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Abstract: We compute for the representative scalar ordinary difféserequation of maximal point symmetry the generalised
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1 Introduction this paper. The subalgebras are
M=oy Solution Symmetries
L= Xdy 2A1
I3 =yoy Noncartan Symmetries
4 = xyox+ yzﬁy 2A1
Any nth-order scalar ordinary differential equation of s = 0y Special Li G (2)
maximal Lie point symmetry is equivalent under a point [ = 2xdx + ydy } Ipzecl;a ineartroup
transformation to the equation I7 = X209 + xyoy si2.R)
Homogenei
[g = ydy } 1A;. g W
y" =0 (1)

Even in the earliest days of the study of symmetries of

differential equations it was natural to consider
in which the independent variable is The Lie point  transformations generated by symmetries which were not
symmetries of ordinary differential equations have beenpoint symmetries 10] and one finds in the work of
the subject of many studies beginning with those of Lie in Noether [L4] an assumption that the symmetries could be
which he showed that the maximum number of pointgeneralised. As Noether was studying the invariance of
symmetries of a scalar second-order equation is eighthe Action Integral and the Lagrangian is directly related
[9][p 405]. Subsequently it was shown that the algebra ofto the Hamiltonian the theory of which essentially
the symmetries found in the operation of taking the Lie contains canonical transformations, this assumption is
Bracket wassl(3, R). The internal structure of the algebra simply a reflection of the fact that the canonical
is not without intrinsic interest and has relevance totransformations in general correspond to generalised
studies of higher-order equations and so the subject ofymmetries.
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Lie had investigated the symmetries of equations of
order greater than the second, but it was not until more

Some Computational Results

We present the generalised symmetries of order-two

than a century after his time that there were systematid®r Several equations of the clas.(

studies of the point symmetries of equations of
higher-order. In particular these studies were concerned
with those of linear - equally linearisible by a point
transformation - scalar ordinary differential equations.
Initial studies by Krause and Micher [8] were rendered
more complete in1,12]. A second-order scalar ordinary
differential equation of maximal point symmetry always
had eight Lie point symmetries and the algebi@®, R).

By way of contrast for higher-order equations there were
three possibilities for an equation which was linearisible
by means of a point transformation. There coulchbe4,
n+2 or n+ 1 Lie point symmetries. Evidently
second-order equations were exceptional since they did
not obey these rules. A second-order equation of maximal
symmetry did not have these three possibilities but just
the one, eight, which was more than expected by the
general result. The additional two symmetries with the
subalgebra &, indicated above as Noncartan - also called
fibre-preserving in the literaturé][ - are not reflected in
the point symmetries of equations of higher-order.
However, there was some hint of a persistence of this
property in third-order equations in that they possessed
contact symmetries - not necessarily equations of
maximal point symmetry; the Kummer-Schwarz equation
is an example of an exception - making ten symmetries in
all with the algebresp(5) [2] and in the case of a linear
equation, with seven plus three symmetries being a
natural generalisation of the six plus two of the
second-order equation of maximal symmetry. Further
properties were noted irlg]. Equations of higher-order
than the third did not possess contact symmetries.

In this paper we explore the generalised symmetries
and associated algebras of linear equations of
higher-order of maximal symmetry. The complexities of
the calculations limit our attention to equations of the
form (1), but it has to be remembered that the
considerations apply to all equations which can be
linearised to {). The linearising transformation need not
be point since we now consider generalised symmetries.
It is our intention to establish general results for the
number of generalised symmetries of order-two and three
and their associated algebras. There is a practical need for
the establishment of general results as the calculations
become impossible even for equations of not excessive
order. This is despite using one of the better
symmetry-determining packages currently available, Sym
[3,4,5,1]. From the results which we can obtain we infer
general rules and then prove that they are in fact general
being quite aware of the dictum of Poppé&#g]. Because
we are dealing with generalised symmetries, we write all
symmetries in vertical form.

rs=xa,, =03
I = yoy

[31= )/dy; X)/ﬁy; (Xzy’ - 3Xy) oy
T2 =Y'dy; xy'dy; Xy'dy; (XY — 6xy) dy;
(XYY — 43y + 6x%y) 0,
where the subscripts refer to solution, homogeneity,
Jetspace order-one and Jetspace order-two
symmetries. The subalgebra sf(2, R) is obtained
from the Jetspace order-one symmetries and the

homogeneity symmetry. The standard form for
yW =0is[12]

1= 06x, [ =x0x+ (n—1)ydy andlz = X2k + (n— 1)xyd

and the connection with the Jetspace order-one

symmetries and heterogeneity symmetry is manifest.
2.y® =0

We do not repeat the expressions fgrandl, as the

only difference is that the number of solution

symmetries increases by one with the order of the

equation.

