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1 Introduction For the remainder term we have the evaluation

In the last years the problem to construct the optimal (0] ENL 51 /b . 3 1 1
quadrature formulas was studied by many autha8} ([ ’ ’<[ (t)’ dt} [/a [Kn(V)] dt] ’l_3+a:1’
(7], [8], [11, [12], [13], [19)], [16]). @

Denote with the remark that in the casgs= 1 andp = o this

evaluation is
Wi[a, b]:= { f eC™1[a,b], f("Y abs. coni;.H ) < oo}

b
| < [C]i0]dt sup ke, @)
where a tefab]
b 1
p
||f||p:={/|f(><)|"d><} Sforl<p<eo,||f||,:= sup [f(X). ‘%[{”][f]‘< sup | £ /|Kn dt. (4
a xla,b] tela,b]
Let

Definition 1.The quadrature formulalj is called optimal
b m (0] N in the sense Nikolski in the space'\&, b], if
/ (ax= 3 Amcf (@) +2 011, £ €Wglabl (@
: K= b g 11
be a quadrature formula with degree of exactness equal F(AX) = /a [Kn(®Fdt, T4o=11<p<e,
n—1, where the nodes veriy<ag <a; < --- <am<h. sup [Kn(t)], p=1,
If f € Wgla,b], by using Pearle theorem the tefabl

remainder term can be written
attains the minimum value with regard to A and X, where

b _
:/ Kn(0) £ (t)dlt, A = {Anlr, are the coefficients and
= (ag,a1, -+ ,am) are the nodes of the quadrature
Where formula.
—1
Kn(t) = %Lp] (x—t)T For the particular casen = 2, the coefficients
(n—1)! A = {Ani}i o and the nodeX = (ap,ay,--- ,am) of the
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guadrature formula optimal in sense Nikolski are be a quadrature formula with degree of exactness equal 1.

calculated in 14]. In the next section we will recall the Since the quadrature formula has degree of exactness
algorithm to derive a quadrature formula with 2-points 1, the remainder term verifies the conditions
which is optimal in sense Nikolski, namely we will Q[P}[a]:o a(x) =X, i =0,1, namely

.. 2 ) ) [
calculate the coefficients and the nodes such that the
guadrature formula to be optimal, considering that the AL+ As =1, Ajag + Avay = 1 (6)
remainder term is evaluated in sense ®f i the cases ’ 2’

p=1, p=2andp= . Also, the error estimations using and using Peano’s theorem the remainder term has the
different norms and involving the second derivative arefollowing integral representation
given.

In recent years some authors have considered so %[p][f]:/le(t)f”(t)dt where @)
called perturbed (corrected) quadrature rules (4g45], 2 0 ’
[6], [9], [10Q], [17]). By a corrected quadrature rule we

mean the formula which involves not only the values of }tz, 0<t<a,
the function at certain points, but also the values of the o (1-1)2
first derivative at the endpoints of the interval. TheseKa(t)=2%," [(x—t)4]= T—FAzt—azAz,alStSaL

formulas have a higher degree of exactness than the

original rule. The error estimates in the corrected rule are (1—t)27 p<t<l

better than in the original rule, in general. (8)
Let] C R be an open interval such thig 1] C | and

let f : 1 — R be a twice differentiable function such that

f” is bounded and integrable. 14§, N. Ujevi¢c and L.

Miji€ constructed the following formula of close type with 1 B B
3 nodes / f(x)dx:%[f <2‘/§ 3>+f <5 ;‘/é>]+<%’g°°][f],
0

NI -

Theorem 1For f € W2[0,1], the quadrature formula of
the form 6), optimal with regard to the error, is

! V2 V2 1\ V2 9)
/O f(Odt="1(0)+ (1_T> f (§)+?f(1)+%[f], with 1
. s #5711 = [ ka1t (10)
where|Z[f]| < — == "]l where
This problem was generalized id][considering the 1 2/3-3
guadrature formula of close type with more than 3 nodes. Etz, 0<t< >
In [2], using classical methods to obtain an optimal 2 B _ _
quadrature formula, we calculated the coefficientsKa(t)= Col) +}t—5 2\/‘6’, 2v/3 sgtg > 2\/‘3’,
Ai,i = 0,2 and the nodea; € (0,1) such that the 1 2 25_2 3 2 2
quadrature formula E(l—t)z, — <t<1.
1 . .
- ProofThe remainder term7j can be evaluated in the
/Of(t)dt_Aof(0)+A1f(a1)+A2f(1)+%[f] e

to be optimal, considering that the remainder term is ® 1

evaluated in sense o), in the casep =1, p=2 and ‘gg }[f]‘ < ||f””°°/o [Ka(t)dt.

