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Abstract: Two second order response surface designs (central complesign and extended central composite design) are cethpar
on the basis of their slope estimation capabilities of agasp function using quantile plots. A large number of poistsandomly
generated on a sphere of radius centred at the origin in & gegion of interest. The scaled average slope varianceaisaed at
each of these points and the quantiles of the resulting saue plotted. Both designs were compared using slope bdtgtalesign
criterion and result obtained show that both designs hal#esslope variance and the extended central compositgrdisdbetter than
the central composite design for large values of the radius.

Keywords: Extended central composite design, Central compositegdef)uantile plots, Scaled average slope variance, Slope
rotatability

1 Introduction

Response surface methodology comprises a collection dfamratical and statistical techniques for empirical maaig!|
and analysis of problems in which a response of interesflisenced by several variables; (see Box and DraBlead
Montgomery [L3]). The major goals in using response surface methodolagfirading a suitable approximating function
for the purpose of predicting future response and detemgimihat value of the independent variables are optimum
as far as the response is concerned. The central composighd€CD) proposed by Box and WilsoB] [allows for
estimation of all the parameters in a full second order madelpossesses good statistical properties such as oridgon
rotatability, slope rotatability etc. Kinl0] extended the CCD by using two numbers to indicate the axigt@and studied
some of its properties. Studies on the extended CCD (ECCGEafe¢hat it has more statistical properties than the Box
and Wilson CCD. For instance the ECCD possess exact unifoecigion while the CCD have near uniform precision.
The ECCD also have other statistical properties like rbititg, slope rotatability, both orthogonality and rothitty,
rotatability and uniform precision, orthogonality andgtaotatability. In addition, Park and Parkg] compared Box and
Wilson CCD and the extended CCD on the basis of uniform pi@ti&snd concluded that the ECCD performs better than
the CCD.

However, it is more convenient to compare competing dedigasequally have same statistical property. Both the
CCD and the extended CCD possess the slope rotatabiligriorit, therefore, we shall compare both designs on the
basis of their slope estimation capabilities using quamtibts. The use of quantile plots to describe the distrilputf
the predicted variances on a given sphere and compare sepunse surface designs was proposed by Khuri, Kim and
Um [9]. A graphical method for evaluating the slope estimatiopatality of a given response surface design as shown
by Jang and Parlkg] involves the use of slope variance dispersion graph, atogna of the variance dispersion graph
to compare designs on the basis of their slope estimatioabiliifes. It was observed that the slope variance dispersi
graph considered only maximum and minimum values of theeslcalerage slope variance (SASV) and does not give
information about the actual distribution of the scaledrage slope variance on the hypersphere. In an effort to geovi
more information concerning the SASV, the scaled averaggesvariance quantile (SASVQ) plots was proposed for
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describing the distribution of the SASV on a hyperspherama region of interest using quantile plots. The SASVQ
plots was also used to compare some response surface dgsigbs Box-Behnken, Hoke and Roquemore designs).
Knowledge of the quantile values of the SASV will give suclefu$ information as the first quartile, median, third
quartile and so on about the distribution of a given desige ¢sim, Um and Khuri12)). In this work, we shall use the
SASVQ plots to compare the SASV of the CCD and ECCD.

In response surface design, difference between the estimasponses at two points is usually of greater interest tha
the response at individual locations. Estimation of lodaps (that is rate of change) of the response is of interesiwh
differences at two points are involved. For instance, ggecan be in the estimation of the rate of change in the yield o
a crop to various fertilizer or herbicide doses, or in the @tchemical reaction. The research in designs for estigati
slope was initiated by Atkinsonl]. Many other works have been done in slope estimation; seexample, Ott and
Mendenhall 14], Hader and Park], Park [L5] and Ying, Pukelsheim and Draper]. When interest is in estimating the
slope of a response surface, slope rotatability is a ddsicaiberion. Hader and Park]introduced slope rotatability as an
analogue of Box and Hunted] rotatability, which is referred as slope rotatability oaxial direction. Slope rotatability
over axial direction was extended to slope rotatabilityratedirection by Park15].

2 Preliminaries

2A Scaled Average Slope Variance

Consider gp— parameter second order modekimariables of interest(factorsj;, X, . .. , X«

k k
y) =Po+ Y Bxi+ Y BiX + BijXixj +e @
2, 3 B 3 3 B
which can be written in matrix notation as

y(x) = f'(x)B 2

wherex = X1, X2, ..., %, f'(X) = (1,X1,X, ... ,xk,xf,xg, . ,xﬁ,xlxz,xlx:,;, ..., Xk_1X¢)andB is anp x 1 vector of constant
coefficientsg is assumed to be uncorrelated random errors with zero mehocastant variance?. The fitted model of
(2) can be expressed as

~ k A k ~ ~
I =Po+ 3 Fixi+ ;quz +3S Bixx; €)

i<]

or in matrix notation as

9(x) = t'(x)B (4)
The least square estimator@fis given by
B = (XX)"*X'y )
Xis anN x p matrix of rankp andy is theN x 1vector of response values.

