ThenSis a ternary semigroup. Define a fuzzy adh Sas
follows:

0.8 if x=0,
0.2 if x=a,
A:S—0,1, x— ¢ 0.5if x=Db,
0.7 if x=c,
0.2if x=1.

Then simple calculations show thath is an
(e,e vq)-fuzzy right ideal of S but neither an
(e,e vq)-fuzzy left ideal nor an(e, € vq)-fuzzy lateral
ideal of S sincecp1 € A, but

(lac)y, € VaA

and
(acl)g, € VOA.

Moreover we see that:
() A is not an(e, €)-fuzzy right ideal ofS, sincecpg € A
but

(clb)ge€A.
(i) A is notan(e,q)-fuzzy right ideal ofS, sincecps € A,
but

(c1b)o3TA.
(iii) A is not a(g,q)-fuzzy right ideal ofS, sincecy 3104,
but

(cbb)g 3, TA.
(iv) A is not a(q, €)-fuzzy right ideal ofS, sinceapggA,
but

(a00), ¢ €A.

(V) A is not an(e, e AqQ)-fuzzy right ideal ofS since
Cos1 € A, but

(c1b)y 5, €A and so(bca)y 3, € AQA.

(vi) A is not a(q,€ AqQ)-fuzzy right ideal of S since
Co350A , but

(cbb)y 3504 and so(cbb)y 35€ AGA.

(vii) A is not an(e vq,€)-fuzzy right ideal ofS, since
Cos9 € VOA, but
(viii) A is not an(€ vq,q)-fuzzy right ideal ofS, since
Co.34 € VOA, but

(abb)g 3,TA .

(ix) A is not an(e vq, € Aqg)-fuzzy right ideal ofS, since
Co.39 € VOA, but

(cbb)g39TA and so(cbb)g 39€ AGA.
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Lemma 1([6]). A fuzzy sels in a ternary semigroup S is
an (€, e vq)-fuzzy left (resp. right and lateral) ideaf S,
if and only if it satisfies the following condition:

p (xyz) = min{pu(2),0.5}

(resp.p (xy2) > min{p (x),0.5}, 4 (xy2) > min{u(y),0.5})
forallx,y,z€ S.

A fuzzy sett in a ternary semigroup S is said to be an
(e,€ vq)-fuzzy two sided ideabf S if it is an(e, € vQq)-
fuzzy leftidealand an(e, € vq)-fuzzy right idealof S By
an (€, € vq)-fuzzy idealwe mean a fuzzy sgtin S which
is an (€, € vq)-fuzzy left ideal, an(e, € Vq)-fuzzy right
idealand an(e, € vq)-fuzzy lateral ideabf S

In considering(a, B8)-fuzzy left (right and lateral)
ideals in a ternary semigrou® we have twelve different
types of such structures, that i&x,) is any one of
(€,€), (€,9), (¢, € AO), (€, €Va), (g,€), (a,0),
(6.€AQ), (9,€vQ), (€Va,€), (€va,q), (€Va,€AQ),

and(evq,eVq). Clearly, we have relations among these

types which are described in the following theorems.

Theorem 1. We have the following relations:

(€,€) = (€,enq) ——= (€,Q)

~

(¢,¢€

\

<
o

®3)

(evag,eVva)

—~

(evg,€) <= (eVQ,eNq) == (€VQ,q)

/

and

(0, €) == (0,€Nq) == (q,Q)

~N 17

(d,€Vva)

(4)

Theorem 2.If there exists x S such thap(x) > 0.5, then
we have the following relations:

(ENQ,€) <= (€Ng,eNq) == (€AQ,Q)

~ |

(€EAg,€VQ)

|

(e,evq)

Proposition1. In a left (resp. right) zero ternary
semigroup, every fuzzy set is &a,€ Vv q)-fuzzy right
(resp. left) ideal.

Proof. Straightforward.

Remark.In a left zero ternary semigroup, there exists
a fuzzy set which is neither afe, € v q)-fuzzy left ideal
nor an(e, e vq)-fuzzy lateral ideal ofS as seen in the
following example.

Example 4. Let S= {a,b,c,d} be a set with a ternary
operation] ] which is given by|xyZ = x for all x,y,z€ S.
ThenSis a left zero ternary semigroup. Define a fuzzy set
U in Sas follows:

032ifx=a,

_ 0.63ifx=Dh.
H:S=[01], X9 0 7gifx—c,
0.87 if x = d.

Thenp is neither an(e, € vV q)-fuzzy left ideal nor ar(e
,€Vq)-fuzzy lateral ideal of since

p(acd) # min{u(d),0.5}

and
p(acd) #? min{u(c),0.5}.

