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Abstract: This paper is concerned with the proof of the existence of Hopf bifurcations in a mathematical model recently proposed in
[T. Chen, X. Li, and J. He, Abstract and Applied Analysis2014, 456764 (2014)] for understanding the complex stochastic dynamics
phenomena of credit risk contagion in the financial market. Specifically the model consists in an ordinary differential equation with
time-delay. Moreover, by using the normal form theory and center manifold argument, the stability, direction, and period of bifurcating
periodic solutions are gained.
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1 Introduction

Since the last century, the mathematical modeling of
complex phenomena emerging in nature and society has
attracted much attention. In particular the general
principles that are at the origin of the complexity in a
given system are not completely understood and the
treatment of a complex system strictly depends on the
number of the components of the system and their
interactions [1].

Complex phenomena have been modeled in many
financial, economic and social systems, and nonlinear
dynamics involving Hopf bifurcation, chaos and fractals
has been numerically and analitycally identified, see,
among others, papers [2,3,4,5,6] and the references cited
therein. Moreover in order to take into account that most
of the phenomena arising in economics and also in
biological systems at a certain time are strictly related to
the behavior of the system at a previous time,
mathematical models with time delays have been
proposed in the pertinent literature, see [7,8,9,10,11,12,
13,14,15,16,17]. The main effects of a time delay have
been the changing of the stability of the equilibrium
(stable equilibrium becomes unstable), fluctuations, and
Hopf bifurcation, see [18,19,20].

Recently Chen et al. have proposed in [21] a
time-delayed microscopic mathematical model of credit
risk contagion in the financial market driven by correlated
Gaussian white noises. Moreover the related time-delayed
Fokker-Planck model driven by correlated noises has
been derived and a sensitivity analysis on the stationary
probability distribution function of the dynamical system
of credit risk contagion has been performed. According to
[21], the deterministic part of the credit risk contagion
model with time-delay and correlated noises is described
by the following delayed differential equation:

·
N(t) = λ1N(t)+λ2Nd(t)− µξ λ 2

2 [Nd(t)]
2
, (1)

whereN(t) is the density of the credit activity population
subjected to the credit risk in the financial market,
Nd(t) := N(t − τ), beingτ the time-delay of credit risk
contagion,λ1 is the contagion rate of credit risk related to
direct business relation,λ2 is the contagion rate of credit
risk related to indirect business relation (λ2 < λ1), µ is
referred to the Nelength scale,ξ is the nonlinear
resistance coefficient of the relationship network
comprising credit activity participants in the financial
market.
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Letting the time-delay and nonlinear resistance
coefficient to vary, the authors of [21] have numerically
investigated and analyzed the model (1) showing
numerically the existence of Hopf bifurcations and
chaotic behaviors of credit risk. Specifically they found
that as the infectious scale of credit risk and the wavy
frequency of credit risk contagion are increased, the
stability of the system of credit risk contagion is reduced,
the dynamical system of credit risk contagion gives rise to
chaotic phenomena, and the chaotic area increases
gradually with the increase in time-delay. The nonlinear
resistance only influences the infectious scale and range
of credit risk, which is reduced when the nonlinear
resistance coefficient increases.

This paper is concerned with the mathematical
analysis of the mathematical model (1). Specifically this
paper deals with the existence of nontrivial positive
steady states and the related asymptotic stability.
Moreover, the existence of the Hopf bifurcation
numerically shown in [21] is proved and, by using the
normal form theory and center manifold argument, the
explicit formulas which determine the stability, direction,
and period of bifurcating periodic solutions are obtained.
It is worth stressing that, differently from [21], our
analysis is not restricted to the caseλ1 > λ2. Therefore
the analytical results contained in this paper also
generalize the numerical results obtained in [21].

The contents of the present paper are organized as
follows: After this introduction, Section 2 is devoted to
the existence and stability analysis of steady-state
equilibria of the mathematical model (1) including also
the proof of the existence of Hopf bifurcations. Section 3
is concerned with the qualitative analysis of the
bifurcating periodic solutions.

2 Steady-state equilibria and stability
analysis

Setting τ = 0, the mathematical model (1) admits the
following unique positive equilibrium

N∗ =
λ1+λ2

µξ λ 2
2

.