p = . Also, we constructed the corrected quadrature_l_h q f lai imal with dioth

formulas for all three cases. Fpr= o we find the Ujevic . € quadrature formula is optimal with regard to the error

and Mijic’ s result. i 1

The main purpose of this paper is to derive corrected / |[Kz(t)|dt — minimum

rules of the optimal 2-points quadrature formulas of open 0 )

type. We will show that the corrected formula improves ~ 1he parameters of the optimal quadrature formula can

the original one. The remainder term is evaluated in sens@€ obtained by identifying the functiokz| 5, 5, with the

of (2), in the casep = 1, p= 2 andp = oo. Chebyshev orthogonal polynomial of the second kind of
degree 2, on the intervédy, a;], with the coefficient of?

1
equal to-, namely

2 The optimal 2-points quadrature formulas 2
: . ! Y
in sense Nikolski (1-1) Aot — BpAg — %tZ—A1t+a1A1
Let . 1(a2_a1)2~ t_al-gaz
= a 2\ —a&—a |
/O f()dx=Acf (ag) + Aof (a) + ZP[f]  (5) 2\ 2 23
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whereﬂz(x) =x— % is the Chebyshev polynomial of the The quadrature formula is optimal with regard to the error
second kind of degree 2, on the intenjatl,1]. By if

1
identifying the coefficients we obtain / (Kz(t))zdt — minimum
0
A= & “ZL a2’ Aja; = %(al +ap)?— 3—2(a2 —a) The parameters of the optimal quadrature formula can
be obtained by identifying the functloln2| W|th the

SinceK;, € C[0,1], namelyKy(a; +0) = Kp(a; —0) and  Legendre orthogonal polynomial of degree 2, on the

Ka(az —0) = Kz(az +0), we get the following relations  jnterya [a,a,], with the coefficient oft?> equal to %

ag _ 3(ap—a1)? (1—ap)? _ 3(ap —ag)? namely
2 32 ’ 2 32 '
. . 1 _t)2 _ atay
From the above relations we obtaity=Ar==, (1 zt) 4 Aot — aphAy = %(aZ 2a1)2>~( (t o >’
2v/3-3 5-2V3 2
a; = 5 ,ap = 2 . 1 (13)
T

Remarki-or the remainder term of the quadrature formulaWhere XIZ(X) =X is the Legendre orthogonal
(9) the following estimations can be established polynomial of degree 2, on the interva--11]. By

identifying the coefficients we obtain

7—4v/3 ai+a 1
A0 <)o [ Hottlt=""2"2 17, A= 2 Ay = (et a0)? - o (e — )
NO-OOSQ‘ oo, eWof[O, 1, SinceK; € CJ[0,1], namelyKy(a; + 0) = Ky(ag — 0) and
. 1 1 Ka(az — 0) = Ky(az + 0), we get the following relations
) < | [ e 1, : o 2
° a4 (p-a)” (1-2)° (2—a)
2400/3- 4155 _, 2 12 7 2 12
25— 1"z .
%0.0156”//”2’]:6\,\/22[0 1, From the above relations we obtalAlezzi,
- 7- 4f _ V62 46
5700 < swp bt 11 = 2R AT T
el

Remarki-or the remainder term of the quadrature formula

~ " 2
~0.0269|f"||1, f € WF[0,1]. (11) the following estimations can be established

Theorem 2For f € WZ[0,1], the quadrature formula of

1
the form 6), optimal with regard to the error, is 221 < [/l(Kz(t))zdt} 2||f”|\2= (5—2\/6)\/§||fu”2
— Jo 20
[0 VO2) Lr (48 [, ~0.01131"]]5, f € WE[0,1)
2 1 (1+v2)(9v6—22)
aD  |#11)] < [ Kelt)lat 1= 1]l
with ) 0 ’ 12
~ "
’ 5 2\/’
where ZL1F]| < sup [Ka(t)]-[|f"2 = 1712
te[0,1]
:—thz, 0<t< ‘/62_2, ~ 0.0252) "1, f € W2[0,1].
2
Ka(t) = (1-1) +}t— 4_\/6, v6-2 <t< 4_‘/6, Theorem 3For f € WZ2[0,1], the quadrature formula of
2 2 4 2 2 the form §), optimal with regard to the error, is
:—L(l—t) 4- V6 <t<1
? ’ f(x Ll (V221 g (3v2) | gl
ProofThe remainder term7j can be evaluated in the / 2 2 T 2 +% 1],
following way (14)
1 3 with
%[Z]f < Ko (t))?dt f ey ! I
> (] < A (Ka(t)) 1£7]]2. Ry [f] = [ K01t (15)
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1
[1] ! 2 2 "