Remark.In a ternary semigrou, every(e,cVq)-fuzzy
left (right and lateral) ideal of is an (€, e v q)-fuzzy
ternary subsemigroup & but the converse is not true in
general, as seen in the following examples.

Example 5.Consider the ternary semigro@mf Example
4. Define a fuzzy sett in S as follows:

0.3ifx=a,

. 04 ifx=b,
U:S—[0,1], x— 0.7 ifx=c
0.8 if x=d.

Theny is an(e€, € vV q)-fuzzy ternary subsemigroup &
but neither arfe, € v q)-fuzzy left ideal nor arfe, e v q)-
fuzzy lateral ideal o, since

i (acd) # min{u (d) 0.5}
and

p (acd) #? min{u(c),0.5}.
Example 6. Let S= {a,b,c,d} be a set with a ternary
operation] ] which is given by[xyZ = zfor all x,y,z€ S.

ThenSis a right zero ternary semigroup. Define a fuzzy
setu in Sas follows:

0.34 ifx=a,

_ 0.47 ifx=b,
H:S=[01], X9 067 x=c
0.91ifx=d.

Thenp is an(e€, € vV q)-fuzzy ternary subsemigroup &
but not an(e, € v q)-fuzzy right ideal ofS, since

11 (dba) ¥ min{u (d),0.5}.

(@© 2015 NSP
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Now, we investigate relations

between Theorem 4. Assume that every fuzzy point has the value t

(g,€ vq)-fuzzy left (resp. right and lateral) ideals and in (0,0.5]. Then everyfe, € Vv q)-fuzzy left (resp. right and

(g,€ Vv Qq)-fuzzy left (resp. right and lateral) ideals.

Theorem 3. Every (q,€ VvV q)-fuzzy left (resp. right and
lateral) ideal of S is ane, € vq)-fuzzy left (resp. right
and lateral) ideal of S.

Proof. Let u be a(q,eVvq)-fuzzy left ideal ofSand let
XY,z € Sandt € (0,1] be such tha; € y. Thenu (z) > t.
Supposéxyz), € Vau. Then

p(xy2 <t,
p(xyg+t <1

It follows that
U (Xy2 < 0.5. (5)

Thus we have
U (xy2 < min{t,0.5}
and so

1—p(xy2 > 1—min{t,0.5}
= max{1—t,0.5}
> max{1—pu(z),0.5}.

Hence there exist3 € (0, 1] such that
1—pu(xy2 >0 >max{l—u(z),0.5}. (6)

From the right inequality in € we have
u (249 > 1, thatis,zsqu. Sinceu is a(q, € v q)-fuzzy
left ideal of S, it follows that(xy2) 5 € Vgu. But from the
left inequality in @) we havep (xy2 + 0 < 1, that is,
(xy2s0u andp(xy2 <1-56<1-05=05< 9, that
is, (xygs€u. Hence (xyzs€Vau, a contradiction.
Therefore, (xyz, € vqu, and thus p is an
(e,eVvq)-fuzzy left ideal ofS.

lateral) ideal of S is &q, € vV q)-fuzzy left (resp. right and
lateral) ideal of S

Proof. Let u be an(e, € vq)-fuzzy left ideal ofS. Let
XY,z € Sandt € (0,0.5] be such thazqu. Thenp (z) +
t > 1. It follows thatu (z) > 1—t >t, thatis,z € u. By
hypothesis it follows thafxy2), € vqu. Thereforep is a
(g,eVq)-fuzzy left ideal ofS.

The case of right ideal and lateral ideal can be proved
like wise.

Corollary 1. Let u be an(a, 8)-fuzzy left (resp. right and
lateral) ideal of S wher¢a, 3) is any one ofe, €), (€,q),
(e,enq), (eVa,€), (eVQ,q), (eVd, €AQ), and (e
v, €Vq). If every fuzzy point has the value t(i6,0.5],
thenu is a (g, € vq)-fuzzy left (resp. right and lateral)
ideal of S

Lemma 2.If S is a ternary semigroup, then a nonempty
subset A of Sis aright (resp. lateral ) ideal of S if and only
if the characteristic functioxa of Ais an(e, € v q)-fuzzy
right (resp. lateral) ideal of S

Proof. Let A be a right ideal ofS and let xp be the
characteristic function ofA. Let x € S If x ¢ A, then
Xa(X) = 0 and soxa (xy2 > min{xa(x),0.5}. If xe A,
then xa(x) = 1. SinceA is a right ideal ofS, soxyze A
andxa (xy2 = 1. It follows that

Xa(xy2 > min{xa(x),0.5}.