Let x= Nd −N∗, then Eq. (1) can be rewritten as

·
x= λ1x− (2λ1+λ2)xd − µξ λ 2

2x2
d, (2)

whose linear part reads

·
x= λ1x− (2λ1+λ2)xd, (3)

The corresponding characteristic equation, obtained by
substitutingx= e−ητ

, is

η −λ1+(2λ1+λ2)e−ητ = 0. (4)

When τ = 0, we haveη = −(λ1+λ2) < 0. Hence, the
null equilibrium of (2), and so the positive equilibriumN∗

of (1), is locally asymptotically stable.
We choose now the time delayτ > 0 as the

bifurcation parameter. It is well known that the
equilibrium point is locally asymptotically stable if all the
roots of the characteristic equation have negative real
parts and unstable if at least one root has positive real
part. We will examine now the localization of the roots of
the transcendental equation (4). First, note thatη = 0 is
not a root of (4). Forω > 0, η = iω is a root of (4) if and
only if

iω −λ1+(2λ1+λ2)e−iωτ = 0.

Separating the real and imaginary parts we have

ω = (2λ1+λ2)sinωτ, λ1 = (2λ1+λ2)cosωτ, (5)

which leads toω2 = (2λ1+λ2)
2−λ 2

1 .

Lemma 1.The characteristic equation(4) has a pair of
purely imaginary rootsλ =±iω0 at τ=τ j , where

ω0 =
√

3λ 2
1 +λ 2

2 +4λ1λ2, (6)

and

τ j =
1

ω0

[

tan−1
(

ω0

λ1

)

+2π j

]

, j = 0,1,2, ... (7)

Proof.If λ = ±iω0 were not simple, then one would have
1−λ1τ j + iω0τ j = 0, leading to a contradiction. Finally,
the critical valuesτ j are derived from (5).

Let η(τ) = ν(τ)+ iω(τ) be a root of (4) nearτ = τ j
satisfying the conditionsν(τ j ) = 0 andω(τ j) = ω0.

Lemma 2.The root of characteristic equation(4) nearτ j
crosses the imaginary axis from the left to the right asτ
continuously varies from a number less thanτ j to one
greater thanτ j .

Proof.Differentiating both sides of the characteristic
equation (4) with respect toτ, and using (4), we obtain

dη
dτ

=−
(η −λ1)η

1+(η −λ1)τ
.

Then

ν ′(τ j ) = Re

(

dη
dτ

)

τ=τ j

= Re

[

−
(iω0−λ1)iω0

1+(iω0−λ1)τ j

]

=
ω2

0

(1−λ1τ j)
2+ω2

0τ2
j

> 0, (8)

completing the proof.

Proposition 1.If τ ∈ [0,τ0), all roots of(4) have negative
real parts. Ifτ = τ0, all roots of(4) exceptλ =±iω0 have
negative real parts. Ifτ ∈ (τ j ,τ j+1), for j = 0,1,2, ..., then
(4) has2( j +1) roots with positive real parts.
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Proof.The conclusions are straightforward from the above
results.

Bearing all above in mind, the following theorem holds
true.

Theorem 1.Let ω0 and τ j be defined as in(6) and (7),
respectively. Then the equilibrium N∗ of (1) is locally
asymptotically stable forτ ∈ [0,τ0), and unstable for
τ > τ0. Furthermore, Eq. (1) undergoes a Hopf
bifurcation at the positive equilibrium N∗ whenτ = τ j ,
j = 0,1,2, ...

3 Qualitative analysis of the bifurcating
periodic solutions

This section deals with analytical results on the direction,
stability and period of the bifurcating periodic solutionsin
Eq. (2). The analysis is based on the normal form theory
and the center manifold theorem proposed by Hassard et
al. in [22].

Without loss of generality, we will investigate the
critical value τ = τ0 at which (2) undergoes a Hopf
bifurcation from the null equilibrium. For notational
convenience we setτ = τ0+ µ , µ ∈ R. Thenµ = 0 is the
Hopf bifurcation value for (2). Set

Lµ(ϕ)= λ1ϕ(0)−(2λ1+λ2)ϕ(−τ), ϕ ∈C([−τ0,0],R,

and
f (µ ,ϕ) =−µξ λ 2

2 ϕ(−τ)2
.