where ‘,@2 [f]‘ < | [ (e dt] (1172

%tz, 0<t< \/52—1, /4245 ?,oooﬁHf,/||

= 2

1-1)2 1 3- f V21 3-2 120
Ka(t) = { 1
2(t) 2 +%t 2 S St<=——, ~0.0128| "2, f € W2[0,1].

Z(1-1)? zf <t<1.

2 3 The corrected quadrature formulas
ProofThe remainder term7j can be evaluated in the
following way In this section we will construct the corrected quadrature
formulas of the optimal quadrature formulas in sense
‘% ‘ < |[f"|l1- sup |Ka(t)]. Nikolski and show that the estimations using different
0<t<1 norms are better in the corrected formula than in the
. . . original one.
The quadrature formula is optimal with regard to the error Let
if
.. 1 .
ooy @)1 = minimum | 1000x= At (@) + Ao (a2)+ALF (1)~ (O] + 7 1],
The parameters of the optimal quadrature formula can (7)

be obtained by identifying the functiok,|,, ., with the ~ where

Chebyshev orthogonal polynomial of the first kind of L , 1
degree 2, on the intervéd; , a,], with the coefficient of?2 %5°'(e]=0,i=0,1, andAz/O Ko (t)dt
equal withi, namely be the corrected quadrature formula of the r&je (
Since the remainder term has degree of exactness 1, we
a2, [t ata can write
1't2 — At +a3A1 = 1 (az al) T a ar 21 , (16)
2 2 2 v / Ka( t)dt, where (18)
~ 1
2= ~
where T?(x) =X . |s. the Chebyshev orthggonal Ka(t) =9?£ Pl [(X—1)4] = Ka(t) — A, (19)
polynomial of the first kind of degree 2, on the interval 1
[—1,1]. By identifying the coefficients we obtain From the relation19) we remark that/ Ko(t)dt =0. If
0
ap+a 2 2 . X2 .
A= > , Ajag = é(a1+a2) — E(az—al) . we considerf(x) = > in the optimal quadrature5],

1 .
SinceK; € C[0,1], namelyKa(a; +0) = Ky(a; — 0) and ~ WhereAs = Az = 5, we find
Ka(az — 0) = Ky (az + 0), we get the following relations

1
A== - . 20
aj _ (B2 —a1)® (1-a)? _ (ag—a1)? A (20)
2 16 2 16 Using relations 19) and Q0) we construct the following
1 corrected quadrature formula 09)( (11), respectively
From the above relations we obtaim:Az:i, (14):
e Lromes (515
2 2 f(x f
2
Remark-or the remainder term of the quadrature formula 48,/3-83 p ~Joo]
(14) the following estimations can be established T 24 (W)= (O] +"[f], (21)
2P 11| < sup (Ko@) || "]l = £ - e 1,
2111 < sup ka0 1171~ 1] £ = [ Rt ot (22)
~0.0214|"||1, f € W2[0,1]. }t2_48\/§ 83 . z\/§ 3
2 24 '
/|K2 )|dt- ||f”|\m_ms|\f”||oo Kot) = { L2 1., 65— 36‘/§ zf 3<t<5_2‘/§
2 2 \} - 2
~ 0.0106] ", f € W2[0,1], L _ye_48v3 83 523
g/ f"|| [0,1] S(1-17 - —— S <t<l
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= (M) - (0] +471, (23)

where L

G511 = | Re0)1"()ct (24)
%tz_ig\/é_zz’ 0<t< \/6_2,

Kal(t) = }tz—}t+8_3\/§, \/6—2§t§4_\/6’
% 2 96— 22 42\@ ?
Z(1—-1)2— _ _ <
2(1 t) 2 32 <t<1,

respectively

1 1r,/vV2-1 3-2
/of(x)dxzi[f( 2 )+f( 2 }
12\/2-17 ~
= (M- 1]+ 11, (25)
where L
A1 = [ K" wat, (26)
%tz_ 12[224— 177 0<t< \/22—1’