Thusxa is an(g, € vQq)-fuzzy right ideal ofS.

Conversely assume that the characteristic functign
of Ais an(g, € vq)-fuzzy right ideal ofS. Let x € ASS
Then x = auv for someu,v € S anda € A. Therefore
Xa(a) = 1. It follows that

Xa(X) = xa(auv) > min{xa(a),0.5} =0.5.

Similarly we can prove the case of right ideal and This implies thatxa (x) = 1. Thusx € A. ThereforeAis a

lateral ideal ofS.

Combining Theorer8 and (4) in Theoreml, we have
the following relations.

(0, €) == (0,€Aq) == (0,0)

N

(q.eVv

|

(e,eVvQ)

(7)

We now provide conditions for afe, € vV q)-fuzzy left
(resp. right and lateral) ideal to be(@, €V q)-fuzzy left
(resp. right and lateral) ideal.

right ideal ofS.

Theorem 5([6]) A fuzzy se in S is an(€, €V q)-fuzzy
left (resp. right and lateral) ideal of S if and only if the set

U(;t) i={xe S| u(x) >t}

is a left (resp. right and lateral) ideal of S for all
t € (0,0.5].

Corollary 2. Let u be an(a, 8)-fuzzy left (resp. right and
lateral) ideal of S wherda,3) is any one of(€, €), (€

,a), (€,€NQ), (€VQ,€), (€ Vq,q), (€Vg, €AQ), and
(e vq, € V). Then the set

U(ust) i={xe S| u(x) =t}

is a left (resp. right and lateral) ideal of S for all
t € (0,0.5].

(© 2015 NSP
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For a fuzzy ses in Sandt € (0,1], consider the-g-
set§, andt-c v g-set with respect to (briefly, t-g-set and
t-€ v g-set, respectively) as follows:

S ={xeX|xqu} and S, = {xeX|x €Vvau}.
Note that, for any,r € (0,1], if t > r then every-g-set
is contained in the-g-set, that is g, C S] andU (u;t) U
S S U(k;r)US, Obviously,S., q =U (u;t) US,.
Theorem 6. If u is an (€, €)-fuzzy left (resp. right and
lateral) ideal of S, then the t-q-seg| & a left (resp. right

and lateral) ideal of S for all tc (0,1], whenever it is
nonempty.

Proof.Letx,y,z< Sandt € (0,1] be such that € Sq Then
zQu, thatis,u (z) +t > 1. It follows that

p(xy2+t>p(2+t>1

and so(xy2), qu. Hencexyze S‘q, and therefonS] is a left
ideal of S.

Similarly we can prove the cases of right ideal and

lateral ideal ofS.

Theorem 7. For a fuzzy sef1 in S, if the t-q-set{?is a left
(resp. right and lateral) ideal of S for all¢ (0.5,1], then

Corollary 3. If u is an (a,)-fuzzy left (resp. right and
lateral) ideal of S wheréa, 8) is one of(q, €), (q,q) and

(q,€ AQ), then the t-g-set gSis a left (resp. right and
lateral) ideal of S for all te (0.5,1], whenever it is
nonempty.

Lemma 3([6]). For a left (resp. right and lateral) ideal A
of S let u be a fuzzy setin S such that

(1) p(x) >0.5forall x € A,

(2) p(x)=0forall x € S\ A
Thenu is a(q, €V q)-fuzzy left (resp. right and lateral)
ideal of S

Using Theoren® and LemméB, we have the following
result.

Theorem 10.For a left (resp. right and lateral) ideal A of
S if pis afuzzy setin S such that

(1) pu(x) >0.5forall x € A,

(2) p(x)=0forall x € S\ A,
then the nonempty t-q-sefg 8 a left (resp. right and
lateral) ideal of S for all te (0.5,1].

Theorem 11. For a fuzzy se in S, if the nonempty t-
€ Vvq-set qu is a left (resp. right and lateral) ideal of S

U is an(e,q)-fuzzy left (resp. right and lateral) ideal of S forallt € (0,1], thenu is a(q, €V q)-fuzzy left (resp. right

Proof. Let x,y,z € Sandt € (0.5,1] be such that € p.
Thenpu (z) > t. It follows that 1 (z) +t > 0.5+ 0.5=1,
thatis,zqu and s € &, By hypothesis we haveyze §,
and so(xy2), gu. Thereforeu is an(e,q)-fuzzy left ideal
of S

Similarly we can prove the cases of right ideal and

lateral ideal ofS.

Theorem 8. Forafuzzy sett in S, if the t-q—set§is aleft
(resp. right and lateral) ideal of S for all¢ (0,0.5], then
U is a(q, €)-fuzzy left (resp. right and lateral) ideal of S.