By the Riesz representation theorem, there exists a
bounded variation functionη(θ ,µ), θ ∈ [−τ0,0], such
that

Lµϕ =

∫ 0

−τ0

dη(θ ,µ)ϕ(θ ), ϕ ∈C([−τ0,0],R).

In fact, we can choose

η(θ ,µ) = λ1δ (θ )− (2λ1+λ2)δ (θ + τ),

whereδ is the Dirac delta function. Forϕ ∈C([−τ0,0],R),
we define

A(µ)(ϕ) :=















dϕ(θ )
dθ

, θ ∈ [−τ0,0),

∫ 0

−τ0

dη(r,µ)ϕ(r), θ = 0,

and

R(µ)(ϕ) :=

{

0, θ ∈ [−τ0,0),

f (µ ,ϕ), θ = 0.

Then we can rewrite Eq. (2) as

.
xt = A(µ)xt +R(µ)xt , (9)

wherext = x(t+θ ), for θ ∈ [−τ0,0]. Forψ ∈C([0,τ0],R),
the adjoint operatorA∗ of A= A(0) is defined as follows:

A∗(µ)ψ(r) =















−
dψ(r)

dr
, r ∈ (0,τ0],

∫ 0

−τ0

dη(r,µ)ψ(−r), r = 0.

Forϕ ,ψ ∈C([−τ0,0],R), we consider the following inner
product:

< ψ ,ϕ >:=

ψ̄(0)ϕ(0)−
∫ 0

θ=−τ0

∫ θ

r=0
ψ̄(r −θ )dη(θ ,0)ϕ(r)dr.

In order to determine the normal form of the operatorA,
we need to calculate the eigenvectorq (resp.q∗) of A (resp.
A∗) belonging to the eigenvalueiω0 (resp.−iω0). By direct
calculation, it can be verified thatq(θ ) = eiω0θ andq∗(s) =
Deiω0s, where

D =
1

1− (2λ1+λ2)eiω0τ0
.

Furthermore,< q∗,q>= 1 and< q∗, q̄>= 0.
Forxt solution of Eq. (9) at µ = 0, we define

z(t) =< q∗,xt >

and
W(t,θ ) = xt(θ )−2Re{z(t)q(θ )} .

On the center manifold, we have

W(t,θ ) = W(z(t), z̄(t),θ )

= W20(θ )
z2

2
+W11(θ )zz̄+W02(θ )

z̄2

2
+ · · · . (10)

wherezandz̄are local coordinates for the center manifold
in the direction ofq∗ andq̄∗, respectively. Then (9) on the
center manifold is described by

.
z(t) = iω0z(t)+ q̄∗(0) f0(z, z̄), (11)

where

f0(z, z̄) = f (0,W(z(t), z̄(t),0)+2Re{z(t)q(0)}).

Eq. (11) can be written in the abbreviated form as

.
z(t) = iω0z+g(z, z̄),

with

g(z, z̄) = q̄∗(0) f0(z, z̄)

= g20
z2

2
+g11zz̄+g02

z̄2

2
+g21

z2z̄
2

+ · · · . (12)

Therefore, we have

.

W =
.
xt −

.
zq−

.

z̄q̄=
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{

AW−2Re{q̄∗(0) f0q(θ )} , θ ∈ [−τ0,0),

AW−2Re{q̄∗(0) f0q(0)}+ f0, θ = 0,
(13)

namely
.

W = AW+H(z, z̄,θ ),
where

H(z, z̄,θ ) = H20(θ )
z2

2
+H11(θ )zz̄+H02(θ )

z̄2

2
+ · · · .

Fromxt(θ ) =W(z, z̄,θ )+ zeiω0θ + z̄e−iω0θ , we get

xt(0) = W(z, z̄,0)+ z+ z̄,

xt(−τ0) = W(z, z̄,−τ0)+ ze−iω0τ0 + z̄eiω0τ0,

and

f0(z, z̄) = −µξ λ 2
2

[

W(z, z̄,−τ0)+ ze−iω0τ0 + z̄eiω0τ0
]2

= −µξ λ 2
2e−2iω0τ0z2−2µξ λ 2

2zz̄− µξ λ 2
2e2iω0τ0z̄2

+[−2µξ λ 2
2e−iω0τ0W11(−τ0)

−µξ λ 2
2eiω0τ0W20(−τ0)]z

2z̄

+[−2µξ λ 2
2eiω0τ0W11(−τ0)

−µξ λ 2
2e−iω0τ0W20(−τ0)]zz̄

2+ · · · .