= )/ﬁy; X)/ﬁy; (XZ)/ - 4Xy) dy
2 =Y'dy; Xy'dy; X2y'3y; (Cy' — 12xy) 4y
(XYY — 653y + 12) d.

3.y® =0
M1 =Ydy; xydy; (x%y —5xy)dy
M2 =Y'dy; xy'dy; X2y'dy; (X3 — 20xy) dy;
(XY — 85y +20%) .

4.y =0

M1 =Ydy; xydy; (x%y — 6xy)dy
M2 =Y'dy; xy'dy; X2y dy; (XY’
(XYY’ — 10<%y + 30x%y) 4.
5.y® =0
M1 =Ydy; xydy; (x2y —7xy) dy
M2 =Y'dy; xy'dy; Xy dy; (Y — 42xy) dy;
(Y — 123y + 42¢Py) é.
y9 =0
M1 =Ydy; xydy; (x2y —8xy) dy
M2 =Y'dy; xy'dy; Xy'3y; (Cy'
(XYY" — 143y + 56x%y) 4.

— 56xy) dy;
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7.y19 =0 the equation. From the evidence one can only conjecture
- . 0 the number of symmetries if all possible generalised
F1=Y dy; xydy; (X )/—9xy) % symmetries are admitted. In the case of the tenth-order
M2 =Y'dy; xy'dy; X2y'dy; (Y’ —72xy) d; equation this may well be in excess of 100 which could
(Y — 168y + 724y) 4. make the calculation of the Lie Brackets a somewhat

daunting task.

We note that the Jetspace order-one symmetries are )
always three in number (at least for the number of3 Conjectures
equations considered, but a detailed proof in terms of the ) )
equivalent point symmetries is found ihZ])) and that the That the subalgebra of the solution symmetriesAg
number of Jetspace order-two symmetries is five for eacffollows from construction of the solution set from the
of the equations considered here. One can find similadifferential equation itself. The homogeneity symmetry
results for equations of order 2 and 3. Naturally in the follows from the linearity of the equation in the

case of the second-order equation the Jetspace order-tfi$Pendent variable, y. ~The =~ existence of the
symmetries are completely trivial. three-dimensional subalgebisl(2, R), has already been

established in 12]. It remains to consider both the

Before we proceed to establish a general formula forStructures and alg'ebras of the Jetspace order-one and
the Jetspace order-two symmetries from the evidencé’rder'two symmetries and from the evidence before us to
before us and then to verify the formula in general it is COniecture what the general case can be.
appropriate to consider the algebraic structure of the o )
symmetries which we have before us. The first task is to_ T We observe the initial symmetry in the cases/qf
establish the subalgebra of the Jetspace order-one arfdl @nd [z, we see that we haved,, y'd, andy’d,,
order-two symmetries, respectively, and then to considef€SPectively. In the case of the homogeneity there is just
the relationships between the subalgebras. the one symmetry. In the case of the Jetspace order-one

there is alsoxydy whereas for Jetspace order-two one

For the fifth-order equation the Lie Brackets for the finds xy’d, and x?%y"g,. This leads us to the first

symmetries of order-one are conjecture.
[M11, Mazlig = — o Conjecture |I: The generalised symmetries for the
(M1, M3l g = —2M12+ 4 equationy™ = 0 include symmetries of the form

(M2, M3l g = — 13 rjeh' _ Xiy(j)dy, 3)
This is reconciled with sl(2,R) if we define .
I312 = M2 — 2M. With this redefinition the subalgebra is Wherei =0, j andj = 0,J andJ < nis the order of the
closed asl(2, R). Jetspace under consideration. We note that the notation
The Lie Brackets of the symmetries of order-two are here is more precise than that used in Section 2 in that we
relate the indices to the order of the derivativgyaind the

[M321, M2l g = =231 exponents of the power af

[M321, M323) g = —4T332— 2321

[F321, T324) g = —6 (M33+ M22— 4T11) In addition to the generalised symmetries of the
_ B simple structure proposed in Conjecture | there exist

(921, Tazsl g = —4(2M 384 — 61523+ 312+ 611) generalised symmetries of more complex structure

(M322, M323], g = —2(F333+ [322) determined by the order of the equation and the order of

[/_322, I-324]LB = —2(2l334+ 3323 — 12/_312) the Jetspace. Thus we have

r r _ X4 " X3 Iy 2 2 4 . . .