Proof.Letx,y,ze Sandt € (0,0.5] be such thazqu. Then
ze §,. By hypothesis we haveyze S, and sa(xy2), qu. It
follows thatpt (xy2 +t > 1, thatis,p (xy2 > 1—-t >t, and
so 1 (xy2) > t. Hence(xy2), € u. Thereforeu is a(q, €)-
fuzzy left ideal ofS.

In a similar fashion we can prove the case of rightideal

and lateral ideal.

Theorem 9. If uis a(qg,€ Vv q)-fuzzy left (resp. right and
lateral) ideal of S, then the t-q-set1 & a left (resp. right
and lateral) ideal of S for all t= (0.5,1], whenever it is
nonempty.

Proof. Let x,y,z € Sandt € (0.5,1] be such thaz € 31
Thenzqu. Sincep is a(qg,€ Vv q)-fuzzy left ideal ofS,
we have(xy2), € vaqu, that is, (xy2, € u or (xy2), qu. If
(xy2,qu, then xyz € §. If (xyz, € u, then
U (xy2 >t >1-t, sincet > 0.5. Hence(xy2, qu and so
xyze §,. ThereforeS, is a left ideal ofS.

The same argument leads to the proof of others.

and lateral) ideal of S

Proof. We prove only for left ideal. Others follow in an
analogous way. Let,y,z € Sandt € (0,1] be such that
zqu. Thenze §, C S, . From the hypothesis it follows
that xyze Stevq. Hence(xy2), € vqu. Thereforey is a
(g,eVq)-fuzzy left ideal ofS.

One naturally asks the following interesting question:
Question:If pis an(e, € vq)-fuzzy fuzzy left (resp. right
and lateral) ideal of5 then is thet—q—setsq a left (resp.
right and lateral) ideal o®?

The answer to the above question is negative t(for
0.5) as seen in the following example:

Example 7Consider the ternary semigro@of Example
2. Define a fuzzy sef1 in Sas follows:

0.87 ifx=a,
0.74 ifx=b,
H:S—[0,1], x— ¢ 0.25ifx=c,
0.62 ifx=d,
041 ifx=e

Then simple calculations show is an

(e, € vg)-fuzzy left ideal ofS, but the set

£? = {a,b}

is not a left ideal oSbecaus@ab=d ¢ §2’.
But the following theorem answers the above question
affirmatively:

thaiu
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Theorem 12.1f u is an (€,€ v q)-fuzzy left (resp. right
and lateral) ideal of Sthen the nonempty t-g-sef & a
left (resp. right and lateral) ideal of S for all¢ (0.5, 1].

Proof. Assume tha§, # 0 fort € (0.5,1]. Letx,y € Sand
letze S‘q Thenzqu, thatis,u (z) +t > 1. It follows that

U (xy2 +t > min{u(2),0.5} +t
=min{u(z)+t,0.5+1t}
> 1.

So(xy2), qu. Hencexyze S, and thereford, is a left ideal
of S

for somet € (0,0.5) andx,y,ze S Thenze U (u;t) C
Stequ which implies thaikyze §qu. Henceu (xy2 >t or
U (xy2 +t > 1, a contradiction. It follows that

p(xy2 = min{pu(2),0.5}
for all x,y,z € S Thereforeu is an (e, vQq)-fuzzy left
ideal of S.

The cases of right ideal and lateral ideal®€an be
proved like wise.

Corollary 5. If u is an(a,)-fuzzy left (resp. right and
lateral) ideal of S wher¢a, B) is any one ofe, €), (€,q),
(€,€A1q), (€Va,€), (€Vva,q), (€Va, €Aq), (€Va,

The same argument leads to the proof of the cases of Vd), (4,€), (9.9), (d,€ Vq), and (q,€ Aq), then the

right and lateral ideal.

Corollary 4. If u is an (a,)-fuzzy left (resp. right and
lateral) ideal of S wher¢a, B) is any one ofe, €), (€,q),
(€.€A0), (€Va,€), (€Va,q), (€VQ, €AQ), (€Vq,

€va), (9,€), (a,9), (d,€ va), and (q,€ Aq), then the
nonemptyt-q-set}]Ss a left (resp. right and lateral) ideal

of Sforallte (0.5,1].

Theorem 13.Let u be a fuzzy set in.Shenpu is an (e

,€VQq)-fuzzy left (resp. right and lateral) ideal of Band

only if the nonempty &V g-set fqu is a left (resp. right
and lateral) ideal of S for all € (0,1].

