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Abstract: In the present paper, we proposed a reliable recipe of iteration method and Laplace transformation namely Laplace iteration
method (LIM) to solve a general fractional nonlinear Schrodinger equation. By using an initial value, the analytical solutions of the
equation for different cases have been obtained, which accelerate the rapid convergence of the series solution.
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1 Introduction

Over the last 40 years, the nonlinear Schrodinger equation
a prototypical dispersive nonlinear partial differential
equation (PDE) that has been derived in many areas of
physics. It has important applications in various physics
such as wave propagation in nonlinear media [1], surface
waves on deep waters [2], plasma phenomena and
non-uniform dielectric media. Ginzburg and Landau [3]
and Ginzburg [4] have been studied of the macroscopic
theory of superconductivity. Also, Ginzburg and
Pitaevskii [5] have been investigated the theory of super
fluidity. Furthermore, the analytical approximation
solution for the generalized nonlinear Schr?dinger
equation subject to some initial conditions has been
obtained [6], by using the Adomian decomposition
method. The analytical fractional nonlinear Schrodinger
equation in time is governed by the equation

ı
∂ αu(x, t)

∂ tα + β
∂ 2u(x, t)

∂x2

+ V(x)u(x, t)+ γ |u(x, t)|2u(x, t) = 0 (1)

whereV(x) is the trapping potential andβ , γ are a real
constant, with some initial conditions to find explicit
solutions and numerical solutions of this equation rather
than the traditional methods. The aim of this paper is to
find the approximate solution of the generalized fractional
nonlinear Schr?dinger equation with the new proposed
analytical technique Laplace iterational method (LIM)

that is analytical approach to get series solutions of
various types (linear or nonlinear, ordinary and partial
differential) equations. The paper is organized as follows:
In. Sect. 2, the Laplace iterational method (LIM) for a
generalized fractional nonlinear Schrodinger equation is
obtained. In. Sect. 3, some examples are given in order to
demonstrate the effectiveness of LIM. Finally,
conclusions are given in sect.4

2 Analysis of Laplace Iterational Method
(LIM)

We consider the generalized NLS equation of the form

ı
∂ αu(x, t)

∂ tα + β
∂ 2u(x, t)

∂x2

+ V(x)u(x, t)+ γ |u(x, t)|2u(x, t) = 0 (2)

The standard form of the generalized NLS equation in an
operator form is

Dα
t u(x, t) − iβLxu(x, t)− iV(x)u(x, t)

− iγ |u(x, t)|2u(x, t) (3)

whereDα
t = ∂ α/∂ tα is the Caputo fractional derivatives

of orderα andLx = ∂ 2/∂x2. Operating withD1−α
t in both

sides of Eq. (3), we find

Dtu(x, t) − D1−α
t {iβLxu(x, t)

+ iV (x)u(x, t)+ iγ|u(x, t)|2u(x, t)}= 0 (4)
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Applying Laplace transform in both sides of Eq. (4), we
can rewrite the generalized NLS equation in the form

NL[u(x, t)] = ℑt [u(x, t)]−
u(x,0)

s

−
1
s

ℑt [D
1−α
t {iβLxu(x, t)

+ iV (x)u(x, t)+ iγ|u(x, t)|2u(x, t)}] = 0 (5)

where NL[u(x, t)] is nonlinear Laplace operator.
According to the iterational method and placeLaplace
decomposition method, we consider the correction
functional int -direction in the following form

un+1(x, t) = un(x, t)−ℑ−1
t [NL[un(x, t)]] (6)

Beginning with an initial approximationu(x,0) = u0(x, t),
we can obtain the analytical approximation solutions

u1(x, t) = u0(x, t)−ℑ−1
t

[

ℑt [u0(x, t)]−
u(x,0)

s

−
1
s

ℑt [D
1−α
t {iβLxu0(x, t)+ iV(x)u0(x, t)

+ iγ|u0(x, t)|
2u0(x, t)}] = 0 (7)

and

u2(x, t) = u1(x, t)−ℑ−1
t

[

ℑt [u1(x, t)]−
u(x,0)

s

−
1
s

ℑt [D
1−α
t {iβLxu1(x, t)+ iV(x)u1(x, t)