(22 Frzshs = —6( )/// 3 )// X )2/4_ xy) dy Conjecture 11: The generalised symmetries for the

[M23. M2al g = —2 (XYY" + 2y — 12¢Y) 9y equationy™ = 0 include symmetries of the forms

[M23, T2 g = —2 (2x5)/” — 7Y 6y + 12x2y) dy M1 = (X%y — (n— 1)xy) 9, for a Jetspace of order-one,

M21= (Y’ — (n—1)(n—2)xy) d, and
[My24, Tyzs) g = —2 (XBB/” —6x°y" + 18¢Y — 24X3Y) dy- rjz; - gx“y” —2(n—2)x%y + (n) fy 1)(n—2)x) 8,

Obviously there is no closure. One infers that this be thefor a Jetspace of order-two.

case for all symmetries of order higher than the second. In general, if the Jetspace is of ordgme assume that
From the results for the last four brackets one can easilythere arej such symmetries of the general form

believe that the algebra closes only with the addition of .

higher-order symmetries. The order of the ultimate set of [ — J aijJrifmy(jfm)ay

symmetries must necessarily be limited by the order of Jeti — ZO '
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wherej is the order of the Jetspace an# j the degree of  we obtain that

the polynomial expression. nl

mG-'— nCz == O
4 Proofs of the Conjectures whence
Proof of Conjecturel: (n—1)!
The differential operator Co=— CEC —(n—1)(n—2). (7)
letj = xyay, (4 Part(c)

In this case we take the generalised symmetry to be of the
wherei =0, j andj = 0,J andJ < nis the order of the {5, g y y

iztus:t?c():;/ (nl)JTjgrif consideration, is a symmetry of the 2= (XY +ady +béy) 4.

When we gather those terms in théh extension of 3,2
ﬂ (Xi (j)) -0 ) which are not automatically zero and make some useful
o VYT =T cancellations of terms, we obtain the two equations

A general term in the Leibniz expansion of the derivative 4n(n—1)(n—2)+ 3an(n—1)+2bn=0,

above is n(n—1)(n—2)(n—3)+an(n—1)(n—2) +bn(n—1) = 0.
n\ d¢ . dk () The solution of this system of equations gives
() 6 ) o (47)
a=-2(n—2) and b=(n—-1)(n—2). (8)

When the derivatives are expanded, this becomes

) Part (d)

n it ifky(j+n7k) From the indications given by the results for Jetspaces 0, 1

k) (i—k)! and 2 we make the Ansatz that there are symmetries of the
which is nonzeroonly ik <iandk > j. Asi < |, thisis a form j o .
contradiction and Conjecture | is proven. leti = Y amx TIMy=m g (9)

m=0

Proof of Conjecturell: wherej < nis the order of the Jetspade; j the degree of
Part (a) the polynomial expression mwith i < j andag is set at

We assume that the equatigi! = 0 has a generalised gne. We require that
symmetry of the form

n j . _
M= (Y + c1xy) 4. % < > amxH'my(Jm)) =0 (10)
m=0

Thenth extension of 311, which is given by the form

_ _ for the equatiory™ = 0.
n dk ) dn k n dk dn k
(k) ek X ) v ()/)+Cl(k> W(X)W(y)’

must be zero when it acts upon the differential equationd Discussion

When we perform the calculation of theh extension, )

take into account the differential equation and the In the computational results presented here there are
eventual annihilation of the derivative of the exponents ofS€veral points to be noted. The first is that the capacity to

the independent variable we obtain calculate generalised symmetries in a reasonable time is
limited to Jetspaces 1 and 2. Whether this limitation be

Ny, (1) ¢ NY 10 _ g due to machine or program ?s not obvious, but attempts
2 )Y 1\ 1)+ made with Jetspace 3 at various orders of equation were

. o uniformly unsuccessful. That generalised symmetries of

the solution of which is higher-order exist is easily demonstrated. For example the