Proof. Assume thati is an(e, € v q)-fuzzy left ideal ofS.
Letze &, 4. Thenz € vau, thatis,u (z) >torp (2)+t >
1. Sincey is an(e, €V q)-fuzzy left ideal ofS, we have

p (xy2) > min{p(2),0.5}.
Casel. u(z) >t.1f t > 0.5, then
u(xy2) > min{u(z),0.5} =0.5
and hencéxy2), qu. If t < 0.5, then
p(xyz = min{u(2),0.5} > t

and so(xy2), € u. Hence(xyz), € vau.

Casell. Letu(z)+t>1.1ft >0.5,then1-t < 0.5<t
and
p(xyz = min{u(2),0.5}

_{u(z) if u(z) <05
1 05 ifu(z>05

>1-t,
and hencgxy2), qu. If t < 0.5, then
U (xy2 >min{u(2),0.5} > min{1-t,0.5} =0.5>t,

and so(xy2), € 4. Thus(xy2, € vgu. Hence in any case,
we have(xyz), € vau. Therefores., , is a left ideal ofS.

Conversely letu be a fuzzy set irs andt € (0,1] be
such thag,,  is a left ideal ofS. If possible, let

H(xy2 <t <min{u(z),0.5}

nonempty te vV q-set f@vq is a left (resp. right and lateral)
ideal of S for all te (0,1].

4 Weakly regular ternary semigroups

In this section we characterize right weakly regular
ternary semigroups in terms dfe, € vq)-fuzzy right
ideals, (e, vq)-fuzzy two sided ideals and
(€, € vq)-fuzzy generalized bi-ideals.

Definition 3.([8]). A ternary semigroup S is said to be
right (resp. left) weakly regular, if xe (xSS°
(resp. xe (SS)}3) forallx € S.

Lemma4([8]). A ternary semigroup S is right weakly
regular if and only if R0 I = RII, for every right ideal R
and every two sided ideal | of S.

For a fuzzy sep in S, we defineu™ (x) = u(x) A0.5
forallxe S
Theorem 14. For a ternary semigroup S, the following
assertions are equivalent:

(1) S is right weakly regular;

(2) (LAV)” = (Hovov)™ for every(e, e vq)-fuzzy
right ideal u and every(e, € vq)-fuzzy two sided ideal
of §

(3) (HAV)” =(Hovov)™ for every(e, e vq)-fuzzy
right ideal 4 and every(, € vq)-fuzzy ideab of S
Proof. (1) = (2) : Let u be an(e, € vq)-fuzzy right ideal
andv an (€, vq)-fuzzy two sided ideal of. Now for
anya € S, there exists;, $,S3,t1,t2,t3 € Ssuch thata =
(asity) (astz) (assts). It follows that

(Uovov) (a) = (Uovov)(a)A0.5
= { V {H(D)AV(Q)AV(U}}AO-5
a=pqr

{ V {u(pqr)A0-5}AV(Q)A}
< ¢ a=pqr A0.5
{v(pqr) A0.5}

s{ \V {u(pqr)AV(pqr>}}A0-5
a=par

< {u@AV(@}A05=(HAV) (a)
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Thus(uovov)” <(uAv)™.On the other hand
(LAV)™(a) = (AV) (@) A0S
={u(@Av(@Av(@}Ar05
< {u(asit1) Av (astz) AV (assts) }
N0.5

<{ \ <u<x>Av<y>Av<z>>}Ao.5
a=xyz

= (Hovov)(a)A05=(Hovov) (a).
Thus(uAv)” <
(Hovov)™.

(2) = (3) : This is obvious because evefg, € vQq)-
fuzzy ideal is an(e, € vq)-fuzzy two sided ideal 08.

(3) = (1) : Let Rbe a right ideal andl an ideal ofS.
Then by Lemma2, xr and x; are (€, € vq)-fuzzy right
ideal and(e,e vq)-fuzzy ideal of S respectively. By
hypothesis it follows that

(Hovov) . ConsequentlfyuAv)” =

(XRAXI)™ = (XRoX10X1) "~

Xrt = (Xri) -
ThusRN 1 = RIl. Hence by Lemmad, Sis right weakly
regular.

Corollary 6. If (uAV)” = (uovov)™ for every(a,p)-
fuzzy right idealu and every(a, 3)-fuzzy two sided ideal
v of S where(a,B) is any one of(€,€), (€,q), (€, €
AQ), (eVdg,€), (€VQq,q), (eVd,eAQ), and (e VQ,€
Vv Qq), then S is a right weakly regular ternary semigroup.