Ro(t) = %t _%t+1l—26\/§7 ﬁz_lgtg 3—2\0’
}(1—t)2—12\/%_17 3_\/§<t<1
2 24 72 =

Remarki-or the remainder term of the quadrature formula

(21) the following estimations can be established

oo 1
58] <110 | ettt

1 \/7
= {—62 108\/3— 186+ 108\/36v/3— 62

+ 144\/48\/5— 83— 83\/144\/§— 249J 7]/

~0.0088| " ||, f € W2[0,1],

<) 1(K2(t))2dt]%|f”||2

B \/50400\/3—87295“ o
B 60 z
~0.0086| f"||2, f € W2[0,1],

~ oo 73-42\/3
F50| < sup Ka(O)]- 11712 = =
te[0,1]

~0.0211|f"||1, f € W2[0,1].

117112

Remarld-or the remainder term of quadrature form®a)(
the following estimations can be established

. 1 3
10| <[ [ tewie) 1.
1/9000/6 — 22045

— f//
e

~ 0.0106]f"||2, f € W2[0,1],

[Z]f < lK d f//
21t1] < [ ka1t 7]

1
=% [—29\/36\/6— 87+ 36\/24\/6—58
+108\/9v6—22—44/54\/6— 132] 7)o

~0.0084| " ||, f €WZ0,1],

37-15/6
)| < sup [Ka(O)l - |11"ll1= =2
tefo] e

~0.0214|"||1, f € W2[0,1].

Remarki-or the remainder term of the quadrature formula
(25) the following estimations can be established

, 13-9y/2
G8)| < sup IKa(0)]- 11 = =1
te[0,1]
~0.0226| f"|1, f € W2[0,1],
5 1
210 < [ Kavlat 1o

_2(3- 2v2)V/ 92 — 12H |
27 ®

~0.0108| ||, f € WZ[0,1],

117112

i 1 2
| <[ [ wet2at] 1171
V/1800v2 - 254

5
= "2
~0.0097| ", f € WZ[0,1].
RemarkThe estimates of the error in the corrected rules
(22) and @3), respectively, are better then in the original
rules @) and (L1), respectively.

The corrected quadrature formul&4), (23) and @5),
respectively, have degree of exactness 3, which is higher
than the original rule, namely fqu € {e,2,1}, R [q] =
0,i =0,3 andR” [e4] # 0, wheree (x) =X, i = 0,4. Using
Peano’s Theorem, the remainder term can be written
(x-1)%

3!

GW[f) = /Ole(t)f(“)(t), Ka(t) = % {
(27)

(@© 2015 NSP
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In the next part of this paper, using relatia2vy, we

will give new estimations of the remainder term in the

quadrature formula2(), (23), and @5), respectively.

Theorem 4lf f € C*0,1], then the remainder term of
guadrature formula21) has the integral representation

/ Ka(t) t)dt, where
3 _
B 1(1 e <5 zf t) 483 83(1_027
Kty ={ 24 12 48
2 2v/3-3 —2\/§
> <t< 5
1 5 48/3-837 5-2/3
—t)c— <1.
54 (10?2 [(1 t) - ] S <t<1

and the following estimations hold

~ W Rt dtW

_ /21666153603 375268785% |
40320 z
~1.335x 1074 ¥,
|dt- sup |f(4>

= oo L
il

B | 22447 \/
+ 760 62—1/8397-4848,/3+36V/3
9727 39 V3 31 (@)
><< 20T f+\/8397 4848\/5(20—%0>>|f [ eo

~ 0.938x 10~ 4||f#)

(®)]

H°°7

257111 < sup [Rat

te[0,1]
_ 384/3-665
- 384

IALE!

9y & 2.7997x 1074 |14 .

t)[dt

Theorem 51f f € C*0,1], then the remainder term of
guadrature formula23) has the integral representation

/ Ka(t) f(t)dt, where
2—14t2[ —(9v6- 22)]o<tg‘/5‘2,
Ra(t)= Z‘fL b= (4 2\/6 t)-2 2;22<1—t>2,
62 t_4_ V6
214(1 D2((1-t)2— (9V6-22)], = 2‘/6<t§1.

and the following estimations hold

~52][1‘] S \//l(Kz(t))zdt\//l(fM) t

_ \/27305005- 11147220/6 11
10080 z
~1.972x 1074 1@,
/|K2 )|dt- sup [F4)(1)]
te[0,1]
1
= 1490 <64(485 198v6)\/9v6— 22