(n—1)! equationy® = 0 possesses the symmetfy= y(?4,,

C1=— =2 —(n—-1). (6)  corresponding to Jetspace 9, and doubtless with a little

more effort one could devise other generalised

Part (b) symmetries for this equation. However, there is no way
By similar argument, if we have the generalised symmetrythat one could claim completeness by means of educated
of the form guessing. The second point is that the type of generalised
F21= (Y +coxy) 8y, symmetry at any particular order varies with the order of
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the equation. The third-order equation has generalised[2] Abraham-Shrauner B, Leach PGL, Govinder KS and
symmetries of both the first degree and the second degree Ratcliff G, Hidden and contact symmetries of ordinary
in y. The former are the vertical forms of the three differential equationsjournal of Physics A: Mathematical
symmetries constituting thel(2, R) subalgebra. This and GeneraP8 (1995) 6707-6716

property is repeated in all higher-order equations. The [3] Dimas S and Tsoubelis D, SYM: A new symmetry-finding
latter are the vertical forms of the contact symmetries ~ Package for Mathematic&Group Analysis of Differential
which are peculiar to third-order equations. At the  Equationsibragimov NH, Sophocleous C & Damianou PA
fourth-order generalised symmetries of ordertwo and ~ dd (University of Cyprus, Nicosia) (2005) 64-70 (See also
degree one are introduced, whereas at the fifth and[ " Btitngé/swvéwﬁgth%‘;itg:ﬁ'sgrépaxmnew Mathematica.based
higher-orders there are also symmetries of degree two. An roaram for solving overdetarmined svstems of PO
interesting feature of the coefficient functions of these brog g y '

. . . - International Mathematica Symposiu(@006) (Avignon,
symmetries is that they factor and we illustrate this France)l ' ymposiu(@oo6) (Avig

property in the case of® = 0. The symmetries as far as  [5]pimas S, Partial Differential Equations, Algebraic
order two are Computing and Nonlinear Systems (2008) (Thesis:
_ _ 2 University of Patras, Patras, Greece)
la=3d), Te=xd, [s=X3, [6]Hsu L and Kamran N, Classification of second-order
g = x3c9y, [s= x40y, [ = x5c9y ordinary differential equations admitting Lie groups oféib
preserving point symmetrieRroceedings of the London

' = yo

h= Yo N Mathematical Society8 (1989) 387-416
Ms11=Yd, [ls12=xYd, [s13= (Xy —5xy)dy [7]Krause J and Michel L, Symmetry algebra of ordinary

S/ S/ 2 differential equations of order-(1988) (preprint: IHES,
M1 =Y'0y, Tis2=x/'dy, T2z =XY'dy, Bures-sur-Yvette, France)
1'1524: (Xe‘)/’— 20xy) 0y, [8] Krause J and Michel LEquations differentielles linéaires

- r 2 d’ordre n > 2 ayant une Algebre de Lie de symétrie de
1_1525 B (X4)/ 8X3)/ +20x y) 0y. dimensionn+ 4, Compte Rendus Academie des Sciences de

The factors of the symmetries of order two are Paris Série 1307 (1988) 905-910
[9] Lie S, Differentialgleichungen (1967) (Chelsea, Newkjo

[is21=D(D)ydy, Tjs2o=xD(D)ydy, [10] Lie S, Geometrie der Berithrungstransformationen77)9
Mjsz3=XD(XD — 1 Fis2a= (XD — 6) (x°D +4x) yo, (Chelsea, New York)

Js23 ( ) )ydy, 21524 ( ) ( + )y y [11] Mahomed FM, Symmetry Lie Algebras ofith-Order
and Mszs = (XD — 6x) (x°D — 4x) ydy, Ordinary Differential Equations (1989) (Thesis, Univéysi

. of the Witwatersrand, Johannesbur
where D= d/dx. Note that the factors are not necessarlly[lz] Mahomed FM and Leach PGL, gzlmmetry Lie algebras

unique. of nth-order ordinary differential equationslournal of
AIthoth CL_‘rre,mly there does not appear ,to b,e any Mathematical and Analysis and Applicatiois1 (1990)

particular application of generalised symmetries in the 80-107

case of ordinary differential eq_uations - natu_raIIy We [13]Moyo S and Leach PGL, Exceptional properties of

exclude the contact symmetries of the third-order  second- and third-order ordinary differential equatiofis o

equation — to the resolution of problems, we have  maximal symmetryJournal of Mathematical Analysis and

increased our theoretical knowledge of the properties of  Applications252 (2000) 840-863

this class of equations. [14] Noether E, Invariante VariationsproblemeKoniglich
Gesellschaft der Wissenschaften Gottingen Nachrichten
Mathematik-physik Klass®(1918) 235-267

[15] Popper K, The Logic of Scientific Discovery (1959)
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