Theorem 15. For a ternary semigroup S, the following
assertions are equivalent:

(1) Sis right weakly regular;
(2) Each (€,e vq)-fuzzy right idealp of S is
idempotent.

Proof. (1) = (2) : Let u be an(e, € vq)-fuzzy right ideal
of S. Now for anya € S, there exists;, ,S3,t1,t2,t13 € S

Thus(popopu)” < u~.On the other hand
H(a) = () A0S
={u@Au(@rp(@}n05

t2) AO.5} A t2) A 0.5
{ {u(as: 12{# (a}%tsg;i(gzz}z) } }/\0.5

IN

IN

{\/ {u(p)A

AU (r)}} N0.5
a=pqr

= (Hopou)(a)N0.5=

Thusyu™ < (Hopou) .Henceu™ = (Hopopu) .

(2) = (1) : Letx € S, we show that € (xSS°. Let
A =xUxSSbhe the right ideal generated kyand letya be
the characteristic function @&. Then by Lemma, xa is
an(e, e vq)-fuzzy right ideal ofS. Thus by hypothesis
Xa = (XaoXaoXa)~

= X,;a-
This implies thatA = A3,

Sincex € A, it follows thatx € A3. This implies that
x e A = (xUxSS>. Thus
X € (XUXSY(XUXSS (XUXSS

= XXXUXXSSXJ XS SXXIXSSXSSxX

UXXXSIIXXSSXSE XSSXXSS XSSXSSXSS

impliesx € (xSS>. ThereforeSis right weakly regular.

(Hopou) (a).

Corollary 7. If every (a,3)-fuzzy right idealu of S is
idempotent, wheréa, 3) is any one of €, €), (€,0), (&,

€ Ad), (€ vg,€), (€ Vvq,q), (€ Vvg,€ AQ), and
(e vag,eVvQ), then S is a right weakly regular ternary
semigroup.

Theorem 16. For a ternary semigroup S, the following
assertions are equivalent:

(1) S is right weakly regular;

(2) (MAVAA)” = (uovoA) for every(e,e vq)-
fuzzy bi-idealu, every(e, € vq)-fuzzy two sided ideal
and every(€, € vq)-fuzzy right ideah of S

(3) (MAVAA)” = (uovoA) for every(e,e vq)-
fuzzy quasi-idegli, every(e, € vq)-fuzzy two sided ideal
v and every( €, € vq)-fuzzy right ideal of S.

Proof(1) = (2) : Let u be an(e, € vq)-fuzzy bi-ideal,v

such thala = (asity) (asty) (assts). It follows that an (c,€ vg-fuzzy two sided ideal andA an
(€,€ vq)-fuzzy right ideal ofS. Now for a € S there
(Mopop) (a) = (Hopou)(@)A0.5 exist s, .Sttty €S such that
05 = (asity) (asty) (assts) = a(sit1asty) (assts) . Now
= a_\ﬁqr{“ AR} e AD. (HLAVAA)™ (@) = (ULAVAA) (@) AOS
={u(@Av(@AA(a)}A05
{ V {{u(pa) A0S} Ap(g )Au(r)}} o [{n@AV(sttiast) NOSIAY o
a=paqr = {A (asst3) A 0.5} :
N0.5
\/ u(par)A05 =qV {u(p)AV(Q)M(r>}}A0-5
a=par a=paqr
<u(@A05=u (a). = (HovoA)(@A05=(uovoA) (a).
(@© 2015 NSP
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Thus(UAVAA)” <(UoVvoA) .

(2) = (3) : This is obvious because evefy, € VQq)-
fuzzy quasi-ideal is afe, € VvVq)-fuzzy bi-ideal ofS.

(3)= (1) : Let u be an(e, € va)-fuzzy right ideal and
v an (€, € vq)-fuzzy two sided ideal o5. TakeA = v.
Since every e, € vq)-fuzzy right ideal is alsqe, € vQq)-
fuzzy quasi-ideal. Thus by hypothesis

(ULAVAV)" < (Hovov) , which implies
(UAV)” < (dovov) .But (Hovov) < (UAV) s
straightforward. Hence (uAv)™ = (Hovov) .

Therefore by Theorer4, Sis right weakly regular.

Corollary 8. If (UAVAA)” = (UovoA)™ for every
(a,B)-fuzzy bi-ideal (quasi-idealy, every (a, 3)-fuzzy
two sided ideal and every(a, 3)-fuzzy right idealA of
S, where(a, ) is any one of(¢,€), (€,q), (€, € AQ),
(€Vvaq,€), (€Vva,q), (€Va,eAQ), and (€ Vg,€ VQ),
then S is a right weakly regular ternary semigroup.