+630\/§—1543) D
~1.337x 1074 || f ¥,

[211)| < sup K |/|f t)[dt
te[0,1]
:M.Hf(4)||l
384

~3.993x 1074 || £,

Theorem 61f f € C*[0,1], then the remainder term of
guadrature formula25) has the integral representation

1 frane

1,0, 12V2-17 V2-1
_ - <t<

24" (t 2 Osts =5,
L L2 ) 1
Ka(t)={ 24 12\ 2 48

\/§—1<t§3—\/§’

2 = 2
12\/2-177 3—V2
O

and the following estimations hold

~£l][f]’ S\//Ol (Kz(t))zdt\//ol(f(@ t

/30974545 2190216@/2H 1)
= 40320 2
~3.622x 1074 W],

|dt- sup [f@ ()]

1 —
| < [ IRt
0 t€[0,1]

= M.Hf(“)”m
5760
~ 2.653x 1074 || {4

t)dt, where

(1_t)27

<t<1,

2l

H°°7
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~ 1
711 < sup [Ra(t)]- [ 11901t
te[0,1] 0
15 V2
— == Y2 ) @D
< 128" 12) I

~6.636%x 1074 || £,

4 Conclusions

We constructed the corrected formulas of the optimal

[4] P. Cerone, S. S. Dragomir, Midpoint-type rules from
an inequalities point of view, In: Handbook of Analytic-
Computational Methods in Applied Mathematics, Editor: G.
Anastassiou, CRC Press, New York, 135-200 (2000).

[5] P. Cerone, S.S. Dragomir, Trapezoidal-type rules from
an inequalities point of view, In: Handbook of Analytic-
Computational Methods in Applied Mathematics, Editor: G.
Anastassiou, CRC Press, New York, 65-134 (2000).

[6] P. Cerone, Three point rules in numerical integratian, J
Non-linear Analysis, 47, 2341-2352 (2001).

[7] G. Coman, Monosplines and optimal quadrature formulae,
Rev. Roum. Math. Pures et Appl., Tome XVII, No.9,
Bucharest, 1323-1327 (1972).

quadrature formulas in sense Nikolski. On the above [g] G. Coman, Monosplines and optimal quadrature formulae

discussions, the estimations using different norms are

better in the corrected formula than in the original one.

in Lp, Rendiconti di Matematica (3), Vol. 5, Serie VI, 567-
577 (1972).

This aspect is revealed in the below table where are [9]S. S. Dragomir, R. P. Agarwal, P. Cerone, On Simpson’ s

calculated the upper bounds of the absolute values of

remainder term@ép], p € {2,} in corrected formula,
respectively,%gp] in the original one:

Table 1: The upper bounds of the remainder term

remainder| f eWZ[0,1] | feWZ[0,1] | feWZ[0,1]
term

Z51f] | 0.0088]f" . | 00060/, | 0.0211 "4
,@”} [f] | 0.0089f". | 0.0156|F"||, | 0.0269|"||
Z201] | 00084|1" . | 0.0106]"|, | 0.0214]" 4
22(f] | 00091|#"., | 00113/, | 0.0252"||;

inequality and applications, J. Inequal. Appl., 5, 533-579

(2000).

[10] I. Franjic, J. Pecaric, On corrected Bullen-Simp's® 3/8
inequality, Tamkang Journal of Mathemati&¥(2), 135—
148 (2006).

[11] F. Lanzara, On optimal quadrature formulae, J. of lrméqu
& Appl., Vol. 5, 201-225 (2000).

[12] K.M. Shadimetov, A.R. Hayotov, = Optimal quadrature
formulas with positive coefficients in_(zm)(o, 1) space,
Journal of Computational and Applied Mathematics,
Volume 235, Issue 5, 1114-1128 (2011).

[13] K.M. Shadimetov, A.R. Hayotov, F.A. Nuraliev, On an

optimal quadrature formula in Sobolev spah:@(@l),
Journal of Computational and Applied Mathematics,
Volume 243, 91-112 (2013).

[14] D.D. Stancu, G Coman, P. Blaga, Analiza numerica si
Teoria aproximarii, Vol Il, Presa Universitara Clujean”

Since the corrected quadrature formulas have degree 2002 (in romanian).
of exactness higher than the original rule, this allowed ug15] N. Ujevic, Error inequalities for a quadrature forrauind

to obtain new error estimates in corrected formulas.
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