Hence, from (12), comparing coefficients, it follows that

g20 = −2D̄µξ λ 2
2e−2iω0τ0, (14)

g11 = −2D̄µξ λ 2
2 , (15)

g02 = −2D̄µξ λ 2
2e2iω0τ0, (16)

g21 = 2D̄[−2µξ λ 2
2e−iω0τ0W11(−τ0)

−µξ λ 2
2eiω0τ0W20(−τ0)] (17)

We need to computeW11(−τ0) andW20(−τ0) that appear
in g21. From

H(z, z̄,θ ) = −2Re{q∗(0) f0q(θ )}
= −g(z, z̄)q(θ )− ḡ(z, z̄)q(θ )

= −

(

g20
z2

2
+g11zz̄+g02

z̄2

2
+ · · ·

)

q(θ )

−

(

ḡ20
z̄2

2
+ ḡ11zz̄+g02

z2

2
+ · · ·

)

q̄(θ ), (18)

we obtain

H20(θ ) = −g20q(θ )− ḡ02q̄(θ ),
H11(θ ) = −g11q(θ )− ḡ11q̄(θ ).

On the center manifold,
.

W =Wz
.
z+Wz̄

.

z̄. Hence, we get the
equations







(A−2iω0)W20(θ ) = −H20(θ ),
AW11(θ ) = −H11(θ ),

(A+2iω0)W02(θ ) = −H02(θ ).
(19)

From (13), we have
.

W20(θ ) = 2iω0W20(θ )−g20q(θ )− ḡ02q̄(θ ).

Solving forW20(θ ), we find

W20(θ ) =
g20

iω0
q(θ )+

ḡ02

3iω0
q̄(θ )+E1e2iω0θ

, (20)

and similarly

W11(θ ) =−
g11

iω0
q(θ )+

ḡ11

iω0
q̄(θ )+E2,

whereE1,E2 are both real constants that can be determined
by settingθ = 0 in H(z, z̄,θ ). In fact,

H20(0) =−g20q(0)− ḡ20q̄(0)+2b2e
−2iω0τ0,

H11(0) =−g11q(0)− ḡ11q̄(0)+2b2.

Eqs. (19) yield

λ1W20(0)− (2λ1+λ2)W20(−τ0) =

= 2iω0τ0W20(0)−H20(0) (21)

λ1W11(0)− (2λ1+λ2)W11(−τ0) =−H11(0).

Substituting (20) in (21), we can calculateE1. Similarly,
for E2.

Based on the above analysis, one has that eachgi j in
(14) is determined. Thus, we can compute the following
quantities:

C1(0) =
i

2ω0

(

g11g20−2|g11|
2−

|g02|
2

3

)

+
g21

2
, (22)

µ2 = −
Re{C1(0)}
Re{λ ′(τ0)}

,

β2 = 2Re{C1(0)} ,

T2 = −
Im{C1(0)}+ µ2Im{λ ′(τ0)}

ω0
.

It is well known thatµ2 determines the direction of
the Hopf bifurcation: ifµ2 > 0 (resp.µ2 < 0), then the
Hopf bifurcation is supercritical (resp. subcritical) andthe
bifurcating periodic solutions exist forτ > τ0 (resp.
τ < τ0); β2 determines the stability of bifurcating periodic
solutions: the bifurcating periodic solutions on the center
manifold are stable (resp. unstable) ifβ2 < 0 (resp.
β2 > 0); T2 determines the period of the bifurcating
periodic solutions: the period increases (resp. decreases)
if T2 > 0 (resp.T2 < 0). Since (9) givesRe{λ ′(τ0)} > 0,
we thus have the main result of the present paper.

Theorem 2.Let N∗ be the unique positive equilibrium of
the delayed mathematical model (1) and Re{C1(0)} be
the real part of (22). Then the direction of the Hopf
bifurcation of (1) at the equilibrium N∗ whenτ = τ0 is
supercritical (resp. subcritical) and the bifurcating
periodic solutions on the center manifold are stable(resp.
unstable) if Re{C1(0)}< 0 (resp. Re{C1(0)}> 0).
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