Theorem 17. For a ternary semigroup S, the following
assertions are equivalent:

(1) S is right weakly regular;

(2) (LAV)” < (Hovov)™ for every(e, e vq)-fuzzy
bi-ideal u and every(e, € vq)-fuzzy two sided ideal of
S

(3) (LAV)” < (Hovov)™ for every(e, e vq)-fuzzy
quasi-idealu and every(e, € vVq)-fuzzy two sided ideal
of S

Proof. (1) = (2) : Let u be an(e, e vq)-fuzzy bi-ideal
andv an (€, vq)-fuzzy two sided ideal of. Now for
any a € S there exists, s, ss3,t1,t2,t3 € S such that

a = (agty) (astz) (asts) = a(sitiasty) (asts). It
follows that
(HAV)™(a) = (uAV)(@)AOS
={u(@Av@Av(@}A05
e Y fros
:{ \/ {u(l)/\v(m)/\v(n)}}/\O.S
a=Imn
= (Uovov)(@A0.5=(Hovov) (a).
Thus(uAv)” < (Hovov) .

(2) = (3) : This is obvious because evefg, € Vq)-
fuzzy quasi-ideal is afe, € VVq)-fuzzy bi-ideal ofS.

(3) = (1) : Let u be an(e, € vq)-fuzzy right ideal
andv an(e, € vq)-fuzzy two sided ideal 08. Since every
(e,€ vq)-fuzzy right ideal is an(e, € vq)-fuzzy quasi-
ideal of S. Thus by hypothesisuAv)™ < (Hovov)™.

Also
(Uovov)™ = (uovov)(a)A0.5
{ YRTO <n>}}Ao.5
a=Imn
V {IJ Imn) AO.5} AV (M)A
< N0.5
{v(Imn) A0.5}
< \/ p(mn)Av(Imn)A0.5
a=Imn
= (UAV) (a).
Thus (Uovov)” < (UAV)". Hence
(UAV)” = (Hdovov) . Therefore by Theorernt4, Sis

right weakly regular.

Corollary9. If (uAv)” < (uovov)” for every
(a,B)-fuzzy bi-ideal (quasi-ideal) @ and every
(a,B)-fuzzy two sided ideal of S where(a, ) is any
one of (€,€), (€,9), (€, €AQ), (€VQq,€), (€VQ,q),
(evag,eNQq), and(eVg,eVvq), then Sis aright weakly
regular ternary semigroup.

5 Implication-based fuzzy ideals

Fuzzy logic is an extension of set theoretic multivalued
logic in which the truth values are linguistic variables or
terms of the linguistic variable truth. Some operators, for
exampleA,V, =, — in fuzzy logic are also defined by
using truth tables, and the extension principle can be
applied to derive definitions of the operators. In fuzzy
logic, the truth value of fuzzy propositioh is denoted by
[®]. For a universe of discourdé, we display the fuzzy
logical and corresponding set-theoretical notations used
in this paper

xe ] =Hu(x), (8)

[@AW] =min{[®], [¥]}, )

(@ = W] =min{1, 1—[®]+ [¥]}, (10)

[vx @ (x)] = inf [®(X)], (11)

= @ if and only if [®] = 1 for all valuations.  (12)

The truth valuation rules given iriQ) are those in the
tuckasiewicz system of continuous-valued logic. Of
course, various implication operators have been defined.
We show only a section of them in the following
(a) Gaines-Rescher implication operatigyg):

lifa<hb,
ler(a,b) = { 0 otherwise

(© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1584 NS 2 N. Rehman et. al. : Classifications and Propertiegof3)-Fuzzy...

(b) Godel implication operatotd): Proof. Assume that = Igr andu is at-implication-based
fuzzy left ideal ofS. Then
| b) — lifa<hb,

(c) The contraposition of Godel implication operatQg]: which implies that

ler(H (2), U (xy2) = 1.

| b) — 1 ifa<b,

cc(ab) = 1 - a otherwise Hencey (xy2) > u (z). Thereforeu is a fuzzy left ideal of
S.

for all a,b € [0,1]. Ying [11] introduced the concept of Conversely suppose thatis a fuzzy left ideal ofS

fuzzifying topology. We can expand his/her idea to Thenu(xy2 > p(2) and so
ternary semigroups, and we define fuzzifying left (right B
and lateral) ideals as follows: ler(K(2), 1 (xy2) =121,
_ . . o for all t € (0,1]. Hencep is at-implication-based fuzzy
Definition 4. A fuzzy seyp in S is called a fuzzifying left |eft ideal ofS.
(resp. right and lateral) ideal of S if it satisfies the

following condition: Corollary 10. For any fuzzy set in, 3 | = Igg, then every
t-implication-based fuzzy left ideal of S is &8, € VvQ)-
= [ze u] — [xyze y] (13)  fuzzy leftideal of S