Suppose, interest is in the estimation of the first ordeiigdaterivative ofy’'with respect to each of the independent
variables of interesty, xo, ..., Xk, that is

oY(X) 4 - N
%ZBP"ZBHXPF;BUX] (6)
Xi Z
The variance of6 )is a function of the poinfxy, Xy, . .. ,X«) and also a function of the design through this relationship
var(B) = (X'X)a? 7)

Slope rotatability over axial direction requires that tlegiance of% be a constant on circles, spheres or hyperspheres
centred at the origin of the design. Then estimates of thedider derivative would have equal precision at all points
(x1,X2,...,X) equidistant from the design origin. The criterion is cakape rotatability over axial direction.

Sometimes, interest might be in the estimation of the sldpleeoresponse surface not only on the axial direction but
also at any specified direction of thge This is referred to slope rotatability over all direction.
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Letg(x) be a vector of/(x)

gx) = | ¥ | =JB 8)

59(x)

Xk
whered = [0, Iy, 2diag(Xq, X2, - - . , Xk), J*] is ak x p matrix arising from differentiating(x)

X2X3...% 00...000...0...0 0 0
Xx10...0x3%...%x00...0...0 0 O
I — 0X1...0x%x0...0xX...%...0 0O O

00...00...%00...%3...0X¢_2 X_1

The estimated derivative gf(X)at any pointx in the direction specified by the unit vectar= (wy,ws,...,wy)' is
defined awv'g(x)
wherey ¥ ;w2 =1
This slope variance is
V(%) = Var [wWg(x)]

= wJVar(B)J'w )
= oW I(X'X) Low

If interest is in all possible directions @f then we consider the average\ofx) over all possible direction. This is called
the average slope variand&(x).

2
V(x) = % [3(X'X)~13] (10)
if V(x) is constant for all points equidistant from the design arjghen the design is slope rotatable over all direction
(SROALD). For fair comparison of designs of different siz@e scale the average slope variance. This is called thedscal
average slope variance(SASV); see, Paf.[
Let h(x)denote the SASV, then

N _
h(x) = —V

(%) ﬁz () an
_ Ine\—17/

_Etr[J(XX) J]

For design comparison, smaller values frofrl) are preferred to larger values.

2B Central Composite Design (CCD)

A CCD comprises a factorial part, F consisting §f%q > 0) units of at least resolution V (a situation where the main
effects and two-factor interactions are not aliased with@her main effects or two-factor interactions) with eacinp
replicatedchg times, which is usually called the cube. The levels of théodiecare code@tt1, +1), an axial part consisting
of 2k units on the axis of each factor at a distanzefrom the centre of the desigf(+a,0), (0,+a)] usually called the
star, with each point replicated, times andng replication of the centre point§0,0,...,0); all of which give a total of

N = ne2K-94 ng 2k + ng; a— values are chosen based on some design criteria such abilitiatslope-rotatability. The
condition for a CCD to be slope rotatable over axial dirati®as follows:

[2(F +no)] a® — [4kF] a® — F [N(4— k) + kF — 8(k — 1)] a” + [8(k— 1)F?] a® — 2F*(k—1)(N—F) =0 (12)

RotatableZ slope rotatable over all directions. This implies that atatable designs are slope rotatable over all directions
but the reverse is not true. The CCD which satisff) @re also slope rotatable over all directions; see HadePankl[7],
Park [L5 and Ying, Pukelsheim and Drapet].
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2C Extended Central Composite Design (ECCD)

The ECCD is made up of a factorial paft,consisting of #-9(q > 0) units of at least resolution V with each point
replicatedngtimes, an axial part consisting ok4units on the axis of each factor from the centre of the desigth, each
point replicatedh, times andh replication of the centre point),0, . . ., 0); which give a total oM = ng 249+ ng 4k + no.