+ iγ|u1(x, t)|
2u1(x, t)}] = 0 (8)

and so on. Finally the exact solution is obtained by

u(x, t) = lim
n→∞

un(x, t) (9)

3 Applications

In the current section, we take three examples to illustrate
the pervious method to solve the generalized nonlinear
fractional Schrdinger equation.
Example 1: let us consider Eq. (1) β = 1/2, V(x) = 0
andγ = 1 Subject to the initial condition

u(x,0) = sin(x) (10)

By using Eq. (5), we could be able to calculate some of the
terms of the series

u1(x, t) = sin(x)−
3it αsin(x)
2Γ (1+α)

u2(x, t) = sin(x)−
3it αsin(x)
2Γ [1+α]

−
9t2αsin(x)
4Γ [1+2α]

u3(x, t)= sin(x)−
3it αsin(x)
2Γ [1+α]

−
9t2αsin(x)
4Γ [1+2α]

+
27it 3αsin(x)
8Γ [1+3α]

Thus,

u4(x, t) = sin(x)−
3it α sin(x)
2Γ [1+α]

−
9t2α sin(x)
4Γ [1+2α]

+
27it 3α sin(x)
8Γ [1+3α]

+
81t4α sin(x)
16Γ [1+4α]

(11)

The exact solution is

un(x, t) = sin(x)
∞

∑
n=0

(

− 3itα

2

)n

Γ [1+nα]
(12)

This has the exact solution

un(x, t) = sin(x)Eα

(

−
3it α

2

)

(13)

where Eα is the Mittag–Leffler function, it has been
studied in [7].
Example 2: let us consider Eq. (1) β = 1/2, V(x) = 1
andγ = 1 Subject to the initial condition

u(x,0) = eix (14)

by using Eq. (6, we could be able to calculate some of the
terms of the series

u1(x, t) = eix +
ieixtα

2Γ [1+α]

u2(x, t) = eix +
ieixtα

2Γ [1+α]
−

eixt2α

4Γ [1+2α]

u3(x, t) = eix +
ieixtα

2Γ [1+α]
−

eixt2α

4Γ [1+2α]
−

ieixt3α

8Γ [1+3α]

Therefore,

u4(x, t) = eix +
ieixtα

2Γ [1+α]
−

eixt2α

4Γ [1+2α]
−

ieixt3α

8Γ [1+3α]

+
eixt4α

16Γ [1+4α]

The exact solution is

un(x, t) = eix
∞

∑
n=0

(

itα

2

)n

Γ [1+nα]
(15)

The above result is in complete agreement with Ref [6]
Example 3: let us to consider Eq. (1) when the trapping
potential and a real constantsβ , γ are taken into account
subject the Subject to the initial conditionu(x,0) = f (x),
by using Eq. (6), we could be able to calculate some of the
terms of the series

u1(x, t) = f0+ f1
(it )α

Γ (1+α)

u2(x, t) = f0+ f1
(it )α

Γ (1+α)
+ f2

(it )2α

Γ (1+2α)
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u3(x, t)= f0+ f1
(it )α

Γ (1+α)
+ f2

(it )2α

Γ (1+2α)
+ f3

(it )3α

Γ (1+3α)

Therefore,

u3(x, t)= f0+ f1
(it )α

Γ (1+α)
+ f2

(it )2α

Γ (1+2α)
+ f3

(it )3α

Γ (1+3α)

+ f4
(it )4α

Γ (1+4α)

where
f1 = β f

′′
+ fV + γ | f |2 f

f2 = β 2 f (4)+ fV2+2β f
′
V

′
+2βV f

′ ′
+β fV

′′

.. And so on. The exact solution is given by

un(x, t) =
∞

∑
k=0

fk
(it )kα

Γ (1+ kα)
(16)

where

fk+1 = β f
′′

k +V fk+ γ | fk|2 fk k= 0, .....∞

4 Conclusions

We used the new technique namely Laplace iterational
method for finding the solution of the generalized
fractional nonlinear Schr?dinger equation subject to some
initial conditions. This technique is very powerful in
finding solutions for various physical problems. Also, this
method will be very useful for solving many Engineering
problems, both analytically and numerically, because it’s
very fast convergence to the solution.
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