Theorem 19.For any fuzzy se1 in S, if | =g, thenu is
(resp. = [z€ p] = [zxye ] and = [z€ p] — [xzye p]) a 0.5-implication-based fuzzy left ideal of S if and only if

forall x,y,ze S. uis an(e, e vq)-fuzzy leftideal of S

Proof. Assume thay is a Q5-implication-based fuzzy left

Obviously, condition (13) is equivalent to (1). ideal ofS. Then for allx,y,z€ S

Therefore a fuzzifying left (resp. right and lateral) idesal
an ordinary fuzzy left (resp. right and lateral) ideal. In lg (1 (2), 1 (xy2) > 0.5.
[10] the concept of-tautology is introduced, that is,

Thusp (xy2 > p(z) or p(z) > pu(xy2 > 0.5. It follows

thatu (xy2) > min{(z), 0.5}. Henceu is an(e, € vq)-

= @ if and only if [®] > t for all valuations. fuzzy left ideal ofS.
Conversely suppose thatis an (e, € vq)-fuzzy left

Now we extend the concept of implication-based fuzzy leftideal ofS. Then for allx,y,z€ S,
right and lateral) ideal in the following way:
g ) g way H(xy2 > min{u(2), 05}.

Definition 5. Let it be a fuzzy set in S andet (0, 1]. Then Case |. I min 05! — then
u is called a t-implication-based fuzzy left (resp. rightand |, (xy2) > (.z) and sol {k(@), 05} H(Z),
lateral) ideal of S if it satisfies the following condition: -

lc(H(2),p(xy2)=1=>05.
Casell. If min {u (2), 0.5} = 0.5, thenp (xy2 > 0.5 and

resp. =t [z€ u] — [zxye u] and = [z€ u] — [xzye S0
(resp. = (2 p] = [zxye 4l = [ze Hl = baye p) Case lI-1.1f pu(xy2 > u(z), then clearly

lc(H(2),p(xy) =1=>05.
Case lI-2.1f p(xy2 < pu(2), then

Ft[z€ ] — [xyze p] (14)

forallx,y,ze S,

Let I be an implication operator. Clearly is a
t-implication-based fuzzy left (resp. right and lateral)

ideal of Sif and only if it satisfies: lo(U(2), 1t (xy2) =t (xy2) > 0.5.
[(U(2),u(xy2) >t (15)  Hencey is a Q5-implication-based fuzzy left ideal &

Theorem 20.For any fuzzy sef1 in S, if | = I, thenu is

(respl (1(2), k(2xy) = tandl (1 (2), k(x2y) = 1) a0.5-implication-based fuzzy left ideal of S if and only if

Theorem 18. For any fuzzy sefi in S, if | = Igg, thenu max{ i (xy2),0.5} > u (2) (16)
is a t-implication-based fuzzy left ideal of S if and only if

u is fuzzy left ideal of S for all€ (0, 1]. forallx,y,ze S.
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Proof. Assume thays is a Q5-implication-based fuzzy left [8] M. Shabir and M. Bano,Prime bi-ideals in ternary
ideal ofS. Then semigroups,Quasigroups and Related Systedts (2008),
239-256.
lec (M (2),u(xy2) > 0.5 [9] F. M. Sioson, Ideal theory in ternary semigroupsath.
Japon10 (1965), 63-84.
and sopt (z) < p(xyz or 1—p(z) > 0.5, that isu (z) < [10] M. S. Ying, On standard models of fuzzy modal logics,

0.5. It follows that Fuzzy Sets and Systems 26 (1988) 357-363.
[11] M. S. Ying, A new approach for fuzzy topology (l), Fuzzy
max{u (xy2,0.5} > (2 Sets and Systems 39 (1991) 303-321.

[12] L. A. Zadeh,Fuzzy setdnform. Control8 (1965), 338—-353.
forallx,y,ze S
Conversely suppose that 1) is valid. |If

max{H (xy2),0.5} = p (xy2), then

U (xy2 > p(z)

and so
leg (M (2),1(xy2) =1=>0.5.

If max{u (xy2,0.5} = 0.5, thenu (z) < 0.5 andu (xy2 <
0.5.If (xy2 > u(2), then

leg (M (2),1(xy2) =1=>0.5.
If u(xy2 < u(z),then
lec(H(2),p(xy2) =1-pu(z) = 05.

Henceyu is a Q5-implication-based fuzzy left ideal &
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