In ECCD two numbers represent the axial distance. Let thentwmbers representing the axial distance be denoted by
anday, such that 6<|| a1 ||<|| a2 ||< r. The condition for ECCD to be slope rotatable over axialction is

2(F +2k+no) (a8 + a8) — 8k(afaz + a?al) + 4(F + 2k+no)ajad — 4kF(ad + afa? + a?ay + ad) — F{4F —

2 4 4 2.2 2/ ~2 2 2 (13)
4k +k(8—np) +4(2+no) } (a7 + a5) + 16(k— 1)Faifas +8(k— 1)F“(af + a5) — 2(k— 1)F“(4k+ng) =0
The ECCD has slope rotatability over all direction, regasdlof the values afy, a» and the number of centre pointg,
see,Kim and Parki[1].

3 Methodology

As mentioned earlier, the SASVQ plots shall be used to comiar designs. Because of its relevance in this work we
shall briefly review it. A set of points are randomly genedad@ a spheres(r) of radiusr inside a region of intere®,

S(r) = {x= YK ;x* =r?}, and then obtaining the value bfx|r), that is the value oh(x) at each of the randomly
generated points. The random selection of points is actiieyeising spherical coordinates. Any pairt (X1,Xo, ..., X)

on S(r) can be represented usikg- 1 independent spherical coordinatsés, . . ., 61 such that

X1 = r cosby,
X2 = Sin 61, c0S6y,
X3 = rsin 64, sin 6, c0s 65,

Xk_2 =TrSin 61, sin6s,...,sin 6_3c0s 6>,
Xk_1 =TrSin 61, sinBs,...,sin 6¢_3sin 6¢_»cos B_1,
Xk =rsin 6y, sin6,,...,sin G_3sin G_osin G_1,

where0< 6; <6, <m,...,0< 6> <0< 61 <21 (see, for example Edward§]].

Values of6y, 6, ..., 6 2, 61 are randomly generated from independent uniform disiobwguch tha ~ U (0, m1),i =
1,2,....k—2; 61 ~U(0,2m). For a chosem, we obtainx;, Xy, ...,X which are used to evaluatéx|r); see also,
Borkowski [2]. Using this principle, a large number of points are chogeolitain a samplé (r) consisting of values of
h(x) onS(r) . Then the quantiles dfl (r) are obtained. Plots of the quantilestdfr) versusp,0 < p < 1 can be obtained
for any value ofr within the regionR. The first quartilg p = 0.25), the mediar(p = 0.50), the third quartilg p = 0.75)
and so on can be obtained from the plots. Using this methodybtain the distribution of the SASV inside the region
R. Also, more than one design can be compared on the basisio$lihge estimation capabilities by superimposing their
respective quantiles ¢ (r) insideR . This is called the combined quantile plots. We used MATLARjenerate uniform
random numbers, obtain the values of SASV, the quantilespf and the combined quantile plots. MATLAB is powerful
and efficient in handling matrices and graphics.

4 Design Comparison

We compare the slope estimation capabilities of the two aimg designs (CCD and ECCD) at multiple radii. The
Design matrix of the CCD (D1) and ECCD (D2) floe= 3 andng = 1 are shown below.
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Fig. 1. Combined quantile plots for the slope rotatable CCD and ECCD
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The two designs are rotatable which implies SROAD. 1000@tsaire randomly selected &) = {x = SK ; x? =r?},

for each radiug(= 0.1,0.3,...,1.7). Plots of the quantiles dfl(r) are obtained. Fig. 1 shows the SASVQ plots. The
plots correspond respectively to= 0.1,0.3,...,1.7. From the plots in Fig. 1, the average slope variam(gg,is stable
(constant) for the two designs. This implies equal preaisitall points(xi, Xz, . .., Xk) equidistant from the design origin
(slope rotatability). Secondly, asincreases from 0.1 to 1.7, the quantilesh¢X) also increase for all values @i For

r <0.5, the SASVQ plots of the CCD are below that of the ECCD. The @@ize lower slope variance than the ECCD.
Therefore, the former performs better than the later. Budfé < r < 1.7, the CCD are above the ECCD. The value of
h(x) for CCD is greater than that of ECCD. Hence, for these valfies & CCD performs better than the CCD in terms
of slope estimation.
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5 Conclusion

The quantile plot is an effective graphical method for estihg and comparing response surface designs when the
assumptions in equatiorid) and (2) hold. It can be used to prove constant slope variance. Wherest is in slope
estimation of the response surface at any specified directlope rotatability over all direction is a desirable exibn.

Both CCD and ECCD have good statistical properties liketadidity and slope rotatability. We obtained slope rotd¢ab
CCD and ECCD over all direction and used the combined quaplits to compare the designs on a sphere of radius
S(r) = {x= YK ;x* =r?}. In terms of the slope estimation capability, we found that €CD is better than the ECCD
near the design centre. However, the ECCD performs betarttte CCD as one approaches the design perimeter.
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